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Holographic x-ray image reconstruction through
the application of differential and integral operators
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We introduce a noniterative image-reconstruction technique for coherent diffractive imaging. Through the
application of differential and integral operators, an extended reference can be used to recover the complex-
valued transmissivity of an object, in closed form, from a measurement of its far-field (Fraunhofer) diffrac-
tion intensity. We demonstrate the feasibility of this approach, using a reference of a pair of crossed wires
and slits, through numerical simulations and a soft x-ray coherent diffractive imaging experiment. © 2010
Optical Society of America

OCIS codes: 090.0090, 100.3200, 100.3010, 180.7460.
Reconstructing the transmissivity of a sample from
its Fraunhofer diffraction intensity (coherent diffrac-
tive imaging) has important applications for high-
resolution imaging at x-ray and optical wavelengths,
ranging from integrated circuit inspection to solid-
state physics and biology. Upon measurement, the
phase of the coherent field is lost and must be com-
putationally recovered to obtain a reconstructed im-
age. Although this problem can be solved by iterative
transform algorithms if the intensity measurement is
adequately sampled [1,2], this approach is computa-
tionally expensive and may suffer from stagnation
and/or ambiguity problems.

Holographic techniques can alleviate this computa-
tional burden and obtain a reconstruction in a nonit-
erative computation. X-ray Fourier transform holog-
raphy (FTH) has been implemented by including a
point reference in the vicinity of the object [3,4]. The
phase of the object field is then encoded in the inter-
ference of the object and reference waves, thus allow-
ing a closed-form reconstruction. The resolution for
this approach is, however, limited by the size of the
point reference.

In this Letter we introduce a noniterative tech-
nique that allows direct and unique image recon-
struction through the application of differential and
integral operators. This approach generalizes the ho-
lographic method in [5] and allows a more general
class of extended reference structures. In particular
it allows a pair of crossed wires (or slits) to be used as
a reference, where the object phase is encoded
through its interference with light diffracted from the
wires’ overlap region. This can improve the resolution
beyond FTH because of the availability of thin-wire
structures such as carbon nanotubes [6].

Assume the field transmitted through the object
plane can be expressed as the sum of an object addi-
tive modulation, o�x ,y�, and a reference, r�x ,y�, i.e.
f�x ,y�=o�x ,y�+r�x ,y�. The inverse Fourier transform

(FT) of the measured Fourier intensity is the field au-
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tocorrelation, given by

f � f = o � o + r � r + o � r + r � o, �1�

where � denotes cross correlation. If r�x ,y� satisfies

L�n��r�x,y�� = AD�m��d�x − x0,y − y0�� + g�x,y�, �2�

where d�x ,y� is a delta-like function, A is a complex-
valued constant, g�x ,y� allows for additional terms,
and L�n�� · � and D�m�� · � are linear differential opera-
tors of order n and m, respectively. Then it can be
shown that

L�n��f � f� = L�n��o � o� + L�n��r � r�

+ �− 1�no � g + g � o + �− 1�nA*

� D�m��o�x + x0,y + y0� � d*�− x,− y��

+ AD�m��o*�x0 − x,y0 − y� � d�x,y��, �3�

where � denotes convolution. We can then directly ex-
tract D�m��o�x+x0 ,y+y0��d*�−x ,−y��, provided it does
not overlap with other terms, and recover the object
by computing D�−m�� · �, i.e., an integral operator. The
effects of missing information in the Fourier domain
and separation conditions can be derived in a manner
analogous to that in [5].

Notice that the reconstruction, o�x+x0 ,y+y0�, will
be convolved with d*�−x ,−y�. The resolution of the re-
construction is then limited by the size of d�x ,y� or by
�x=�z /D (in the paraxial approximation), whichever
is larger. In the latter, � is the illumination wave-
length and z is the distance from the object to a de-
tector of diameter D. In practice the resolution can be
worse if the measurement has a poor signal-to-noise
ratio (SNR).

Let us now apply this formulation to the specific

case of a crossed-wires reference, with individual
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wire width w and transmissivity B. If the wires ex-
tend well beyond the object, the transmissivity of
r�x ,y� is given by

r�x + x0,y + y0� = 1 − �1 − B��rect�y cos � − x sin �

w �
+ rect�y cos � − x sin �

w �� + Ad�x,y�,

�4�

where the individual wires make angles � and � with
respect to the x axis ����� as shown in Fig. 1, rect� · �
is the rectangle function, and

Ad�x,y� = �1 − B�2rect�y cos � − x sin �

w �
� rect�y cos � − x sin �

w � �5�

is the overlap region of the two wires.
It follows from Eq. (4) that 	�̂ ·�
	�̂ ·�
r�x ,y�

=A	�̂ ·�
	�̂ ·�
d�x−x0 ,y−y0�. So this reference satis-
fies Eq. (2) with L�2�� · �=D�2�� · �= 	�̂ ·�
	�̂ ·�
 and
g�x ,y�=0. In this case D�−2�� · �=L�−2�� · �, which con-
sists of two line integrals in the direction of �̂ and �̂,
respectively. Since L�2��r � r�= �A�2L�2��d � d�, the only
separation condition of concern is from the term
L�2��o � o�, which is analogous to the separation con-
dition for the point reference in FTH. Because the ob-
ject and reference overlap, o�x ,y�� t�x ,y�−1 [5].

A numerically simulated field, containing the ob-
ject of interest and a crossed-wires reference �B=0�,
is shown in Fig. 2(a). The measured intensity was
simulated by taking the FT of this field and comput-
ing its squared modulus. The field autocorrelation,
f � f, obtained by computing the inverse FT of the
simulated intensity, is shown in Fig. 2(b).

Notice that the net effect of applying L�−2��L�2��o
� r�� is to remove any function that is constant along
the direction of the wires. The same effect can be ob-
tained, with a more convenient processing, by di-
rectly estimating and removing these functions.
First, we extract from the autocorrelation an M�N
pixel region, am,n, that contains the reconstruction.
Fig. 1. Object with crossed-wires reference.
This region is indicated by a dashed rectangle in Fig.
2(b) and shown in Fig. 2(c). An intermediate function,
bm,n, is obtained by subtracting, from each column,
the average value of its first and last element,

bm,n = am,n − �a1,n + aM,n�/2. �6�

We repeat the procedure for all the rows to arrive at a
reconstruction of the object

om,n = bm,n − �bm,1 + bm,N�/2. �7�

This procedure removes the functions that are con-
stant along the direction of the wires for �=0 and �
=90°, and gives a direct reconstruction. Combined
with autocorrelation rotation(s), reconstructions can
be obtained from crossed wires at arbitrary angles.
Figure 2(d) shows the reconstructed transmissivity,
t�x ,y�=o�x ,y�+1.

A proof of concept experiment was performed at the
soft x-ray coherent scattering beam line of the Stan-
ford Synchrotron Radiation Lightsource (SSRL). The
object [7] and a crossed-slits reference were fabri-
cated using a focused ion beam on a 200 nm gold film
supported by an Si3N4 membrane, as shown in Figs.
3(a) and 3(b). The mathematical formulation as de-
scribed above holds for either crossed wires or
crossed slits with slight modifications to Eqs. (4) and
(5). In particular, in Eq. (5), �1−B�2 should be re-
placed by �B−1�, where B is now the substrate trans-
missivity. Also, for this case o�x ,y�� t�x ,y�−B.

The sample was illuminated with a 650 eV ��
�1.9 nm� spatially coherent x-ray beam [8]. The
1024�1024 diffraction pattern, shown in Fig. 3(a),
was obtained by summing multiple exposures (cumu-
lative exposure of 100 s) from a 16-bit, back-
illuminated CCD with 20�20 micrometer pixels,
placed 150 mm from the sample and using a 1.1 mm
diameter beam stop.

After rotating the diffraction pattern (with interpo-
lation) and smoothing out the beam stop edge, we

Fig. 2. (a) 512�512 object space field amplitude, f�x ,y�.
(b) Field autocorrelation, f � f; an overall bias was sub-
tracted for better visualization. (c) Cross correlation of ob-
ject and crossed wires extracted from (b). (d) Object trans-
missivity reconstructed from (c).
computed an inverse FT and obtained the field auto-
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correlation shown in Fig. 3(c). We then extracted the
pixel area shown in Fig. 3(d), which corresponds to
the reconstruction. Because the transmissivity of the
slits was not constant, strong streak artifacts were
observed upon reconstruction if only a constant term
was removed from each row and column.

To mitigate this, we used five pixels around the
edge of Fig. 3(d) to estimate a linear function, for
each column and row, through a closed-form linear
least-squares fit. These functions were then removed
to arrive at the reconstruction shown in Fig. 3(e),
which compares favorably to the SEM in Fig. 3(b).
The reconstruction is high-pass filtered because of
the loss of the low spatial frequency data, due to the
beam stop. The resolution �30 nm� was set by the

Fig. 3. (Color online) (a) Experimental setup and mea-
sured diffraction pattern (600�600 inset, number of pho-
tons, logarithmic scale). (b) SEM image of the sample. (c)
Autocorrelation computed from an inverse FT of the mea-
sured data. (d) Region extracted from (c). (e) Direct recon-
struction from (d). Real part is shown in (c), (d), and (e).
width of the slits.
We have introduced and demonstrated a novel, no-
niterative method to uniquely reconstruct the
complex-valued transmissivity of an object, from a
far-field intensity measurement, through the applica-
tion of differential and integral operators. This gen-
eralizes the closed-form holographic method in [5] to
a broader class of complex-valued extended refer-
ences beyond those in [5,9–11].

This formulation allows the use of a pair of crossed
wires or slits (amplitude and/or phase) as an ex-
tended reference. The reconstruction is then ob-
tained, in closed form, from the cross correlation of
the object and the overlap function, d�x ,y�. Although
the mathematical derivation is more straightforward
using differential and integral operators, for this ref-
erence it is more convenient to directly remove func-
tions that are constant along the direction of the
wires outside of the object support. Unlike a deconvo-
lution approach [12], all parameters relevant to the
reconstruction can be estimated directly from the
data, with no a priori quantitative information about
the sample required. We have shown that this ap-
proach is robust to missing information due to a
beam stop.

We are thankful to B. Dai, Y. Acremann, and D. P.
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the U.S. Department of Energy, Office of Basic En-
ergy Sciences.
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