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The classical diffraction limit excludes the possibility of resolving features of an object which are spaced
less than half a wavelength apart when scattering experiments are performed from the far field. However,
recently it has been shown that this limit could be a consequence of the Born approximation that neglects the
distortion of the probing wave as it travels through the object to be imaged. Such a distortion, which is due to
the multiple scattering phenomenon, can encode unlimited resolution in the radiating component of the scat-
tered field thus leading to super resolution. In this context, a resolution better than �/3 has been reported in the
case of elastic wave probing �F. Simonetti, Phys. Rev. E 73, 036619 �2006��, � being the wavelength of the
wave illuminating the object. This paper demonstrates a resolution better than � /4 and approaching � /6 for
objects immersed in a water bath probed by means of a ring transducer array that excites and detects ultrasonic
pressure waves in a full view configuration. This is achieved despite the presence of a high level of noise in the
measurements �the signal to noise ratio was below 0 dB�. Moreover, while previous papers have provided
experimental evidence of super resolution for objects small compared to the wavelength, here the case of
extended objects is also investigated.
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I. INTRODUCTION

Physical models that govern the interaction between
waves, either mechanical or electromagnetic, and matter pro-
vide a formidable tool to infer the properties of an object. In
this context and for a long time, the Born approximation has
represented the fundamental building block for a number of
imaging techniques employed in medical diagnostics, radar
surveillance, geophysical exploration, and nondestructive
testing.

The Born approximation leads to a simplified scattering
model that neglects the distortion of the probing wave in-
duced by the structure of the object as the wave travels
through it. As a result, the scattered field can be thought of as
a superposition of a continuous distribution of elementary
scattering events that take place at different points within the
object and are independent of each other, implying that mul-
tiple scattering, which would interlink different events, is
neglected. From a mathematical standpoint, this leads to a
linear integral mapping which links the object structure to
the scattered field and vice versa. Although the Born ap-
proximation provides a simple and direct method to recon-
struct the structure of an object from the measurement of the
scattered field, features of the object which are spaced less
than � /2 apart, where � is wavelength of the probing wave,
cannot be resolved �1�. This is ultimately due to the presence

of noise in the actual measurements as explained in Ref. �2�
and references therein.

The major implication of the � /2 resolution limit is that
short wavelengths need to be propagated in order to achieve
high resolution; however, short wavelengths are usually char-
acterized by a large attenuation with propagation distance
due to material absorption and scattering. Therefore, in gen-
eral resolution has to be traded against penetration depth.

In a recent paper under the general framework of the
T-matrix formalism �3�, it has been shown that thanks to the
presence of multiple scattering, the radiating component of
the scattered field does indeed contain unlimited resolution
information about the structure of the scattering object. How-
ever, while the link between the measurements and object
structure is linear under the Born approximation, the map-
ping becomes nonlinear in the case of multiple scattering.
This nonlinearity represents the major challenge in subwave-
length imaging from far field measurements since in order to
reconstruct the object a nonlinear inverse problem has to be
solved. This is known as the inverse scattering problem and
although the solution exists and is unique �at least when the
object can be illuminated from all the directions contained in
the solid angle 4��, the problem is ill-posed in the sense of
Hadamard �4� due to the instability of the solution which
does not vary continuously with the input �measurements�.

Understanding and controlling the ill-posedness of the in-
verse scattering problem is a fundamental step towards the
development of a robust imaging technology. In this context,
regularization techniques and a careful design of the archi-*f.simonetti@imperial.ac.uk
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tecture of the hardware used to collect the measurements
play a crucial role. For instance, sensor array systems, which
have undergone a tremendous development over the past
years thanks to progress in solid state physics and telecom-
munications, can limit the ill-posedness by increasing the
number of independent measurements and by reducing the
noise characteristics of individual sensors which ultimately
trigger the instability. Clearly, the validity of these arguments
has to be supported by experimental evidence to test the
stability of the inversion against realistic measurement er-
rors. The experimental work on subwavelength imaging by
Chen and Chew �5� using electromagnetic waves in the mi-
crowave regime and that by Simonetti using elastic waves in
plates �3� and three dimensional solids �6� provide strong
evidence about the feasibility of such an approach.

The aim of this paper is to show that by taking into ac-
count multiple scattering a stable inversion of the scattering
problem can be achieved in the presence of large experimen-
tal errors or noise and that subwavelength resolution is pos-
sible in practice. Based on the ideas introduced in Ref. �3�,
experimental evidence is provided by means of a prototype
ring array consisting of 256 sensors which excite and detect
pressure waves in a water bath. The system provides a full
view configuration enabling insonification of an object from
regular angular intervals around it. An imaging algorithm
based on the eigenfunction analysis of the far-field operator,
which can directly be measured by means of the array, is
investigated. This type of approach was first pursued by Lin
et al. �7� in the framework of the Born approximation. In
contrast, the study presented in this paper addresses the fac-
torization method �FM�, which belongs to the class of the
so-called linear sampling methods developed over the past
two decades by Colton, Kirsch, and several other authors �for
a recent review, see Ref. �8��. These methods are very attrac-
tive because they provide a direct solution to the nonlinear
inverse scattering problem, in contrast with iterative methods
of gradient or Newton type which are computationally ex-
pensive and often require an initial guess about the scatterer
structure. Although there exists a vast literature on the theo-
retical aspects of these methods, little experimental work has
been done. Results for extended objects �characteristic size
larger than �� have only been reported by Kirsch �9� who
applied the FM to the microwave measurements part of the
Ipswich dataset �10�. Images of subwavelength objects ob-
tained by using flexural waves in plates and bulk waves in a
steel block have been reported by Simonetti �3,6�. In this
paper, an unprecedented resolution of � /4 and approaching
� /6 for an object located at approximately 70� distance from
the sensors is demonstrated. This is a remarkable result con-
sidered the high level of noise present in the measurements
�the signal-to-noise ratio was below 0 dB�. Moreover, it is
shown experimentally that the FM can be applied to the
shape reconstruction of extended scatterers probed with pres-
sure waves.

The scattering model is described in Sec. II which intro-
duces the principal properties of the far-field operator that is
central to the FM as discussed in Sec. III. Section IV de-
scribes the experimental setup and the procedure to extract
the far-field operator from the measurements. The results for
three different sets of experiments are reported in Sec. V.

II. THEORETICAL BACKGROUND

Let us consider the scattering problem depicted in Fig. 1
in which a plane wave is incident on an object and the scat-
tered field is measured by means of sensors deployed around
it. The object is immersed in a homogeneous background
medium through which the incident and scattered waves
propagate. In this paper it is assumed that the scattering
problem is described by a monochromatic scalar wave field,
��r ,kr̂0� which has the asymptotic form

lim
r→�

��r,kr̂0� = eikr̂0·r + f�kr̂,kr̂0�
eikr

r
, �1�

where the first term of the right-hand side is the incident
plane wave of wave number k=2� /� that illuminates the
object and f�kr̂ ,kr̂0� is the scattering amplitude defined as

f�kr̂,kr̂0� =
k2

4�
�

D

d3r�e−ikr̂·r�O�r����r�,kr̂0� . �2�

O�r� is a function of support D corresponding to the volume
occupied by the object and is known as the “object function.”
O�r� is related to the index of refraction, n�r�, through the
relationship O�r�=n2�r�−1 �11�.

The scattering amplitude can be measured experimentally,
by illuminating the object from all possible directions r̂0 and
for each of them detecting the scattered field in all directions
r̂, both illumination and detection being performed in the far
field. Under the Born approximation, it is assumed that the
total field, ��r� ,kr̂0� in Eq. �2�, can be approximated by the
incident field leading to

fBA�kr̂,kr̂0� =
k2

4�
�

D

d3r�e−ik�r̂−r̂0�·r�O�r�� , �3�

which is proportional to the spatial Fourier transform of the
object function calculated at the point k�r̂− r̂0� of the K-space
�12�. Therefore, Eq. �3� provides a linear mapping between
O�r� and the far-field measurements. Moreover, the inverse
scattering problem can easily be solved by applying the in-
verse Fourier transform to the scattering amplitude. On the
other hand, in the general case of multiple scattering, Eq. �2�

r’D

r

r-r’

r0

Incident plane wave

Background
medium

Receiver

FIG. 1. A plane wave is incident on an object immersed in a
homogeneous background medium. The field scattered by the object
is measured with sensors placed in the far field.

SIMONETTI et al. PHYSICAL REVIEW E 76, 036601 �2007�

036601-2



is no longer a linear mapping and a different inversion strat-
egy needs to be used.

In this paper, a nonlinear inverse methods which can re-
construct the support of O�r�, i.e., the external shape of the
scatterer, is considered. The method is based on the far-field
operator, T� :L2�S�→L2�S�

T��y� = �
S

ds�r̂0�f�kr̂,kr̂0�y�kr̂0� , �4�

where S is the unit shell in R3 and the Ket symbol is used
according to the Dirac bra-ket notation �13�. The physical
interpretation of T� is that T� �y� is the far-field pattern of the
scattered field due to a linear combination of incident plane
waves, exp�ikr̂0 ·z�, with relative amplitude y�kr̂0�, z being a
point in space illuminated by the incident wave. As shown by
Gerjuoy and Saxon �14�, T� can be related to the scattering
matrix, S, which links the incoming component of the total
field to the outgoing one, according to the relationship

S = I +
ik

2�
T�, �5�

where I is the identity operator. The properties of the scatter-
ing matrix have long been studied in quantum mechanics and
a number of textbooks cover the subject �see, for instance,
Ref. �15��. In particular, in nonabsorbing media, S is normal,
SS†=S†S �S† is the adjoint operator of S�, by energy conser-
vation, and Eq. �5� implies that also T� is normal. Moreover,
it can be shown that T� is compact �16� and therefore has a
countable number of discrete eigenvalues accumulating only
at zero. As a result, there exists an orthonormal basis �vn	 for
L2�S� consisting of eigenfunctions of T�

T��vn� = �n�vn� , �6�

or equivalently

T�
† T��vn� = ��n�2�vn� , �7�

which means that ���n � , �vn� , sgn��n� �vn�	 is a singular sys-
tem for T�. As an example, for two-dimensional problems
and radially symmetric objects, the scattering amplitude only
depends on the angle � formed between the illumination and
detection directions, therefore as observed by Lin et al. �7�
the eigenfunctions have the form

�vn� =
1


2�
ein�, ∀ n � Z �8�

and the eigenvalues are given by

�n = �
0

2�

d� f���ein�, �9�

which implies that the eigenvalues are the coefficients of the
cylindrical wave expansion of the scattering amplitude f���
�note that the scattering amplitude no longer depends on the
individual values of kr̂ and kr̂0, but on � only�.

Equation �9� leads to an important observation when the
object is a pointlike scatterer. In this case, the scattered field
is an outgoing cylindrical wave and all the coefficients of the

cylindrical wave expansion vanish except the coefficient cor-
responding to the zero order; as a result, only one nonzero
eigenvalue exists. More generally, for a finite number of
pointlike scatterers, M, the number of nonzero eigenvalues is
M �17�. On the other hand, if the size of the scatterer is not
negligible compared to the wavelength �extended scatterers�,
none of the eigenvalues vanish. As an example, let us con-
sider the case of an impenetrable circular cylinder, it can be
shown that the scattered field is given by

�s��,r� = �
n=−�

+�

inanHn
�1��kr�ein�, �10�

where Hn
�1� are the nth order Hankel functions of the first

kind which describe outward propagating waves. Alterna-
tively, Eq. �10� can be expanded in the sum of an optical
reflection and infinite fluid-borne surface waves known as
creeping waves or Franz waves, which circumnavigate the
cylinder and interfere with the optical reflection causing
resonances �18�. The coefficients an in Eq. �10� depend on
the boundary condition at the interface between the cylinder
and the surrounding medium. For a sound-soft object which
corresponds to a void in the medium the Dirichlet conditions
holds whereas, if the cylinder is rigid �sound hard� the Neu-
mann condition is required. The coefficients have the form

an = �− Jn�ka�/Hn
�1��ka� Dirichlet,

− Jn��ka�/Hn�
�1��ka� Neumann,

�11�

where Jn is the nth order Bessel function of the first kind and
a is the cylinder radius. For a two-dimensional problem the
scattering amplitude is defined as

f��� = lim
r→�

�s��,r�
re−ikr, �12�

hence from Eq. �10� using the asymptotic form of the Hankel
functions the scattering amplitude for a circular cylinder is

f��� =
 2

i�k
�

n=−�

+�

anein�. �13�

As a result, by substituting Eq. �13� into Eq. �9� the eigen-
values are

�n =
8�

ki
an, �14�

which due to the normality of T� lie on a circle of the com-
plex plane passing through the origin with radius 
2� /k and
centered along the line Im��	=−Re��	, with Im��		0. This
is a general property and applies to any two-dimensional
nonabsorbing object; see, for instance, Ref. �19�.

The expression of the coefficients an in Eq. �11� along
with the structure of the Hankel and Bessel functions implies
that the eigenvalues �n corresponding to �n � 
ka have domi-
nant magnitude compared to the others. This can be deduced
from Fig. 2 which provides the coefficient a60 for a sound-
hard cylinder as a function of the product ka. The physical
explanation for this upper bound lies in the fact that ka cor-
responds to the number of wavelengths contained in the cir-
cumference of the cylinder. Any field with a larger number of
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oscillations ��n � 	ka� cannot reach the far-field since the
background medium cannot support the propagation of a
field whose spatial fluctuations occur over a scale shorter
than �. This applies to objects of any shape, where now a is
the radius of the circle which circumscribes the object; for a
more detailed discussion see Ref. �20�. As a result, for a
given radius and wavelength the maximum number of domi-
nant eigenvalues is 2ka+1. Figure 3�a� shows the eigen-
values of a sound-hard cylinder �a /�=5� normalized with
respect to the largest eigenvalue for −128
n
128, among
these60 eigenvalues have dominant amplitude, as clearly
seen in Fig. 3�b� which shows the same eigenvalues ordered
from the largest to the lowest. Note that the scale is now
semilogarithmic and only the eigenvalues larger than 10−20

are shown. The same graph also shows the eigenstructures
for a small cylinder �a /�=0.5� and a large one �a /�=10�.

III. FACTORIZATION METHOD

The FM is one of the linear sampling methods used for
shape reconstruction and was proposed by Kirsch in 1998
�21� who considered the equation

�T�
† T��1/4�yz� = �gz� , �15�

where T�
† is the adjoint of T� in L2�S� and where the function

gz�L2�S� is the steering function defined as

gz�kr̂� = e−ikr̂·z. �16�

Kirsch showed that for lossless media, a point z belongs to D
if and only if Eq. �15� is solvable. By means of Picard’s
theorem, this implies that the support of the object function,
D, is the locus of points z for which

z � D ⇔ P�z� = ��
n=1

�
1

��n�
���gz�vn��2�−1

	 0, �17�

where P�z� is referred to as a pseudospectrum. The shape of
the object can then be reconstructed by evaluating the func-
tional P�z� over a grid of R3 or R2 depending on whether a
three- or two-dimensional problem is considered. Note that
neither the Born approximation nor particular boundary con-
ditions on �D are assumed.

IV. EXPERIMENTS

The experiments were performed with an ultrasonic ring
array developed at the Karmanos Cancer Institute, Wayne
State University, for breast imaging. The array consists of
256 transducer elements mounted on a circular ring with an
internal diameter of 200 mm. The ring is immersed in water
which provides the background medium. The center fre-
quency of the elements is 1.3 MHz with �100% bandwidth.
The interelement spacing is 2.5 mm and the active area of
each element is 0.5�12 mm2, with the long side of the ele-
ment being perpendicular to the ring plane. The system ex-
cites all 256 channels sequentially and for each transmission
all the transducers record the total pressure field. Therefore,
all the possible transmit and receive combinations that can be
acquired with different transducer pairs of the array are mea-
sured. This leads to 65 536 time traces for a total of around
100 MBytes of integer data depending on the duration of
each recoding. The total acquisition time required to collect
the 65 536 time traces is in the order of 0.3 s.

Measurement of T�

Due to the finite size and number of sensors only a dis-
cretized version of the far-field operator can be measured.
This leads to what is known as the multistatic matrix, K,
whose i-j entry is the scattered field recorded by the element
i when element j transmits. Since the signal recorded by each
transducer is proportional to the total field, i.e., incident plus
scattered fields, the scattering amplitude is obtained by sub-
tracting the incident field from the total field, the incident
field being measured before immersing the object in the wa-
ter bath. As pointed out by Lin et al. �7� the subtraction
approach relies on the temperature of water being constant
during the two sets of measurements, temperature variations
as little as 1 K can lead to large phase shifts which cause
large errors when the incident field is subtracted from the
total field. Although it is possible to compensate for these
variations by monitoring the temperature, the very short ac-
quisition time allows the two sets of measurements to be
performed in a rapid succession to exclude the possibility of
temperature changes.

0 20 40 60 80 100
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0.8

1
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|a60|

FIG. 2. Coefficient a60 for a sound-hard cylinder as a function of
ka. The coefficient is small when ka
60 whereas it assumes any
value in �0 1� for ka	60.
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FIG. 3. Eigenvalue structure of the far-field operator calculated
for a sound-hard circular cylinder: �a� Normalized eigenvalues cor-
responding to −128
n
128 for a /�=5; �b� eigenvalues reordered
from the largest to the lowest for three different radius to wave-
length ratios.
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The measurement of the incident field is also used to cali-
brate the array elements. Due to different electromechanical
and geometrical properties of each element, the element re-
sponse is not uniform across the array; the standard deviation
of the element amplitude response was found to be �30% of
the average amplitude response.

After measuring the scattered field, the i-j entry of the
multitsatic matrix at a prescribed frequency, �, was obtained
by performing the Fourier transform of the i-j time trace and
selecting the complex value of the spectrum at the frequency
�.

It has to be mentioned that the scattering amplitude, hence
the far-field operator, is defined for incident plane waves.
However, the field excited by each array element is much
more complicated than a plane wave due to the size of the
element and the presence of neighboring transducers. To
some extent the element could be considered as a line source
which excites an omnidirectional cylindrical wave propagat-
ing in the plane of the array. This is justified by the large
height of each element compared to the wavelength which
limits the elevation angle of the ultrasound beam to less than
10° so confining the beam within the array plane. However,
in the array plane, the beam is far from being omnidirec-
tional because of the finite width of the elements ��� /2� and
the presence of neighboring transducers which make the
beam strongly directional with an in-plane beam divergence
of approximately 30°. However, for objects whose character-
istic size is much smaller than the ring diameter and are
placed in the vicinity of the array center, the incoming wave
can be considered to be a plane wave.

Finally the interelement pitch, which is much larger than
�, causes circular grating lobes centered in the middle of the
array. The first grating lobe has a maximum amplitude along
a circle of radius Rmax �20�

Rmax �
�

4�
N , �18�

where N is the number of elements. For a 256 element array
and �=1 mm, this leads to Rmax�20 mm. In order to avoid
artifacts, the imaging plane has to be limited to a disk of
radius smaller than Rmax concentric with the array.

V. RESULTS

Three different sets of two-dimensional experiments were
performed to assess the capabilities of the FM under realistic
noise. First, a circular rod of 30� diameter was tested to
demonstrate that the sampling methods can actually be used
to image extended targets with pressure waves. Subse-
quently, a second set of experiments was performed with two
nylon wires to further investigate the super resolving capa-
bilities of the FM. Finally, by means of a two cylinder ex-
periment it was shown that while reconstruction methods
based on the Born approximation suffer from artifacts due to
multiple scattering, the FM leads to images with much fewer
artifacts.

A. Single rod experiment

A 34 mm diameter solid plastic rod was positioned in the
proximity of the array center with its axis perpendicular to
the array plane so as to simulate a two-dimensional problem.

Figure 4 shows some of the pulse-echo signals �transmit
and receive with the same element� recoded by the array and
used to build the T� operator. Different arrival times are due
to the eccentricity of the rod with respect to center of the
ring. Nevertheless, the amplitude of the reflections should be
the same for all the sensors. The variations are due to the
different responses of the elements, which in some extreme
cases are not functioning �see, for instance, element number
one�. It is not possible to provide a single figure to estimate
the signal-to-noise ratio �SNR� because the signals vary with
transmit-receive pairs. However, one possibility is to define
an upper bound by considering the pulse echo signals, which
for a circular scatterer correspond to the strongest signals.
The SNR can then be defined as the ratio of the average
amplitude of the reflection divided by the rms of the random
noise, which for the case considered in Fig. 4 leads to an
upper bound of 20 dB.

Figure 5 provides the eigenvalues of the measured T� at
1.3 MHz, the plot being normalized with respect to the larg-
est eigenvalue. The amplitude of the eigenvalues exhibits a
sharp drop around the 180th eigenvalue which marks the
transition from dominant to non-dominant eigenvalues. It
should be emphasized that throughout this paper it is as-
sumed that the wave field is described by a scalar potential.
However, the objects considered in the experiments are sol-
ids and the actual wave field within the object is given by the
superposition of a scalar and a vector potentials according to
the standard Helmholtz decomposition �22�. The large im-
pedance contrast between the rod and water ensures that little
energy is transmitted through the rod. However, some of the
energy travels in the form of surface waves which circum-
navigate the cylinder and have energy both in the rod and in
water. These waves are associated with the normal modes of
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FIG. 4. Pulse-echo signals showing the reflection from a 34 mm
diameter rod immersed in water.
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the immersed rod and are known as whispering gallery
waves. Flax and Dragonette �23� have shown that in the case
of an aluminium cylinder immersed in water, the coefficients
of the partial wave expansion �10�, hence the eigenvalues of
the T� operator, are the same as those of a sound-hard cyl-
inder �see Fig. 2� with the exception of a finite number of
frequencies ka where resonances occur. These are caused by
the whispering gallery waves and occur when the cylinder
circumference is an integer multiple of their wavelengths �for
a comprehensive review of this topic, see Ref. �24��. How-
ever, for the cases considered in this paper these resonances
can be neglected for two reasons. First, here only monochro-
matic reconstructions are considered; therefore, only the fre-
quencies where resonances occur would be affected. More-
over, the resonances are weak as it can be deduced from the
pulse-echo measurements shown in Fig. 4. Each time trace
reveals the presence of a weak whispering gallery wave fol-
lowing the main specular reflection after 27 �s, this being
the time required by the surface wave to go around the cyl-
inder once. The low amplitude of the surface wave implies
that the resonance is heavily damped, hence the object can
effectively be treated as sound-hard. As a result, the number
of dominant eigenvalues should be 2ka+1185 which
matches well the experimental results shown in Fig. 5.

Figure 6�a� is a monochromatic image of the shape of the
cylinder obtained with the FM by plotting the spectrum �17�
at 1.3 MHz. The black dots represent the actual position of
the array elements. The spectrum was calculated by truncat-

ing the series in Eq. �17� at n=250. The truncation provides
a simple means to regularize the inverse problem. In particu-
lar, it can be observed that the eigenvalues, �n, appear at the
denominator of the series; as a result, the smaller the eigen-
value the larger the amplification of errors contained in
��gz �vn��2. In other words, the truncation removes the contri-
bution from the lowest eigenvalues and stabilizes the series.

It can be noticed that, although the contour of the rod is
very well defined, the image is not uniform along the rod
cross section �the image is normalized with respect to the
largest value of the spectrum� which exhibits concentric
circles. This is due to the structure of the spectrum �17� and
the discrete nature of the measurements as explained in the
Appendix. However, this is of no concern because the image
becomes homogenized by choosing a threshold level above
which the color associated to the functional is the same re-
gardless of its actual value, as long as the functional is above
the threshold. This is shown in Fig. 6�b� where the threshold
is set to be 20% of the maximum value. Note that the halo in
the two images is a grating lobe due to the large interelement
spacing. The halo occurs at a radius which is twice that pro-
vided by Eq. �18� because it corresponds to the zero order
circumferential component of the scattered field, which in
this case is dominant due to the strong symmetry of the
problem. For a detailed discussion about the grating lobe
structure, see Ref. �20�.

Next, Fig. 7�a� provides a more detailed image of the
contour of the rod previously shown in Fig. 6. Due to the
presence of noise, some subwavelength ripples with a peak-
to-peak amplitude of � /3 can be observed along the bottom
right side of the cylinder. The ripples cause an uncertainty in
the radius estimate of around � /6.

Figure 7�b� shows a reconstruction of the rod obtained
with the Kirchhoff migration �KM� also known as summa-
tion migration �25� which here is defined according to

I�z� = �gz�T��gz� . �19�

Equation �19� is usually integrated over the frequency band-
width of the signal. While for limited view experiments �i.e.,
when the sensors do not surround the object� frequency di-
versity improves the range resolution �26�, in the full view
scenario considered in this paper, it does not enhance the
resolution which is determined by the highest harmonic only
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FIG. 5. Eigenvalue structure of the far-field operator for the
34 mm diameter rod at 1.3 MHz.
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�1�. KM is equivalent to synthetic phased arrays �also known
as sum-and-delay beamforming� whereby an acoustic beam
is focused and steered over the imaging plane �27�. The
method is based on the Born approximation and does not
take into account the distortion of the probing wave as it
travels through the medium to be imaged. Clearly, the FM
outperform the monochromatic KM method and provides
much higher resolution and lower side lobes.

B. Two wire experiment

In order to assess the super resolving capabilities of the
FM, an experiment employing two 0.25 mm diameter nylon
wires was performed. The separation distance between the
wires was controlled by spacing them 2 mm apart at one end
and joining together the other end to form a very narrow V as
shown in Fig. 8. The distance between the free ends of the
wires and the junction point was 300 mm. By scanning the
array vertically it was possible to illuminate different sec-
tions of the wires to achieve the desired spacing. Thanks to
the relatively small angle between the wires ��0.4° �, they
can be considered parallel within the slice illuminated by the
array. However, care must be taken in orienting the plane
containing the two wires perpendicularly to the array plane.
Failure to do so would result in the obliquity of the wires
with respect to the array and the problem can no longer be
considered two-dimensional.

Due to the small diameter of the wires the reflected signal
was very weak as it can be observed in Fig. 9 which shows
some of the measured pulse-echo time traces. The arrival
times of the reflections fall in the range of 120–140 �s. The
reflections are buried in the background noise and the SNR is
lower than 0 dB.

Figure 10 shows the eigenvalues of the measured far-field
operator at 1 MHz. This frequency was selected because it
provides a large wavelength, 1.5 mm, while maintaining a
relatively high signal to noise ratio. In the present example, it
was estimated that 15 eigenvalues were dominant using the
empirical approach based on the slope of the eigenvalues
described in Ref. �3�. Since the wires are small compared to
� �the diameter is � /6�, the number of dominant eigenvalues
is expected to be small. In the limit for pointlike scatterers,

only two nonzero eigenvalues would exist. However, due to
the � /6 diameter of the wires the theory would predict three
dominant eigenvalues associated with each wire �2ka+1�
thus resulting in a total of six dominant eigenvalues. The
discrepancy between experimental and theoretical values is
due to the presence of noise which increases the magnitude
of the nondominant eigenvalues.

The position of the wires relative to the array is shown in
Fig. 11 which was obtained with the FM. Figure 12�a� is an
enlarged view of Fig. 11 over an area ��� around the wires.
Due to large noise level, the Tikhonov regularization, based
on the Morozov discrepancy principle �28�, was used instead
of the series truncation. The FM was able to resolve the two
wires despite of their � /4 spacing. Moreover, the FM leads
to a well defined shape of the scatterers revealing features
which are even smaller than � /4. Note that the diameter of
the wires is � /6. This is a remarkable result given the low
SNR of the measurements �see Fig. 9� and the large distance
between the wires and the sensors �70�. On the other hand,
the KM is not able to resolve the two wires as shown in Fig.
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FIG. 8. Diagram of the setup used to control the spacing be-
tween the two nylon wires. The array is scanned vertically so as to
illuminate the region with the desired spacing �dimensions are in
mm�.
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FIG. 9. Pulse-echo time traces measured for the two-nylon-wire
experiment. Due to the small size of the wires, the reflected signals
which occur between 120–140 �s are weak and buried in the back-
ground noise.
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12�b�. The lack of resolution is not due to noise but to the
intrinsic limitations of the Born approximation which leads
to the � /2 resolution limit.

C. Two rod experiment

The purpose of this experiment was to show that recon-
struction algorithms based on the Born approximation suffer
from severe artifact caused by multiple scattering. For this
purpose two hollow glass rods, 17 mm in diameter with an
interaxial separation of 34 mm were used. The rods were
circumscribed by a circle of 40 mm radius concentric with
the array. Therefore, in order to avoid the presence of grating
lobes �Eq. �18�� the reconstruction used the T� operator at
850 kHz. The presence of strong multiple scattering between
the cylinders can be deduced from Fig. 13 which shows
some of the pulse-echo time traces. In general, each trace
contains three or more wave packets, the first two correspond
to the direct reflections from the rods while the signals arriv-
ing later are due to multiple scattering between the rods.
Moreover, the time traces around the 150th element contain a
single wavepacket because one of the rods is placed in the
acoustic shadow of the other.

The structure of the eigenvalues of the T� operator is
shown in Fig. 14. In this case the transition between domi-

nant and nondominant eigenvalues occurs around the 135th
eigenvalue. For two impenetrable cylinders the expected
value of dominant eigenvalues is 2�2ka+1�122 which is
close to the estimated value. The image of the rods obtained
with the FM is shown in Fig. 15. It can be observed that
thanks to the relatively large wavelength �1.78 mm� the grat-
ing lobes are suppressed �compare with Fig. 6�.

Figure 16 provides a comparison between the FM and the
KM method. The appearance of internal, concentric rings is
due to the symmetry of the scatterers �see the Appendix�. As
it has already been pointed out, the rings can be removed by
applying a threshold. Note that due to the large glass-water
impedance contrast the two rods can be considered as sound-
hard; therefore, the hollow rods actually behave as solid
rods. Overall, the FM provides an accurate reconstruction of
the two rods boundaries. In contrast, the KM image shown in
Fig. 16�b� contains large sidelobes in the form of concentric
rings which interfere with the edges of the rods. In particular,
the image of the rod on the left side of Fig. 16�b� is not an
exact circular shape. Moreover, there are portions of the rod
contours which are not reconstructed �see arrows in Fig. 16�.
These artifacts are due to the acoustic shadow which is
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FIG. 11. Image of the two wires obtained with the FM showing
their position relative to the array. The size of the pixels is ���.
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caused by multiple scattering. Under the Born approxima-
tion, the field scattered by the two rods is the same as the
superposition of the fields scattered by each rod separately.
The KM method reconstructs the images by extracting the
signals associated with the scattering from each rod and
combining them according to Eq. �19�. However, due to the
shadowing effect, part of these signals are missing �see the
pulse-echo signals around element 150, Fig. 13�, resulting in
the missing portions of the rod boundaries observed in Fig.
16�b�.

VI. CONCLUSIONS

The scattering model used to describe the interaction of a
probing wave with the structure of an object, is the key fac-
tor determining the amount of structural information that can
be retrieved from scattering measurements. Conventional im-

aging methods are based on the Born approximation which
neglects the distortion of the probing wave as it travels
through the object to be imaged. Although the approximation
leads to a linear mapping between the measurements and the
structure of the object, the resolution of the reconstruction is
limited by the � /2 constraint. Moreover, the reconstruction
can suffer from severe artifacts when strong multiple scatter-
ing occurs.

In this paper, it has been shown that by abandoning the
Born approximation and considering a more accurate model
which can account for multiple scattering effects, images
with an unprecedented resolution better than � /4 and with
fewer artifacts than those observed under the Born approxi-
mation, can be achieved. This has been shown by using the
factorization method.

The algorithm has been applied to experimental data ob-
tained with an ultrasound ring array. Both objects smaller
and larger than the wavelength have been imaged. It has
been shown that the sampling methods can reconstruct the
shape of extended scattering objects probed with ultrasonic
waves.

It has been emphasized that due to the intrinsically ill-
posed nature of the nonlinear inverse scattering problem,
regularization techniques are needed to control the instability
of the inverse problem which is triggered by measurement
noise. In particular, it has been shown that the factorization,
method is extremely robust against noise, providing super
resolution in spite of a signal-to-noise-ratio lower than 0 dB.
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APPENDIX: CONCENTRIC RINGS

The presence of circular rings in Fig. 6�a� and Fig. 16 is
due to the circular symmetry of the scatterers and the nature
of the FM. This can be explained by considering the recon-
struction of a single cylinder with the pseudospectrum �17�.
Let us consider the product ��gz �vn�� calculated for an imag-
ing point z with cylindrical coordinates ��,�. Since the
problem is axisymmetric the eigenfunctions �vz

n� are given by
Eq. �8�, thus

��gz�vn� =
1

2�
�

0

2�

d� e−ik cos��−��ein�. �A1�

By making the substitution �=�−� and invoking the Jacobi-
Anger expansion

eiz cos � = �
m=−�

+�

imjm�z�eim�, �A2�
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and exploiting the orthogonality of the functions ein� in
�0,2�� one obtains

��gz�vz
n� = inein�

2�
jn�k� , �A3�

where jn�·� are the nth order Bessel functions of the first
kind. As a result, the quantity ��gz �vn�� is independent of the
angular position of the imaging point �. For large orders n,
the Bessel functions exhibit an oscillatory behavior along the
radial direction for k	n whereas they rapidly tend to zero
for k→0. As a result, the Bessel functions of order �

2�R /�, where R is the cylinder radius, provide the main
contribution to the series in Eq. �17� evaluated within the
cylinder support, i.e.,

z � D ⇒ ,P�z� � 4���
n=1

�
jn�k�2

�n
�−1

. �A4�

P�z� oscillates along the radius because it depends on the
sum of a finite number of oscillatory functions. Moreover,
since P�z� does not depend on the angular position, �, the
radial oscillations result in the concentric rings observed in
Figs. 6 and 16. As a last remark, it has to be stressed that FM
requires the divergence of the series in Eq. �17� outside the
scatterer support. The divergence would ensure the recon-
struction of the object with unlimited contrast and resolution,
regardless of the value of P�z� within the scatterer support.
However, due to the finite number of measurements and the
presence of noise the series converges also outside the scat-
terer so limiting the contrast between the object and the
background.
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