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Abstract

Properly accounting for ultrasound scattering from
heterogeneities within the breast is essential for high-
resolution ultrasound breast imaging. This requires a re-
flectivity image reconstruction method capable of accu-
rately handling ultrasound scattering. We develop an op-
timized ultrasound-wave propagator for reflectivity image
reconstruction using pulse-echo ultrasound signals. The
method is based on a solution of one-way wave equation
and recursive inward continuation of ultrasound wavefields
in the frequency-space and frequency-wavenumber domains
using a heterogeneous sound-speed model of the breast ob-
tained from tomography. It minimizes ultrasound phase er-
rors during wavefield inward continuation while maintain-
ing the advantage of high computational efficiency. Pulse-
echo ultrasound imaging tests for a numerical breast phan-
tom demonstrate that our optimized method has the poten-
tial to improve the reliability and accuracy of ultrasound
breast imaging.

1. Introduction

Ultrasonography uses pulse-echo ultrasound for imag-
ing and is a common modality for breast cancer diagnosis.
In addition, ultrasound breast imaging is one of the most
promising screening tools as an alternative to x-ray mam-
mography [9]. The primary limitation of ultrasonography is
that ultrasound images contain a great deal of image noises.
This limitation is mainly caused by ultrasound scattering
from breast heterogeneities. Sound speeds and densities of
breast tissue are inhomogeneous, and those of tumors are
different from the surrounding tissues. These differences in
mechanical properties result in ultrasound scattering, partic-

ularly in dense breasts. With the development of new circu-
lar ultrasound arrays for clinical breast imaging [6, 2, 10, 1],
heterogeneous sound-speed models of the breast can be ac-
curately obtained using ultrasound tomography [5, 7, 8].
Reflectivity image reconstruction can be significantly im-
proved by using the heterogeneous sound-speed models for
imaging. The split-step Fourier propagator was recently
used for ultrasound pulse-echo imaging to approximately
account for ultrasound scattering [4]. The method is com-
putationally much more efficient than that based on finite-
difference time-domain wave-equation method [3].

In this paper, we develop an optimized ultrasound-wave
propagator for ultrasound reflectivity image reconstruction
using a solution of one-way wave equation in heteroge-
neous media. It is optimized for the sound-speed pertur-
bation range of the breast to minimize ultrasound phase
errors during wavefield inward continuation. The method
performs one additional step of ultrasound scattering com-
pensation during each recursive step of inward continua-
tion of ultrasound wavefields, in addition to the split-step
Fourier implementation. It significantly improves imaging
accuracy compared to the split-step Fourier method while
it is still much more computational efficient than the finite-
difference-based imaging method. We use synthetic ultra-
sound pulse-echo data for a numerical breast phantom to
demonstrate the improved imaging capability of our opti-
mized imaging method.

2. Optimized propagator

Ultrasound wave propagation in the breast is governed
by the acoustic-wave equation, which can be decomposed
into two one-way wave equations describing wave propa-
gation in opposite directions. One of these one-way wave

2008 International Conference on BioMedical Engineering and Informatics

978-0-7695-3118-2 2008
U.S. Government Work Not Protected by U.S. Copyright
DOI 10.1109/BMEI.2008.289

1205

2008 International Conference on BioMedical Engineering and Informatics

978-0-7695-3118-2 2008
U.S. Government Work Not Protected by U.S. Copyright
DOI 10.1109/BMEI.2008.289

281



equations in the frequency-space domain is given by

∂U(x, z; ω)
∂z

= −i Q(x, z; ω) U(x, z; ω), (1)

where U is the pressure and the operator Q is defined by

Q ≡

√
ω2

c2(x, z)
+

∂2

∂x2
=

ω

c(x, z)
R, (2)

where ω is the circular frequency, (x, z) is the space loca-
tion, c is the sound speed, and R is the square-root operator
given by

R ≡
√

1−X2, (3)

with

X2 ≡ − c2

ω2

∂2

∂x2
. (4)

The formal solution of eq. (1) is

U(x, z + ∆z; ω) = exp
{
−i

∫
Q dz

}
U(x, z; ω), (5)

which extrapolates the ultrasound wavefield U from the
depth level at z to the next depth level at z + ∆z.

We expand the square-root operator R in the form

R ≈ 1− a X2

1− b X2
, (6)

where a and b are free coefficients. The difference be-
tween operator Q, given by eq. (2) and that in a background
medium with a sound speed of c0(z) is

D =
ω

c

√
1−X2 − ω

c0

√
1−X2

0 (7)

where X2
0 is given by

X2
0 = − c2

0

ω2

∂2

∂x2
=

X2

m2
(8)

where the sound-speed contrast m(x, z) = c(x, z)/c0(z) is
the reciprocal of the refraction index. Making use of eq. (6),
eq. (7) can be approximated as

D ≈
(

ω

c
− ω

c0

)
− ω

c0

a (m− 1) X2
0

1− b (1 + m2) X2
0

. (9)

Therefore, eq. (2) can be approximated by

Q ≈

√
ω2

c2
0

+
∂2

∂x2
+

ω

c0

(
1
m
− 1
)

− ω

c0

a (m− 1) X2
0

1− b (1 + m2) X2
0

.

(10)

The formal solution (5) with the the first two terms of
eq. (10) is the split-step Fourier operator [4]. The formal
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Figure 1: The relationships of the maximum prop-
agation angle within 1% of phase error versus the
sound-speed contrast for the optimized propaga-
tor and the split-step Fourier propagator.

solution (5) with the third term of eq. (10) is implemented
using an implicit finite-difference scheme.

The phase error is zero along the primary inward contin-
uation direction. Then it increases with increasing the prop-
agation angle relative to the primary direction. We substi-
tute eq. (10) into eq. (5), and minimize the phase error for
the entire sound-speed perturbation range of the breast to
obtain the optimized values of coefficients a and b. The re-
sulting propagator is termed the globally optimized Fourier
finite-difference propagator.

Assuming the maximum sound-speed perturbation
within the breast is 15%, Fig. 1 depicts the relationships
of the maximum propagation angle within 1% of phase er-
ror versus the sound-speed contrast for the optimized prop-
agator and the split-step Fourier propagator. It shows that
the optimized propagator can accurately handle much large
propagation angles than the split-step Fourier propagator,
that is, it is much more accurate for large propagation an-
gles compared with the split-step Fourier propagator.

3. Numerical pulse-echo imaging examples

We use a numerical breast phantom shown in Fig. 2 to
study the pulse-echo imaging capability of our optimized
propagator. The phantom is derived from in vivo breast to-
mography, and the region with high sound-speed is a tu-
mor. An ultrasound pulse with the second derivative of a
Gaussian time function and a central frequency of 1 MHz
is emitted from each transducer along the white solid circle,
and ultrasound pulse-echo signals are recorded by the same
transducer. Numerical data are generated using a finite-
difference time-domain acoustic-wave equation in hetero-
geneous media.

Figure 3 shows different sound-speed transmission to-
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Figure 2: Numerical breast phantom derived from
sound-speed transmission tomography of an in
vivo breast dataset. The white solid circle indi-
cates the locations of transducers.
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(a) One iteration
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(b) Ten iterations

4 6 8 10 12 14 16
X (cm)

4

6

8

10

12

14

Y
 (

cm
)

0

0.005

0.010

0.015

0.020

0.025

A
bsolute V

alue of S
ound S

peed D
ifference (m

m
/m

icrosecond)

(c) Discrepancies in (a)
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(d) Discrepancies in (b)

Figure 3: Sound-speed transmission tomography
results of the numerical breast phantom with one
iteration (a) and ten iterations (b), together with
their absolute values of sound-speed discrepan-
cies (c-d).

mography results (a)-(b) of the numerical breast phantom,
together with their absolute values of sound-speed discrep-
ancies (c)-(d), that is, the absolute values of the differences
between Figs. (a)-(b) and the correct sound speed in Fig. 2.
The discrepancies/errors of the tomography result with ten
iterations are considerately smaller than that with one it-
eration. In addition, the largest discrepancies occur in the
tumor region, as shown in Figs. 3(c) and (d).
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(a) Reflectivity image reconstructed using Fig. 3(a)
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(b) Reflectivity image reconstructed with Fig. 3(b)

Figure 4: Reflectivity images reconstructed us-
ing the optimized propagator and heterogeneous
sound-speed tomography results in Fig. 3.

Figure 4 displays reflectivity images of the numerical
phantom reconstructed using the optimized propagator and
the heterogeneous sound-speed models in Fig. 3(a) and
(b). Fig. 4(a) contains significant more image noises than
Fig. 4(b). In addition, the images in the tumor region in
Fig. 4(a) are not well reconstructed, while those in Fig. 4(b)
are well imaged. Fig. 4(a) demonstrates that large sound-
speed discrepancies as shown in Fig. 3(c) can result in sig-
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Figure 5: Reflectivity images reconstructed using
the optimized propagator and the correct sound
speed of the breast phantom in Fig. 2.

nificant image artifacts in reflectivity images, because ultra-
sound scattering is not properly accounted for during reflec-
tivity image reconstruction.

We investigate reflectivity image artifacts caused by the
propagator inaccuracy and the sound-speed discrepancy.
High-resolution and high-quality ultrasound images can
be obtained by properly accounting for ultrasound scatter-
ing during reflectivity image reconstruction. This requires
an accurate wave propagator and an accurate sound-speed
model. Reflectivity image artifacts (including image noise,
incorrect image location and amplitudes) are caused not
only by the propagator inaccuracy, but also by the discrep-
ancies/errors in the sound-speed model used for image re-
construction. Low ultrasound data quality and improper
transducer distribution can also contribute to image arti-
facts. We do not include these factors in this study.

Figure 5 is a reflectivity image reconstructed using the
optimized and the correct sound-speed of the numerical
breast phantom in Fig. 2. It does not contain any image
artifacts caused by sound-speed discrepancies. We use this
image as a standard in image comparison.

Figure 6 is a comparison of differences between dif-
ferent reconstructed reflectivity images with Fig. 5. The
sound-speed model used in (a) and (c) is that in Fig. 3(a),
and that used in (b) and (d) is the one shown in Fig. 3(b).
Comparisons of Fig. 6(b) with Fig. 6(a), and Fig. 6(d)
with Fig. 6(c), show that reflectivity image artifacts de-
crease with increasing accuracy of the tomography sound-
speed results. When the sound-speed discrepancy is large,
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Figure 6: Comparison of the differences (“im-
age artifacts”) of reconstructed reflectivity images
compared with the image shown in Fig. 5. Panels
(a) and (b) are the differences between the images
in Figs. 4(a) and (b) with that in Fig. 5, all obtained
using the optimized propagator. Panels (c) and (d)
are the corresponding differences of images ob-
tained using the split-step Fourier propagator.

comparison of Fig. 6(a) and Fig. 6(b) indicates that reflec-
tivity images are similar to one another no matter which
propagator is used for image reconstruction. That is, im-
age artifacts caused by the sound-speed discrepancy are
much stronger than those caused by the propagator inaccu-
racy when the sound-speed discrepancy is large. When the
sound-speed discrepancy is small, comparison of Fig. 6(b)
and Fig. 6(d) shows that image artifacts decrease with in-
creasing the propagator accuracy.

Relative image differences in Fig. 7 give a quantitative
comparison of image artifacts. We can see that most sig-
nificant image artifacts occur around the tumor region. The
difference between Fig. 7(a) and Fig. 7(c) is insignificant.
The image artifacts in Fig. 7(e) are caused by inaccuracy of
the split-step Fourier propagator.

4. Conclusions

We have developed an optimized propagator for ultra-
sound reflectivity imaging and validated it using ultrasound
pulse-echo data for a numerical breast phantom. The prop-
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Figure 7: Panels (a)-(d) are respectively the rela-
tive image differences along the cross sections of
the panels in Fig. 6 at y=98 mm. Panel (e) is that
for an image obtained using the split-step Fourier
propagator and the correct sound speed of the
phantom, compared with the image in Fig. 5.

agator is optimized for the sound-speed perturbation range
within the breast. Our optimized method is much more ac-
curate than the split-split Fourier method for handling ul-
trasound scattering in the heterogeneous breast. We have
numerically demonstrated the importance of obtaining an
accurate sound-speed model of the breast for reflectiv-
ity image reconstruction. Our method can produce high-
resolution and high-quality ultrasound reflectivity images
using an accurate, heterogeneous sound-speed tomography
model for image reconstruction.
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