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We derive a Fourier-domain Wiener filter for the reconstruction of undersampled imagery. The filter differs
from previous implementations in that it permits adjustment of the trade-offs between sharpness of the recon-
struction, noise amplification, and aliasing artifact suppression. Additionally, a net transfer function that char-
acterizes the combined effects of the imaging system and the reconstruction process is derived. This net trans-
fer function is valid for both unaliased and aliased spatial frequencies. The expression for the net transfer
function is applicable to more general linear image sharpening algorithms. © 2009 Optical Society of America
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1. INTRODUCTION

The Wiener filter [1-4] is widely used in the reconstruc-
tion of imagery sampled at or above the Nyquist limit
[5,6]. The Wiener filter requires accurate knowledge of
the system optical transfer function, but has several ad-
vantages. It is optimum in the sense that it yields a re-
construction with the minimum expected mean-square er-
ror based on the object and noise statistics. Being linear,
it is computationally efficient and requires just one con-
volution operation to compute the reconstruction. In some
circumstances, the Wiener filter can yield reconstructions
of the same quality or better than more complex, nonlin-
ear, iterative algorithms [7].

Many imaging systems, however, operate below the Ny-
quist limit due in part to signal-to-noise and field-of-view
considerations [8]. While a Wiener filter applicable to un-
dersampled imagery has been derived previously in the
spatial domain [4], we present a Fourier-domain deriva-
tion. While the Fourier-domain treatment does have limi-
tations (it does not apply to space-variant imaging condi-
tions and becomes considerably more complicated when
the object and/or noise statistics are nonstationary), there
are a number of advantages. In the Fourier domain, it is
easy to separate the terms representing the unaliased
and aliased portions of the image and the noise. This be-
ing done, filter parameters can be introduced to control
the trade-offs between the sharpness of the reconstruc-
tion, noise amplification, and the suppression of aliasing
artifacts. Additionally, the Fourier-domain analysis yields
an expression for a net transfer function that represents
the combined effects of the imaging system and the recon-
struction process at both unaliased and aliased spatial
frequencies. This net transfer function is a nontrivial gen-
eralization of the well-known result for Wiener filtering
Nyquist sampled data, for which the net transfer function
is simply the product of the imaging system transfer func-
tion and the Fourier-domain Wiener filter. Previous
spatial-domain work on using the Wiener filter with un-
dersampled data did not yield this result. The net trans-
fer function is a vital tool for assessing the overall perfor-
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mance of the system and can be used to compute various
image quality metrics [9,10]. For example, [11] uses the
net transfer function to calculate the relative edge re-
sponse of an undersampled imaging system.

A mathematical model for undersampled imagery is de-
scribed in Section 2. The Wiener filter for undersampled
imagery is derived in Section 3. An expression for the net
system transfer function after reconstruction is given in
Section 4. An example with simulated imagery is dis-
cussed in Section 5. Section 6 is a summary.

2. IMAGING MODEL

For notational convenience, all of the equations in Sec-
tions 2—4 will be written in one dimension; the extension
to two dimensions is straightforward. Assuming space-
invariant imaging conditions, the incoherent image i(x) of
an object o(x) is given by the convolution

i(x) = s(x) ® o(x), 1)

where s(x) is the system incoherent impulse response or
point-spread function (PSF). A digitally sampled version
of this image can be written as

h,, =i(mAx) = f i(x)d(x — mAx)dx, (2)

where the subscript m e {-M/2,(2-M)/2,...,(M-2)/2}is
an image-domain sample index, M is the total number of
samples, Ax is the sample spacing, and S(x) is the Dirac
delta function. In practice, there is noise in the measure-
ment of &,,. Thus, a noisy version of the digital image can
be written as

G =R + s (3)

where n,, are additive noise samples. The discrete Fou-
rier transform (DFT) of g, is given by
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where the subscript p e {-M/2,2-M)/2,...,(M-2)/2} is
a Fourier-domain sample index, i=(-1)"2, and the spac-
ing between samples in the Fourier domain is

1

Au = .
MAx

(5)

Using Egs. (1)-(5), the Fourier-domain samples G, can be
written as [12]

G,=N,+ f {[S(u)o(u)]
\r’MAx h=—x

1 (u—kMAu

® —sinc
Au Au

)}5(u -pAu)du, (6)

where the uppercase variables represent the Fourier-
domain counterparts to the corresponding lowercase vari-
ables, and sinc(x) =sin(mx)/(7x). Equation (6) can be writ-
ten as the sum of three distinct terms as

G,=N,+H,,+H,,, (7

where N, is the noise, H, , is the aliased portion of the
Fourier transform of the image,

H,, = S(u)O
= i, f {[ @Ow)]

£#0
1 u-kMAu
®Esmc B v— Su - pAu)du
2 S[(p - kM)Au]O[(p - kM)Au],  (8)
\,’M X p=-

k#0

and H, ,, is the unaliased portion of the Fourier transform

1 o
= S(u)0
N7 f_m[ (w)O(u)

1 u A
®A—usmc " Su - pAu)du

H, 0,p

V/Z‘_leS(pAu)O(pAu). (9)
The sinc convolutions in the above equations, which arise
from the truncation of the image by the width of the de-
tector array, have three effects: (i) to introduce coordinate
translations of AMAu [in Eq. (8) only], (ii) to limit the res-
olution of H,, to approximately Au, and (iii) to cause spec-
tral leakage proportional to the amplitude of the sinc
function sidebands, converting the finite-support spec-
trum S(z)O(u) to a spectrum with infinite support [but
typically having small values outside the support of S(u)].
Ignoring (ii) and (iii) yields the approximate expressions
on the third lines of Eqgs. (8) and (9).
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3. WIENER FILTER

The Wiener reconstruction of the object can be written in
the Fourier domain as

F,=W,G,, (10)

where W, is the Wiener filter. The Wiener filter is speci-
fied to yield the minimum expected mean-square error be-
tween the reconstruction and the original object based on
the noise and object statistics, both of which are assumed
to be stationary. When aliasing is present, this error is
calculated with respect to the unaliased portion of the ob-
ject Fourier transform, i.e., we wish to find W, that mini-
mizes

M/2-1

()= MZ |

p=—M/2

W,G,-F,* ), (11)

where the angle brackets indicate an expectation value
calculated with respect to both the noise and object sta-

tistics and
* 1 u

O(u) ® —si — | |8(u - pAu)d
VWAx B (u) Ausmc v (u — pAu)du

p:

1
~ O(pAu) (12)
\r’MAx (p

represents an unaliased discrete version of the Fourier
transform of the original object. Substituting Eq. (7) into
Eq. (11) yields

N/2-1
(e)= I; > IW2CN, P + (N H:, o H, )+ (H %)

p=—N/2

+(NLHG )+ (N Ho ) +(Ho pHG )+ (H H )

POp

+([Ho p|*) = W,(NLF) + (Ho pF) +(Ho o F )

~ W (N, F,) +(H,, Fp)+(Hy Fp)) +(F, %] (13)

ap P

If the noise is zero-mean and independent of the object
statistics, the cross-terms involving N, with H, ,,, Hy ,,, or
F, vanish. Also, the cross-terms involving H, , with H, ,
and those involving H, , with F,, vanish due to the follow-
ing property of O(u)

O@)0*(u')) = Po(u) du —u'), (14)

ap

where @ (u) is the spectral density or power spectrum of
the object, which results from the object stationarity as-
sumption [13]. The only remaining term that varies from
the standard Wiener filter derivation [3] is <|H§’p|), which
can be evaluated as

1
(HZ,)~ MAZE E S[(p - kM)AUIS*[(p - k' M)Au]
k——ookr

k#0 240

X{(O[(p - kM)Au]O*[(p - k' M)Au])

1
=~ —_ 2 —_
ka;m IS[(p = EM)Au]|2®,[(p — EM)Au]

k#0
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1

= W‘I’a(pAu), (15)

where ®,(u) represents the aliased portion of the image
power spectrum,

%

®,(w) = D [S(u - kNAw)|*®y(u — ENAu).  (16)
h=—ox
k%0
Thus, the expected mean-square error can be written as
M/2-1
T 0. o E {|W2|[(I)n(pAu) +(Da(pAu)]
M2A‘x2p=—M/2 p

+[W2IS(pAw)? - W,S(pAu) - W' S*(pAu) +1]

(e) =

XD (pAu)}, (17)

where @, (u) is the noise power spectrum, defined by

1
(N, = Mszq)n(pAu)- (18)

Solving for the Wiener filter that minimizes E yields
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S*(pAu)®,(pAu)
W= IS(pAw) 2D, (pAL) + c P (pAu) + . @ (pAw)’
(19)
where ¢, and c, are parameters that have been intro-

duced to allow for trade-offs between sharpness, noise,

and aliasing artifacts in the reconstruction ﬁ‘p. The true
minimum {e) solution is for ¢,=c,=1. Comparing this ex-
pression with the traditional Fourier-domain Wiener fil-
ter [3], the term representing aliasing ®,(pAu) appears as
an additional noise term. When there is no aliasing, i.e.,
®,(pAu)=0, Eq. (19) reduces to the form of a Wiener—
Helstrom filter without aliasing.

4. NET SYSTEM TRANSFER FUNCTION

Note that the Wiener filter can be written as a sampled
version of a continuous function Q(u), i.e.,

W, = f Qu)8u — pAu)du = Q(pAu), (20)

where Q(u) is a periodic function defined as

SH(u)P,(u) - MAu MAu
3 for <su<
Qu) =1 [S@)[PPo(u) + e, @, () + ¢, Py(u) 2 2 . (21)
Q(u - MAu) otherwise

Using Egs. (7)—(10), (20), and (21), the reconstruction ﬁ' can be written as

F,=W,N,+H,,+H,,) ~W,N, +

=W,N, +
P MAxiZ

2 W,S[(p — kM)Au]O[(p - kM) Au]

X h=—x

f Qu)Sw)Ow)du - (p — kM)Au]du. (22)

It is evident from this equation that the net system transfer function, after Wiener filtering, is given by

Spet() = Qw)S(u), (23)

which can be written as

S(w)S*(u — kRMAu)®,(u — kEMAuw)

Snet(u) =

IS(w — EMAW)*® (v — EMAw) + ¢, ®,(u - EMAw) + c,®,(u — EMAuw)

1 1
for (k - E)MAM su< (k + §)MAu andallz e{0,+1,+2,...}. (24)

Figure 1(a) illustrates the system transfer function
S(u) for an undersampled imaging system, in which Ax is
a factor of 8/3 larger than the Nyquist sample spacing
[the diffraction-limited cutoff frequency is 4/(3Ax)]. The
vertical dashed lines represent the range of spatial fre-
quencies for which the Nyquist sampling condition is sat-
isfied. Figure 1(b) shows a representative periodic exten-
sion of the Wiener filter Q(z). The portion of Q(u) between
the dashed lines represents the Wiener filter W, that

[
would actually be used to reconstruct the image. Figure
1(c) shows the net system transfer function S, .(z), equal
to the product of S(z) and Q(u), which is valid at both un-
aliased and aliased spatial frequencies. Note that Eq. (23)
is valid for any linear sharpening kernel, e.g., generic 3
X 3 and 5 X5 sharpening kernels, as well as the Wiener
filter, when Q(u) is replaced by the periodic extension of
the DFT of said kernel.

Figure 2 provides further insight into the interpreta-
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Fig. 1. Diagram illustrating Fourier-domain contributions to
the net system transfer function: (a) the unaliased transfer func-
tion of the imaging system S(u), (b) the periodically extended
version of the Wiener filter (), and (c) the unaliased net sys-
tem transfer function S, («). The vertical dashed lines indicate
the extent of the unaliased portion of the Fourier domain, |u|
<1/(2Ax).

tion of S (x). The following two sequences yield the
same final image: (i) passing the object data through the
transfer function of the imaging system S(u), sampling,
and reconstructing with Wiener filter W, and (ii) passing
the object data through the net transfer function S, (u)
and sampling. Either process yields the same result, even
with aliasing. Note that the addition of noise is omitted
from these steps, as S,.;(z) does not apply to the noise.

5. EXAMPLE IMPLEMENTATION

Figure 3 shows an aerial photograph [14] with a 7.6 cm
(3 in.) ground sample distance (GSD) used as the digital
object, o(x,y), for this example. Figure 4 shows a simu-
lated 45.7 ecm (18 in.) GSD noisy image, g,, ,, where the
system PSF s(x,y) is given by the convolution of the Airy
disk pattern for an aberration-free optical system and a
small square window representing the spatial area of an
individual detector pixel. The sampling ratio [8] was @
=\/(DAx)=0.75, where \ is the wavelength of light, f is
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Signal, O(u)

Pass Through S(u) Pass Through Spe()

S@)O(u)

Shet(w)O(u)

l Sample

Wp(HO ’p+H a ,p)

Wiener Filter

WP(H 0 ,p+H a ,P)

Fig. 2. Diagram illustrating the interpretation of the net trans-
fer function S, .;(«). Passing object data through S(«), downsam-
pling, and reconstructing with W), (left) yields the same result as
passing object data through S, .(«) and downsampling (right).

the system focal length, and D is the pupil diameter.
Thus, g,, , is undersampled by a factor of 8/3 in compari-
son to the Nyquist sampling rate (@ =2 for Nyquist sam-
pling), as was the case for Fig. 1. Both Poisson-distributed
shot noise, where the average image signal was

Fig. 3. Digital object [14] used for simulation.
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Fig. 4. Noisy aliased image g, .-

80,000 photoelectrons/pixel, and Gaussian-distributed
detector read noise, with a standard deviation of 20 pho-
toelectrons, were included in g, ,. Additionally, 10-bit
quantization was applied to g, ,. These conditions are
representative of ideal exposure conditions with a realis-
tic detector, yielding a high signal-to-noise ratio image.
Both the object and noise power spectra, ®,(z,v) and
®,(u,v), respectively, are needed for the Wiener filter.
Here we switch from 1D to 2D notation. A common model
[7,15-20] for the power spectrum of typical objects or

secenes is
Lk
Do(u,v) =

A2p72 for p£0’

for p=0
(25)

where p=(u2+v2)Y2 is the radial spatial frequency coordi-
nate and Ay, A, and « are parameters of the model. The
corresponding model for the image power spectrum
®;(u,v), including both the unaliased and aliased portions

of the noise-free image, is given by

Oy(u,v)= D, D 1S -kMAu,v - ¢MAv)[?
h=—0 {=—ox
X®(u - kMAu,v — €MAv). (26)

Typically, the noise is nearly white [21], such that
D, (u,v) =Py, (27)

is a constant, independent of spatial frequency. Assuming
the noisy Fourier-domain samples |G, ,|* are statistically
independent (except for correlations arising from the Her-
mitian symmetry of G, ;) and obey a negative-exponential
probability distribution [22] of the form

2 - |G127,(I|
P(G, )= exp ’
P d(pAu,qAv) + O, ®;(pAu,qAv) + @,

(28)
then the power spectrum parameters A, «, and ®, can be

estimated from the image data G,, by maximizing the
following log-likelihood function [22,23]
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Fig. 5. Wiener filter reconstructions f'm,,, of Fig. 4, with ¢,=1 and
(a) c,=0, (b) c,=1, and (¢) ¢,=5. The arrows indicate a region con-
taining noticeable aliasing artifacts associated with the painted
lines of the parking lot; note that the stripes appear to go in the
wrong direction.
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Fig. 6. Net system transfer functions S, .(z,v) corresponding to
each of the reconstructions shown in Fig. 5. For comparison, the
system transfer function before processing S(u,v) is also shown.
The vertical dotted lines represent the extent of the unaliased
portion of the object Fourier transform, |u|<1/(2Ax).

1G4
L= p,q

= = In[®;(pAu,qAv) + D, ].
(p,q)#(0,0) ®;(pAu,qAv) + P,

(29)

Additionally, Ag=G o can be used to evaluate the object
power spectrum at the dc spatial frequency. Note that the
MAx? factors appearing in Eqgs. (15) and (18) have been
dropped from Egs. (28) and (29) for notational conve-
nience as they do not affect the maximization of L.

Figure 5 shows Wiener filter reconstructions for the ex-
ample imagery using object and noise power spectra esti-
mates, resulting from the method described above, and
filter parameter values c,=1 and ¢,=0, 1, and 5. These re-
constructions demonstrate the trade-off between sharp-
ness and the suppression of aliasing artifacts (e.g., the
“staircasing” effect on the tilted edges and the periodic
lines on the pavement appearing to go the wrong way) as-
sociated with the value of c,. Figure 5(a) appears visually
to be the sharpest, while Fig. 5(c) is the least sharp, being
only marginally sharper than the unprocessed image
shown in Fig. 4. However, the aliasing artifacts in the re-
gion indicated are most noticeable in Fig. 5(a) and least
noticeable in Fig. 5(c). Figure 6 shows S,.(u,0) for each
case. Note that for ¢,=0, the Wiener filter boosts S,.(«)
up to near unity for all the unaliased spatial frequencies
|u| <1/(2Ax), since the signal-to-noise ratio is high. As the
value of ¢, increases, however, the amount of boosting of
Spet(u) is reduced to provide better suppression of aliasing
artifacts, at the expense of reduced edge sharpness in the
reconstruction.

6. SUMMARY

We have derived a Fourier-domain Wiener filter for
aliased imagery. Filter parameters were introduced to
control the trade-offs of edge sharpness, noise amplifica-
tion, and aliasing artifact suppression. An expression for
the net system transfer function S, (u,v) after applica-
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tion of the Wiener filter (or any other linear filter) was de-
rived. This expression for S,.(u,v) is a vital tool for the
analysis of overall system performance (including the ef-
fects of both the imaging system and the reconstruction
algorithm). Finally, an example implementation of the
Wiener filter was demonstrated. This example illustrated
the trade-off between image sharpness and aliasing arti-
facts associated with the filter parameter c,.
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