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Optical beam propagation inside a graded-index fiber with saturable nonlinearity
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We study theoretically the spatial evolution of optical beams inside a graded-index fiber exhibiting saturable
nonlinearity. Utilizing an approach based on the variational principle, we identify the existence of bistable spatial
solitons inside such a nonlinear medium, whose stability, analyzed through a linear stability analysis, is due to
the saturating nature of the nonlinearity. Spatial solitons adhere to a specific amplitude-width relationship. Any
deviation from this relationship leads to oscillating-type solutions with a period that increases with the saturation
level of the nonlinearity. Theoretically calculated values of this period agree well with numerical findings.
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I. INTRODUCTION

The propagation of high-intensity beams inside waveg-
uides such as an optical fiber has been studied extensively
over the past few decades, both experimentally and theoreti-
cally [1,2]. One of the fascinating aspects of this work is the
formation of spatial solitons in the case of continuous-wave
(CW) beams, and temporal solitons in the case of pulsed
beams. Such solitons form owing to a subtle balance between
the diffraction/dispersion and the Kerr nonlinearity providing
an intensity-dependent increase in the refractive index of the
medium [1,3]. In the spatial case, the formation of solitons in
planar waveguides was predicted in several studies [4-9] and
also observed experimentally [10]. It is known that spatial
solitons forming because of the Kerr nonlinearity become un-
stable in more than one transverse dimension [5,6]. To prevent
this, the use of saturable nonlinearity has been considered
using materials such as photorefractive crystals [11-13],
semiconductor-doped glasses [14], and negative-index
media [15].

One way to realize self-guided propagation of optical
beams in two transverse dimensions is to make use of graded-
index (GRIN) fibers [16]. GRIN fibers were fabricated and
studied in the 1970s in the context of optical communi-
cations [17]. More recently, GRIN fibers have been used
for supercontinuum generation [18-20], spatiotemporal mode
locking of fiber lasers [21-23], ultrabroadband dispersive ra-
diation [24,25], spatial beam cleanup [26], and high-power
fiber amplifiers [27,28]. One of the advantages of GRIN fibers
is that their parabolic refractive-index profile leads to periodic
self-imaging of optical beams, launched with an input power
less than the critical power associated with the beam collapse
induced by self-focusing [29].

The formation of multimode solitons in GRIN fibers has at-
tracted considerable recent attention [30-32]. However, most
earlier work has focused on temporal solitons forming in the
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presence of the Kerr nonlinearity, as this kind of nonlinearity
dominates in silica-based fibers. In this study, we focus on the
formation of spatial solitons and consider the propagation of
CW beams inside a GRIN fiber doped with nanoparticles ex-
hibiting saturable nonlinearity. Through an analysis based on
the variational technique, we discover bistable spatial solitons
with a unique amplitude-width relationship, which remain
stable even at high powers owing to the saturable nonlinearity
of such GRIN fibers. The stability of bistable solitons under
amplitude noise is analyzed through a linear stability analysis.
We also examine the formation of similaritons, exhibiting pe-
riodic spatial oscillations and occurring when the saturation of
nonlinearity is weaker compared to the self-imaging induced
by the index gradient.

II. NONLINEAR PROPAGATION EQUATION

As illustrated in Fig. 1, we consider a GRIN fiber whose
core has a parabolic index profile and has been doped with
semiconducting nanoparticles to realize a saturable nonlinear-
ity. The refractive index experienced by an incident optical
beam with the local intensity / then has the form

n=ny(l— 30*r*) + noF (D), (1)
where r = \/x2 + y? is the radial distance from the center of
the core and ng is the refractive index at » = 0. The index
gradient b is defined as b = a;, LV2A, where ay is the core’s
radius and A = (ng — n.)/ng, n. being the cladding index.
The Kerr coefficient is denoted by n,. The saturable nonlinear
response, governed by F (), has the standard form

1
(I +1/Ia)’

where I, is the saturation intensity.

A quasi-CW beam, with a narrow spectrum centered at
frequency wy, is incident on the GRIN fiber shown in Fig. 1.
Assuming that the polarization of the beam does not change
inside the fiber, the evolution of its electric field is governed

F({) = ()
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FIG. 1. (a) Schematic of a GRIN fiber with (b) a parabolic index
profile and (c) a saturable nonlinearity.

by the Helmholtz equation,
V2E + n*kGE =0, 3)

where kg = wp/c is and c is the velocity of light in free space.
Writing the electric field as E(¥) = A(r, 2)e*¢ and exploiting
the paraxial approximation, we obtain
0A 1 kolA|?
i— 4+ —V2A — —kb2 A + %A =0. 4
3z 2k (T4 1A%/ sar)
Here, A(r, ) is the slowly varying amplitude of the CW beam
and k = npk is the propagation constant.
For the following analysis, it is useful to normalize Eq. (4)
using the dimensionless variables defined as

p=r/wy, &=bz, u=A/VI, (3)

where wo = (kb)~'/2 and Iy = b/(n2ko). Physically, wy is the
spot size of the fundamental mode associated with a GRIN
fiber and [ sets an intensity scale such that the nonlinear index
change satisfies nyly = b/ky. If we focus only on the radially
symmetric solutions, Eq. (4) is transformed into the following
equation,

;0 32 19 2 2
u L PO T
85 a2 pap 2 1+ s|ul?

where we introduced two dimensionless parameters as
s=1Iy/ly, pn=sgn(n). @)

No saturation of nonlinearity occurs for s = 0. The two values
@ = %1 indicate the focusing or defocusing nature of the
nonlinearity. We focus on the self-focusing case (u = 1) as
it is more realistic for silica-based GRIN fibers but keep the
parameter u in all equations to make our analysis applicable
to the case of defocusing nonlinearity (© = —1).We present
our theoretical results using normalized parameters. To relate
them to values used in an actual experiment, we provide
estimates of wy and Iy for a realistic GRIN fiber designed
with ag = 25 um, A = 0.005, and ny = 1.45. At wavelengths
near 1550 nm where fiber’s loss is minimum, we estimate that
b=4mm !, wy=5 um, and Iy = 3 TW/cm2.

III. BISTABLE SPATIAL SOLITONS

A typical spatial soliton is a self-guided beam that main-
tains its shape and width in space owing to a balance between
the diffractive and nonlinear effects. Strictly speaking, we
should call such entities solitary waves. However, the word

“soliton” is routinely used for them in modern optics liter-
ature. To find such localized structures, we seek a stationary
solution in the form u(p, £) = f(p)e'® . Substituting this form
in Eq. (6), we obtain the following equation for f(p):

1(d* 1d wf?
—af + = (d2 )f——f a0 ®

This nonlinear equation can be solved numerically to find
f(p). To gain physical insight, we solve it approximately
with the Ritz optimization technique [33] and assume that
the spatial soliton has a Gaussian shape in the form f(p) =
o expl—(p?/2%?)], where 7 and % represent the ampli-
tude and width of the soliton. They satisfy a specific relation
required by Eq. (8). We note that the Hamiltonian formal-
ism [34] can also be used. We chose to use the Lagrangian
formalism because it is simpler to implement for our problem.

The Lagrangian density .} corresponding Eq. (8) is found

to be
P df
=5 5)r5(5)

- F[sfz —In(1 + sf)]. O

The Lagrangian, & = fooo Zpdp, is obtained by employing
the Gaussian ansatz for f(p) and integrating over p. The result
is
o? 2 4 I 2 . 2
(10)
where Li;(x) is the dilogarithm function defined as

_/X Mdt. (a1
0 t

In this section we utlllze the Euler-Lagrange (EL) equation ,
expressed as - 3 9 (L 20: 2y _ = 0. Here, Q can be any relevant
variable such as &7 or Z. In the case of stationary propagation,
both o/ and # remain independent of &, simplifying the
EL equation to "’3—’? = 0. This reduction leads to a distinct
relationship between &7 and %,

= ﬁ(ﬂ + /B2 + 42, (12)

where B = 2u[In(1 + s.o7?) + Liy(—s.2/?)]/s>.

The relationship between the soliton’s width and amplitude
given in Eq. (12) is plotted in Fig. 2(a) for three values of
the saturation parameter, s = 1, 0.05, 0.005 (solid lines) under
focusing nonlinearity (i« = 1). These analytical predictions
are verified numerically by solving Eq. (8) with the boundary
condition f(p) = 0 as p — oo (dotted lines). The agreement
is quite good for large values of s and remains reasonable even
for low values of s. This consistency between the analytical
and numerical results validates our analytical approach.

The most noteworthy feature of Fig. 2(a) is the bistable
behavior, allowing for two stable beams of the same width
but different amplitudes. Bistability occurs for any value of
s > 0, but it is easier to observe when s > 0.01. For very low
saturation values (s < 0.01), the system exhibits Kerr-type
nonlinear behavior, which undermines the bistable character-
istics of the solution [29].

Liy(x) =

043514-2



OPTICAL BEAM PROPAGATION INSIDE A ...

PHYSICAL REVIEW A 113, 043514 (2026)

2 T
@20 s=1
R 10+
0
0
4 1 |, 2
0 \ 0 \
4 2
‘ 50\0 4 U 50\0 2
® ¢ 0 g ¢ 7
11 11
10l N
9= 9
0 50 100 7o 50 100
(e ¢ 1 ® ¢ 2 (g) 5

FIG. 2. (a) Comparison of analytical (solid lines) and numerical
(dashed lines) curves showing the 27-Z relationship for three values
of 5. (b)—(d) Solitonlike propagation in three cases with focusing
nonlinearity (1 = 1) are indicated by circles. (e)—(g) Amplitude vari-
ations in the same three cases.

The solitonlike propagation of a Gaussian beam is shown in
Figs. 2(b)-2(d) by solving Eq. (6) numerically in three cases
marked by circles in Fig. 2(a). The soliton’s amplitude does
not remain constant and exhibits small variations depicted
in Figs. 2(e)-2(g). As seen there, amplitude variations are
relatively negligible for s = 1, but they increase rapidly as
s decreases. Recalling that s is a measure of the degree of
nonlinearity saturation, it is not surprising that spatial soli-
tons become unstable when s < 0.01 because the saturation
of nonlinearity becomes negligible. It is known that a GRIN
fiber with unsaturable Kerr nonlinearity does not support the
formation of stable spatial solitons. It is noteworthy that a sta-
tionary solution can exist even without nonlinearity (i« =0).
According to Eq. (12), when nonlinearity vanishes, the condi-
tion Z = 1 must be satisfied for steady propagation to occur.
This situation corresponds to the fundamental mode of the
GRIN fiber.

IV. STABILITY ANALYSIS

The stability of spatial solitons governed by Eq. (6) can
be examined mathematically using a technique known as the
linear stability analysis (LSA). Any stationary solution of this
equation, represented by f(p), is perturbed by a small amount
that can be generally complex. The perturbed optical field is
written as

u, p) = [f(p) + v(p)e™ + w*(p)e* sl ",  (13)

where v(p) and w(p) both can grow exponentially with a
growth rate set by A. By substituting this form of u(€, p) into
Eq. (6) and neglecting all terms higher than the first order in v
and w, we obtain two linear equations for v and w that can be
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FIG. 3. Stability features of bistable solitons for four different
combinations of <7 and s. Top two rows correspond to the upper
bistable branch (a)-(h), and the bottom two rows to the lower bistable
branch (i)—(p). In each case, the first column shows the real and
imaginary parts of the eigenvalues and the second column shows the
evolution of a perturbed soliton. The third and fourth columns show
spatial profiles of the soliton at the input and output ends of the GRIN
fiber.

solved to find the growth rate A. The two linear equations are
combined into a matrix form and written as the eigenvalue
problem .#X = AX, where X = [v, w]” is a column vector
and the matrix .# has the form

% + ap a
M= ~ . 14
l[ -  —(V+ Olo)i| 19
Here, V = %(83 + 83) is a differential operator and
w=—q— 5 +y)+uf’90+9), a=upnf’Y,
(15)

with® = (1 +sf>)L.

The Fourier collocation method [35] was employed to
analyze the eigenvalue spectrum of the operator .#. An
eigenvalue A with a positive real part [Re(A) > 0] indicates
instability because of the exponential growth of any perturba-
tion, while any eigenvalue with Re(A) < 0 indicates stability
because all perturbations decay exponentially with propaga-
tion. The case Re(A) = 0 for any eigenvalue corresponds to
neutral stability. As that eigenvalue is purely imaginary, per-
turbations evolve in a periodic fashion rather than decaying.

To reveal how the stability depends on the parameters s and
o/, Fig. 3 show various stability features of bistable solitons
for four different combinations of the parameters ./ and s.
The Top two rows correspond to the upper bistable branch,
and the bottom two rows to the lower bistable branch. In
each case, the first column shows the real and imaginary parts
of the eigenvalues calculated numerically. It reveals that the
real part of A is zero for all eigenvalues, indicating neutral
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stability with an oscillatory decay of perturbations imposed
on the Gaussian beam propagating as a spatial soliton.

The evolution of the Gaussian beam inside the GRIN fiber
in the same four cases is shown in the second column of
Fig. 3. The initial amplitude of the beam was perturbed at the
input end of the by adding random noise (maximum amplitude
10%). The corresponding input and output shapes are shown
in the third and fourth columns, respectively. The output beam
in all cases show circular rings that correspond to a periodic
evolution of the perturbation because of purely imaginary
eigenvalues seen in the first column.

V. SPATIAL SIMILARITONS

Spatial solitons found in Sec. III maintain their initial width
inside the GRIN fiber. In this section, we extends this analysis
by allowing variations in both the amplitude (<) and width
(Z) of the beam along the fiber’s length. Such solutions are
sometimes referred to as spatial similaritons [36,37].

The starting point is Eq. (6), which we solve approximately
with the variational technique. We still assume a Gaussian
shape of the beam but allow for changes in all parameters of
the beam, including curvature of the phase front, through the
variational ansatz,

u(p. &) = o (&) expl—p? /29 (§) + ip(§) + id (£)p*).
(16)
The Lagrangian density .Z) corresponding to Eq. (6) is

ip( du* du p|ou 2 ok 2
g = — —ut— —_— p—
D Z(Mdé ”d5>+2 op| T2
— 2 sluf? = In(1 + slu). (17)

The Lagrangian is obtained by using the Gaussian ansatz and
carrying out the integration .Z = fooo Zpdp. The result is
found to be

) o2

5 G+ de B + (1 + 47 + 2

2
- @[wﬁ + Lip(—s/?)], (18)
252
where ¢ and d;: denote a derivative with respect to &.
Using the Euler-Lagrange equation, %(%) — % =0,
with Q = &7, %, d, and ¢, we obtain the following four cou-
pled differential equations governing the evolution of beam

¥ =

parameters:
T _ —2d .o (19a)
&
OR
— =2d%, 19b
T2 (19b)
ad , 1 1 w
9E 2=t T S
x [In(1 + s27%) + Liy(—s2??)], (19¢)
L N
08 s X* S22
x [2In(1 + so7?) + Lis(—s&/®)].  (19d)

FIG. 4. (a) Bistable o/-Z curve obtained analytically (solid line)
and numerically (dotted line) using s = 0.8. Points ® and ® mark
two amplitudes allowed for a specific width of the soliton. Two
insets shows the potential that governs beam-width oscillations of
similaritons at points @ and @. (b)—(e) Evolution of Gaussian beams
at these four points. (f)—(k) Amplitude and width evolution for sta-
tionary states indicated by @ and @. (h)—(m) Periodic variations of
the amplitude and width in for the states indicated by ® and ®.
Solid lines correspond to variational results and dotted lines represent
numerical data.

We solve these equations numerically for a specific case of
s = 0.8, and the results are shown in Fig. 4. The results of
Sec. III corresponding to spatial solitons are recovered by
setting all & derivatives to zero. In this case, Fig. 4(a) shows
the relationship between the amplitude (<) and width (%)
of the spatial soliton using both the variational analysis (solid
line) and numerical simulations (dotted line). We choose four
points, labeled ®-®, such that the first two lie on the solid
curve and produce spatial solitons, while the last two are far
away from this curve and form similaritons whose widths and
amplitudes vary with propagation.

To reveal the differences in these two situations, we
solve Eq. (6) numerically with a Gaussian beam launched
with parameters corresponding the four points, labeled O-®,
and show the beam’s evolution in Figs. 4(b)—4(e). Further,
Figs. 4(f)—4(m) also depict the amplitude and width variations
obtained using the variational results in Egs. (19a2)—(19d),
showing good agreement with numerical data. For points
® and @, both the amplitude and width remain constant
during propagation, consistent with theoretical predictions.
Conversely, spatial similaritons at points ® and @ exhibit a
breathing behavior such that the amplitude and width vary in
a periodic fashion along the fiber’s length. We have ensured
that the total energy,

&= /0 lu(p, )P pdp = *(E)H*(E)/2,  (20)

of the beam remains conserved all along the fiber. We esti-
mated numerically the degree of precision by calculating the
percentage error; it was found to be <0.5%.
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We can estimate the period of width oscillations by ex-
ploiting Eqgs. (19b) and (19c). Taking a second derivative
of Eq. (19b), it is possible to construct the following second-
order differential equation for %:

d%% 1 ,u% 2Sé()0 . —2Sédo

R Es? B2
2y
By integrating this equation once, we can write the result as
d#\’
— QUZ) =0, 22
(42) oo @

where Q(Z) acts as a potential function and has the form
1 1
2
= (= %) + (%2 N ﬁ)

—2sé; —2sé;
2 0 2 0
UM[‘%””( 7 ) L (%2 ﬂ

(23)

QUZ)

and %, denotes the initial width of the beam.

Equation (22) can be viewed as describing the motion of a
point mass under the potential (%) [33,38]. This potential
vanishes at two values of &, denoted by %, and %,. The
beam’s width oscillates between these two values. If %, <
#,, the width first increases and then returns to its initial
state, as illustrated for point @ in Fig. 4(1). Conversely, when
Ho > %, afocusing-type oscillation occurs, characterized by
an initial decrease in beam’s width before returning to its
original value, as depicted in Fig. 4(m). The two insets in
Fig. 4(a) show the potential function for both cases with the
initial beam width indicated by a circular spot. A spatial cases
corresponds to the condition dQ2(Z)/d% = 0 for a beam
launched with the width 4%, such that the GRIN-induced fo-
cusing and diffraction balance each other. For a given energy,
Ay, is the constant width predicted by Eq. (12).

The potential concept can be further exploited for calculat-
ing the breathing period w, by using Z = %, + AZ, where
AZ measures the change from the stationary width. Inserting
this form of Z in Eq. (21) and linearizing it, we obtain

d*(AZR)
dg?
where the breathing period w), is defined [39]

1 2Q%)
=N T am

Using Eq. (23), w), is found to be

+w,AZ =0, (24)

(25)

R =R,

3 2m \]'*
m

wp=|:1+@_ 2(5() (le( m)+3ln(1+m)—m>:| s

(26)

where m = s&y/2%>,.

The length Z, over which one oscillation of the width oc-
cursis given by Z, = 27 /w,. Figure 5(a) shows how Z, varies
with the saturation parameter s. The solid line corresponds
to the analytical results based on Eq. (26), while the dots

FIG. 5. (a) Changes in Z, as a function of s (solid line) predicted
by the variational result in Eq. (25). The corresponding numerical
results are shown by a dotted line for <% = 8 and %, = 1. (b)—(d)
Evolution of a Gaussian beam corresponding to points O-®. Peri-
odic changes in the beam’s width (%) and amplitude (/) are also
shown as a function of &. In all cases, the solid and dotted lines
correspond to numerical and variational results, respectively.

represent numerical results obtained for the parameter values
2y = 8 and %y = 1. Figures 5(b)-5(d) display the beam’s
evolution together with variations in the amplitude and width
of the beam for three different values of s, indicated by ®-®.
These results agree well with the variational predictions shows
by dashed lines. The inset in Fig. 5(a) shows the potential
function Q(£) at point @, indicating that the incident beam
undergoes a GRIN-induced focusing-type behavior.

VI. CONCLUDING REMARKS

In this work, we have used the analytical and numerical
techniques to study the propagation of optical beams inside
a GRIN fiber exhibiting saturation of the Kerr nonlinearity
at high-intensity levels. We found that spatial solitons, which
become unstable in a pure Kerr medium (no saturation of
nonlinearity), can form in such a GRIN-type medium. We
used a variational technique to derive the relation between the
amplitude and width of spatial solitons. We used this relation
to demonstrate the existence of bistable spatial solitons of
different amplitudes with the same width. Numerical results
confirmed the formation of such bistable spatial solitons, but
their stability depends on the level of saturation occurring at
the peak intensity of the solitons.

To understand fully the nature of stability, we carried out a
linear stability analysis and found numerically the eigenvalues
that determine whether any perturbation will decay or grow
with propagation inside the GRIN fiber. Our results revealed
that the stability of spatial solitons depends on the saturation
parameter s. When s exceeds a value near 0.1, spatial solitons
are found to be neutrally stable on both the lower and upper
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branches of the bistable curve. As the eigenvalues are purely
imaginary, any perturbation evolves in a periodic fashion,
rather than decaying exponentially along the fiber’s length.
We also analyzed what happens when a Gaussian beam is
launched such that it does not satisfy the specific amplitude-
width relationship required by spatial solitons. We found that
spatial similaritons can still form, whose amplitude and width
oscillate in a periodic fashion along the fiber’s length. This
is not surprising in view that GRIN fibers exhibit periodic
self-imaging even in the absence of the nonlinear effects. Our
analysis shows that the period of width oscillations is influ-
enced by the saturation of nonlinearity such that the period
increases rapidly with increasing s, before saturating when the
value of s approaches 1. The main conclusion of this work is
as follows. Unlike a pure Kerr nonlinearity, which does not
allow for formation of stable spatial solutions inside GRIN
fibers, saturation of the Kerr nonlinearity at high intensity
levels permits the formation of stable spatial solitons when
a Gaussian beam is launched with a specific amplitude for

a given width. When the amplitude and width are chosen
arbitrarily, periodically evolving spatial similaritons can still
form.
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