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Abstract

Mode-locked fiber lasers have become indispensable tools in many fields as their
use is no longer relegated to the optics community. In the future, their size will de-
crease and their applications will become far more prevalent than they are today. At
present, the field is undergoing a cardinal shift as these devices have become commer-
cially availablein the last decade. This has put an emphasis on long-term performance
and reliability as these devices are beginning to be integrated into complex systemsin
areas as diverse as medical optics, micro-machining, forensics, and tracking as well as
their obvious use as laboratory tools or sources in telecommunications. This is also
resulting in atransition from research to engineering.

Since the field of mode-locked lasers has been extensively studied for over forty
years, one may expect that little has been overlooked. However, since the mode lock-
ing phenomenais governed by nonlinear partial differential equations, arich degree of
effects exist and the field has not yet been exhausted. During the past two decades, the
main emphasi s has been on short-pul se generation; however, the main thrust of research
islikely to change to producing high-power devices, which will result in limiting effects
and thermal issues that are currently ignored for low-power sources. Finally, detailed
studies have generally been performed numerically as analytic solutions only exist in
limiting cases.

In thisthesis, mode-locked fiber lasers are studied experimentally, numerically, and
theoretically. The experimental work focuses on high-repetition rate, mode-locked cav-

ities, which are then modeled numerically. A semi-analytic tool, which goes beyond the
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prior theories and includes all of the effects experienced by steady-state, mode-locked
pulses as they propagate in a laser cavity, is aso derived. The only caveats to this
approach are an assumption of the pulse shape and the requirement that it not change
during propagation through the laser cavity. Despite these limitations, it is found that
the parameters predicted by our method deviate from those found through rigorous nu-

merical simulations by 10% or less.
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1 A Historical Introduction to Mode

Locking

This chapter givesabrief historical introduction to the vast field of mode-locked lasers.
Particular emphasis is placed on the birth of mode-locked lasers and various mode-
locking techniques. In order to motivate this thesis, some potential applications illus-
trating the need for high-repetition-rate mode-locked lasers with operating wavelengths
~ lum arenoted. The particular philosophy under which thisthesis was written aswell
as itsintended goal is aso highlighted in this chapter along with our research contri-
butions. Findly, a brief summary of the subsequent chapters and an overview of the

appendicesis presented.

1.1 Early Work

Mode-locked lasers have along history that can be traced back to the work of Gurs and
Miiller in 1963.% However, the first statement of the basic phenomenawas found ayear
later in Lamb’s work, where he investigated the frequency locking of three modes.’
During this time period, lasers were analytically investigated in the frequency domain,
where it was well known that a laser has multiple longitudinal modes, similar to those

of a Fabry—Perot étalon. It is with this picture in mind that DiDomenico predicted



mode locking by noting that if acavity’s modes could be made to have a constant phase
relationship with one another, that is, if they could be “locked” together — thus, the
origin of the term “mode-locked laser” — one would obtain a short pulse in time via
the Fourier-transform relationship between the two domains.® Independently of DiD-
iomenico’s work, the first mode-locked laser was experimentally demonstrated when
Hargrove, Fork, and Pollack used an acousto-optic modulator to modulate the loss
(AM mode locking) inside a laser cavity at a rate coincident with the cavity’s own
repetition rate; yielding pulsed operation.? An intracavity frequency modulator was
used the same year by Harris and Targ to obtain FM mode locking.1® Theoretical work
directly followed the first experimental demonstration of FM mode locking, with Harris
and McDuff providing a detailed investigation the following year.'! In 1965, Mocker
and Collins demonstrated the first passively mode-locked laser when they found that
the saturable dye used to Q-switch a ruby laser could also be used to mode lock the
laser.? In this work, Mocker and Collins found that their Q-switched pulse split into
short pulses separated in time by the the cavity’s round trip time. However, this type of
passive mode locking was unpredictable and transient in nature. McClure investigated
how laser performance was effected by cavity length and the placement of the mod-
ulator in the cavity, and he was probably the first to obtain mode locking at a higher
harmonic.’® The mode locking of lasers at a repetition rate higher than the cavity's
fundamental was investigated in greater detail in 1968 by Hirano and Kimura.1* Their
work presented the three most useful ways to increase the repetition rate — decrease
the cavity length, build a coupled cavity, or drive a modulator at a higher harmonic of
the cavity’s fundamental repetition rate. Finally, seven years after the first experimen-
tal demonstration of passive mode locking, Ippen, Shank, and Dienes were the first to
demonstrate a passively mode-locked laser with a stable pulse train in 1972.1°

All of the early theoretical works treated mode locking exclusively in the frequency
domain. Although such a treatment of lasers had brought excellent results in the past

for continuous wave (cw) lasers (for example Lamb was able to predict Doppler broad-



ening and explain hole burning’) and even for mode locking (DiDomenico was able
to predict AM mode locking® and Harris and McDuff were able to explain FM mode
locking®), it should have a time domain corollary as well. In 1970, Kuizenga and
Siegman presented such a time-domain treatment of active mode locking.? Their ap-
proach allowed them to predict the shape and width of the mode-locked pulsesinasim-
ple fashion and was also confirmed experimentally.’® Using Kuizenga and Siegman’s
time domain approach, Kim, Marathe, and Rabson showed that the pulse should be a
Hermite-Gaussian function'’ and thus the Gaussian pulse shape assumed by Kuizenga
and Siegman was only one of afamily of potential solutions. Two years | ater, however,
Haus showed that the higher-order Hermite-Gaussian functions were linearly unsta-
ble!® and thus only the fundamental Gaussian pulse is physicaly realizable. In the
same work, Haus also sought to reconcile the time- and frequency-domain descriptions
of mode locking noting that one is often preferable to the other. Later that year, Haus
developed the first analytical treatment for the passively mode-locked cw laser by as-
suming afast saturable absorber and using Siegman’s time-domain approach.®
Finally, spatial-temporal effects were leveraged in 1991 to produce 60 femtosecond
pulses by using a Titanium:sapphire (Ti:Al,O3) crystal both as a gain medium and a
mode locker.?° In this technique, referred to as Kerr-lens mode locking (KLM), higher
gainiseither concentrated in asmall spatial region (soft-aperture KLM) or an aperture
is placed after the gain medium (hard-aperture KLM) to block light that is not tightly
localized. The nonlinear effect of self-focusing is used to overcome the passive ef-
fect of diffraction-induced broadening for intense powers. By introducing an aperture,
hard or soft, pulse operation is favored over cw operation and the laser is mode locked
passively. This mode-locking technique is credited with producing the shortest pulse
directly from a resonator to date (~ 5 fs at 780 nm),?! is usually associated with repe-
tition rates < 100 MHz,?! and is extremely popular and Ti:sapphire lasers based on it

can be found in hundreds if not thousands of research laboratories today.



1.2 Mode-Locked Fiber Lasers

Although the first fiber laser was experimentally demonstrated in 1961 using a large-
core Nd-doped fiber,?? the first mode-locked fiber laser was not demonstrated until
1983.23 |n this laser, a flashlamp produced transient color centers which acted as an
effective saturable absorber that, in turn, passively mode locked the laser. In 1984,
Mollenauer and Stolen added an auxiliary fiber cavity to a mode-locked laser and were
able to generate 210-fs pulses.?* This so-called “soliton laser” used self-phase modu-
lation in the optical fiber to produce an intensity-dependent phase on the pulse passing
through the fiber; when the chirped pulse re-entered the main cavity, it interfered with
itsun-chirped replica. By adjusting the cavity lengths (they must be matched with inter-
ferometric precision which limitsthe practicality of thislaser), constructive interference
can me made to occur at the pulse center and destructive interference in the pulse wings.
At the time, the operating principle behind this laser was theoretically believed to re-
quire soliton formation and thus only thought to be useful in the anomal ous-dispersion
regime. Later, however, investigations by Blow and Wood revealed that anomalous dis-
persion was not required.® Finally, adetailed analytic investigation was made?® 27 and
thisentirely new type of mode locking was dubbed additive-pul se mode locking (APM)
due to the interference (which results from the addition of the fields) at the beam split-
ter, which essentially results in a fast intensity dependent loss, similar to the effect of
a fast saturable absorber. Moreover, just as saturable absorption based mode locking
produces hyperbolic-secant pulses, APM does as well.

In the 1980s, it was also realized that the pul se shapes produced by actively mode-
locked lasers were frequently more consistent with ahyperbolic secant profile than with
a Gaussian profile — as predicted by the earlier theories. There was no great mystery
as to why either; the effects of dispersion and nonlinearity within a laser cavity were
playing arole in the pulse shaping. In 1986, Haus and Silberberg tried to analyticaly

incorporate these effectsin AM mode-locked lasers operating in the anomal ous disper-



sion regime.2 Their work assumed that the pulse shape was only determined by the
cavity elements; the effect of the modulator was ignored. Although developed for AM
mode-locked lasers, their results are also applicable to FM mode-locked lasers as we
will show in chapter 5 of this thesis using numerical simulations.?®

The first FM mode-locked fiber laser was reported by Geister and Ulrich in May of
1988.2% Within ayear, Phillips, Ferguson, and Hanna also demonstrated an FM mode-
locked fiber laser.® 1n 1989, Kafka, Bager, and Hall built the first AM mode-locked fiber
laser using aring geometry.3! In the years following, fiber laser development exploded
with the demonstration of various other cavity designs. In 1990, Duling reported the
“figure-eight” laser, which relies on APM and an auxiliary Sagnac interferometer to
form mode-locked pulses.3-3* In thislaser, afiber coupler splitsapulseinto two repli-
cas which propagate in opposite directions through the Sagnac loop interfering in the
coupler before re-entering a unidirectional ring cavity.

An ingenious implementation of APM mode locking was demonstrated by Hofer
et al. in 1991 by using an elliptically polarized pulse inside a standard single-mode
fiber.® Inthislaser, alinearly polarized pulseis converted into an elliptically polarized
pulse using waveplates or another polarization rotation device. The two polarization
components of the pulse then propagate under the influence of self- and cross-phase
modulation in the optical fiber inside the laser cavity. Next, the pulseis passed through
a polarizer, which is aligned such that the wings of the pulse experience large losses,
yet the peak experiences only minimal losses. Although this type of laser relies on the
APM mechanism (between the two polarizations of the pulse), it is commonly referred
to asanonlinear-polarization rotation (NLPR) mode-locked laser in reference to the ac-
tion of the fiber on the pulse.* An all-fiber, unidirectional, mode-locked ring laser was
first constructed using the NLPR mechanism a year later by Tamura, Haus, and Ippen

in 1992.3% The most important advantage of the figure-eight and ring fiber lasers over

*we will use NLPR loosely throughout this thesis to denote this type of mode locking although it is

not strictly a mode-locking mechanism; just an implementation of APM



Mollenauer and Stolen’s original APM laser is that they are self-stabilizing. Since the
optical pathsfor the two pulses are the same, these lasers do not require feedback loops
or active stabilization to operate. Furthermore, they all rely on fiber nonlinearity, which
has a nearly instantaneous response time allowing for femtosecond pulse generation;
as apoint of interest, the current fiber laser record of 33 fsis held by a ytterbium fiber
laser built at Cornell in 2006.%7

In 1993, the first stretched-pul se fiber laser was built by Tamura, Ippen, and Haus.38
This laser incorporated a section of normal-dispersion fiber in an otherwise anoma-
lously dispersive cavity.® The pulses produced by this dispersion-managed laser are
generally more consistent with a Gaussian shape than with a hyperbolic-secant, how-
ever, they can carry roughly 100 times more power than their anomal ous cousins before
the onset of Kerr-nonlinearity induced instabilities. Therefore, this scheme is attractive
to those seeking higher power fiber lasers. The stretched-pul se fiber laser getsits name
from the fact that the pul ses temporally stretch and compress twice as they circumnav-
igate the cavity.

Almost a decade after Haus and Silberberg’s work on AM mode-locked lasers in
the presence of dispersion and nonlinearity, Kartner et al. tried to analytically include
not only the effect of dispersion and nonlinearity in an AM mode-locked laser, but the
effect of the modulator as well.3® The resulting treatment relies on soliton perturba-
tion theory, is mathematically involved, and is only valid in the anomal ous-dispersion
regime. Moreover, unlike Kuizenga and Siegman’s work, this result has not proven to
be a useful tool; undoubtedly due to its complexity.

Finally, came the surprising result of Ilday and co-workers. In 2004, it was found
that through careful cavity design, guided by numerical simulations and proper opti-
mization, an otherwise conventional stretched-pulse fiber laser with a net normal dis-
persion could operate in a different mode where the the shortest pulses are found in
the opposite location in the cavity as normally expected in stretched-pul se operation.*©

This laser, dubbed the similariton fiber laser by its creators, gets its name from simi-



laritons; which are defined as pulses that propagate self-similarly. The amplitude and
phase of similaritons, also referred to as self-similar pulses, retain their shape (but not
width or peak power) under propagation. In other words, pulses at any (spatial) location
can be represented as scaled versions of the pulses at any other (spatial) location. In an
optical amplifier, the pulse’'s spectral and temporal profiles take a parabolic shape while
the pulse has a linear chirp.*! However, some clarification is warranted since, based
on the definition of asimilariton, the creation of atrue similariton laser is not possible
as the cavity would quickly deteriorate into cw operation. In llday’s laser, NLPR was
used to achieve mode-locked operation, yet the pulses propagated in amanner constant
with similaritons in the cavity. The presence of a mode-locking mechanism insures
pulse formation and means that the pulses inside this laser can not be true similaritons

despite the presence of the similariton-like pulse shaping observed.

1.3 High Repetition-Rate Mode-Locked Lasers

Sincethisthesisfocuses on high repetition-rate mode-locked lasers, prior “high” repetition-
rate lasers deserve some discussion. Restricting our focusto diode-pumped, ion-doped,
solid-state lasers, we first review passively mode-locked high-repetition rate lasers and
then address high-repetition rate actively mode-locked lasers.

In 1998, Collings, Bergman, and Knox demonstrated an erbium/ytterbium fiber
laser with a fundamental repetition rate of 235 MHz by using a saturable Bragg reflec-
tor (SBR) to passively mode lock the cavity.*? By increasing the pump power, the laser
harmonically mode locked: the number of pulses circulating in the cavity increased
from one to eleven and the repetition rate increased to 2.6 GHz.*? Although other fiber
lasers have archived similar repetition rates, they relied on longer cavities mode locked
at much higher harmonics. For example, Gray et al. had achieved a 526 MHz pulse

train in 1995 by increasing the pump power in a NLPR mode-locked erbium/ytterbium



fiber laser till it operated at its ~ 50t harmonic.® Two years |ater, Grudinin and Gray
used a semiconductor saturable absorber mirror (SESAM) to help increase the repeti-
tion rateto > 2 GHz; this laser operated at its 369N harmonic.#

There are, however, inherent drawbacks to high harmonic mode locking: it tendsto
increase timing jitter and amplitude fluctuations, it is susceptible to deleterious pulse-
pulse interactions, and it may lead to dropped pulses, etc. The allure of a short cavity,
passively mode-locked, laser is that its immune to some of these issues and the oth-
ers may be mitigated to varying extents. In terms of short-cavity fiber lasers, the layout
presented by Collings, Bergman, and Knox*? remains the most compact and so we have
chosen to focus on it here. Of the mode-locking mechanisms already discussed in this
chapter, we point out that those relying on fiber nonlinearity (APM and NLPR) require
that nonlinear effects beimportant. This mandates that the fiber lengths be large enough
that nonlinear effects accrue to anon-trivial extent. In optical fibers, high-power pulses
are prone to Kerr-nonlinearity induced instabilities, such as wave breaking,* which
prohibits the realization of either of these mechanisms in cavities short enough (1-10
cm) to yield gigahertz operation. Moreover, (conventional) APM and NLPR lasers re-
quire waveplates or auxiliary cavities which places an additional limit on cavity size.
Therefore, if we ignore semiconductor lasers and active mode locking, passive mode
locking viaa SBR or SESAM appears to be the best approach for producing short cav-
ity lasers.

Indeed, by removing the fiber from the cavity, Krainer et al. passively mode locked
aNd:YVOy, laser at afundamental repetition rate above 10 GHz and have even demon-
strated mode locking at 160 GHz.%6:4” These lasers produce up to 500-mW of average
output power in 12-ps pulses, have small footprints, and are likely to become commer-
cialy availablein the near future.

Actively mode-locked |asers are generally more easily ableto produce high-repetition
rate pulse trains and have done so for more than a decade; however, thisis always ac-

complished by high-harmonic mode locking. In 1994, Longhi et al. demonstrated a



2.5-GHz FM mode locked laser with a pulse width of 9.6 ps.* Using rationa har-
monic mode locking,*® Yoshida and Nakazawa demonstrated one of the highest repeti-
tion rates to-date in 1996 with aFM mode-locked erbium doped fiber laser operating at
80200 GHz.%% Rational harmonic mode locking is achieved by driving the modulator
at afrequency disparate with a higher harmonic of the cavities fundamental frequency.
By properly detuning the two frequencies, the repetition rate of the pulsesin the cavity
may be increased. This method, however, suffers from pulse-train non-uniformity, jit-
ter, and stability.>!

In the late 1990s, Abedin and co-workers investigated higher-order FM mode lock-
ing in a series of papers where they demonstrated 800-fs transform-limited pulse trains
at repetition rates as high as 154 GHz.5%-° |n higher-order FM mode locking, an FM
modulator is heavily driven such that it produces many higher-order FM sidebands.
The laser cavity must also contain a high-finesse Fabry-Perot filter whose free-spectral
range is a harmonic of the modulation frequency. By filtering out some of the spec-
tral components, the filter, in conjunction with the FM modulator, multiplies the lasers
repetition rate. Yu et al. used a FM modulator in conjunction with fiber nonlinearity
to produce 500-fs pulses at a 1-GHz repetition rate.>® Other groups have demonstrated
FM mode locking at 40 GHz with pulse widths of 1.37 ps®’ and 850 fs.%8

Of course high repetition rates may also be achieved with AM mode locking; 30-
ps pulses were produced by an AM mode-locked all-fiber laser operating at 14 GHz
as early as 1992.%9 In the same year, 5-ps pulses were demonstrated in another fiber
laser mode locked at a higher repetition rate, 20 GHz.%° In 1996, a sigma fiber laser
incorporating a Mach-Zehnder amplitude modulator driven at 10-GHz produced 1.3 ps
pulses.5:62 Other groups have demonstrated AM mode locking at repetition rates as
high as 40 GHz with pulse widths around 1.5 ps.53 In fact, rationally AM mode-locked
fiber lasers have even operated at repetition rates as high at 80 GHz.%! It isinteresting
to note that the pul ses obtained from FM mode-locked lasers are generally shorter than

those obtained from AM mode-locked lasers.
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There are still other schemes of mode locking lasers at higher repetition rates. For
example, a clever injection mode-locking technique was demonstrated in 1992 where
cross-phase modulation in a section of fiber inside the cavity was exploited to per-
form FM mode locking producing 30-ps pulses at 1GHz.%* A similar technique that
used the all-optical equivalent of AM mode locking was aso demonstrated the same
year.%® However, we will not address these types of lasers again since they essentially
require that a mode-locked laser exist at another wavelength, and we are interested
in self-contained laser systems. Moreover, since rational harmonic mode locking and
higher-order harmonic mode locking create trains of pulses susceptible to large fluctu-
ations, we do not discuss them in the rest of thisthesis.

In their pioneering work, Kuizenga and Siegman predicted? and found® that FM
mode-locked lasers are prone to a switching instability where the mode-locked pulses
would locate themselves under the two different extrema of the modulator. This type
of behavior does not arise in passive mode locking or AM mode locking. The con-
sequences of this seemed to go unnoticed until 1996 when Nakazawa et al. began
experiments with high repetition-rate, FM mode-locked, fiber lasers.% Since they did
not observe any switching they surmised that it had been suppressed by the cavity dis-
persion,%® a conclusion which was actually speculated on in Kuizenga and Siegman’s
origina work (Ref. [2]). In order to verify their experimental claim, they extended
Kuizenga and Siegman’s results by incorporating dispersion and then perturbatively
considering the effect of nonlinearity.* In 1996, Haus et al. investigated the effects of
small detunings between an FM modulator and a cavity’s fundamental repetition rate.?’
The effects of large detunings between the repetition rate of an FM modulator and that
of (a harmonic of) the cavities fundamental repetition rate were numerically modeled

and experimentally confirmed in 1998.58
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1.4 Motivation for this Thesis

The overview presented in this chapter seeks to give the reader a general idea of some
of the milestones in mode-locked lasers and a prospective for where the field is to-
day; yet, it is far from exhaustive, since there are now well over a thousand papers on
mode-locked lasers. At the onset of this thesis work, however, only two mode-locked
ytterbium fiber lasers had been demonstrated,®®: 70 both passively mode locked and op-
erating at a repetition rate of ~30 MHz. Additionally, none of the analytic techniques
that existed for actively mode-locked lasers were able to incorporate the effects of third-
order dispersion. Moreover, those that accurately treated second-order dispersion and
nonlinearity, for example Refs. [3, 39], failed in the normal-dispersion regime. This
thesis was motivated to overcome some of these shortcomings.

Prior to the work presented in thisthesis, the mode locking of ytterbium fiber lasers
focused only on passive techniques.®: "0 These lasers provided short pulse widths, tak-
ing advantage of ytterbium’s large gain bandwidth; however they resulted in repetition
rates <100 MHz due to the requirement that the cavity lengths be a few meters or
longer. Thereis, however, a need for ytterbium sources with repetition rates in the gi-
gahertz regime. Such lasers can be used to synchronize systems or work as an optical
clock for timing applications. Other applications involving frequency metrology may
also require such sources and would also be auseful source of the ultrafast picket-fence
pulse trains that have been proposed to improve the performance of fusion laser sys-
tems.”? In this scheme, shaped nanosecond pulses are replaced by a train of ultrafast
picket pulses that deliver the same average power while increasing the third-harmonic
conversion efficiency. A high-repetition-rate and broadly tunable source would also be
useful for synchronously pumping multigigahertz optical parametric oscillators.’?

There are afew different ways in which the repetition rate of a mode-locked laser
can be increased. The simplest approach consists of reducing the cavity length.1* An-

other common way in which the repetition rate of the laser can be multiplied is by
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increasing the number of pulses circulating in the cavity.1* 73> |n this approach, the
fundamental repetition rate remains the same while additional pulses circulate in the
cavity; idedlly, they are equally spaced from one another. This may be done passively,
by increasing the pump power until a bifurcation point is reached,’* 76="° or actively,
by driving an active mode locker at a higher harmonic of the cavity’s fundamental rep-
etition rate.61:66.73 Recent work has investigated the location and stability of passively
mode-locked |asers operating with multiple pulses circulating in the cavity; 282 how-
ever, such lasers are generally noisy, since the pulse locations can shift and are not suit-
able for time-sensitive applications. One particular exception is coupled-cavity lasers
which can be used to decrease the timing jitter in high-harmonic passively mode-locked
lasers. Yet these cavities need to have repetition rates that are multiples of one another
and their lengths must be maintained with interferometric precision for these lasers to
live up to their potential.2*2* Nevertheless, a non-interferometric coupled-cavity laser,
which had good noise performance and did not require interferometric control was re-
cently demonstrated by Deng et al. at the Institute of Optics.83

Actively mode-locked lasers, operating with multiple pulsesin the cavity, enjoy far
better jitter performance then their passive counterparts, since their pulses are contin-
uously gated by a modulator. Nevertheless, the performance of these lasers ultimately
suffers due to the inescapable noise in the electronics which drive the modulators and
pulse-pulse interactions are still a concern.84-86

In this thesis, high repetition-rate mode-locked lasers are investigated experimen-
tally and numerically. Experimentally, mode-locked high-repetition rate fiber lasers are
demonstrated by changing the cavity parametersin a NL PR mode-locked laser to force
a single mode-locked pulse to split into many pulses, actively mode locking at a high
harmonic, and by building a short cavity passively mode-locked fiber laser. Analyti-
cally, we develop a new approach for treating mode-locked lasers in the presence of
dispersion and nonlinearity. This is accomplished by sacrificing an exact knowledge

of the pulse shape for a more precise knowledge of the pulse parameters. Using this
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method, this thesis presents a new time-domain approach to mode locking. In many
respects, it is more general than its predecessors, especially if one notes that its results
collapse to the prior theories in the appropriate limits.

Although it is possible to satisfy the requirements for a thesis simply by rehashing
the work and results obtained during one's tenure as a graduate student, it generally
makes for a less than useful manuscript. As a graduate student, | have had the op-
portunity to read a few theses and it has been my experience that those which provide
basic information and details are val uable whereas those that Simply summarize results,
while informative, are less useful.

It is with this approach that this thesis has been written. Although it is highly de-
tailed and textbook-like at times, it has been done so intentionally in the hope that it

may, perhaps, benefit someone else in the future.

1.5 Thesis Outline and Research contributions

This thesis is organized in the following manner. Chapter 2 reports on some of the
experimental results obtained as part of this thesis work. Specifically, a harmonically
mode-locked erbium fiber laser operating at 210 MHz is demonstrated. Following the
investigation of that laser, an actively mode-locked ytterbium fiber laser operating at
10.3 GHz isreported.

Chapter 3 summarizes some of the experimental techniques which should be mas-
tered by anyone working in the field of mode-locked lasers. Although these techniques
may be found in other works, this chapter provides a good introduction with sufficient
information so that one would be able to perform them without consulting the primary
works. In this sense, it serves as a brief overview for these experimental techniques.

Chapter 4 givesabasicintroduction to nonlinear fiber optics starting from Maxwell’s

equations and deriving the generalized nonlinear Schrodinger equation (GNLSE). The
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nonlinear Schrodinger equation (NLSE) is shown to be a simplification of the more
general case and is valid for pulses whose widths are > 100 fs. The effect of finite-
bandwidth saturable gain is then introduced and the Ginzburg—L andau equation is * de-
rived.” This chapter then glosses over fiber amplifiers with afocus on ytterbium before
providing a cursory introduction to lasers. Finally, amathematical introduction to mode
locking is given where a simple analytic treatment for the main mode-locking mecha-
nismsis presented along with the expected pul se shapes.

Chapter 5 introduces the numerical modeling approach used in thisthesis by apply-
ing it to one of the mode-locked lasers demonstrated in chapter 2. Aside from obtaining
good agreement with the experimental results, the model predicted a new pulse shifting
mechanism in FM mode-locked lasers.?® Moreover, this chapter concludes by extend-
ing the work of Haus and Silberberg® to FM mode-locked |asers.?®

In chapter 6 the moment method isintroduced as a useful tool for investigating non-
linear pulse propagation. This method is then applied to the basic equation governing
mode locking in the time domain: the Ginzburg—L andau equation. This result provides
us with rate-equations which serve as the building block for our theoretical contribution
to mode-locked lasers.

Chapter 7 applies our rate-equation approach to lasers mode locked by saturable
absorbers. The results obtained are then compared with full simulations to show their
accuracy.

Chapter 8 applies the rate-equation approach to an AM mode-locked laser and com-
paresit with the full numerical solution.

Chapter 9 applies the rate-equation approach to an FM mode-locked laser and com-
pares it with the full numerical solution. By focusing on the equations governing fre-
guency shift and temporal shift, we are able to map out the expected location for pulse
formation analytically for the first time.

Chapter 10 summarizes the results obtained in this thesis and predicts a few direc-

tions the field of mode-locked lasersislikely to movein.
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Finally, as well as providing supplemental material, the appendices give a detailed
derivation of the numerical techniques required to model basic nonlinear pulse prop-
agation. The appendices are more thoroughly introduced throughout this manuscript

when their content is required.
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2 Experiments on Mode-Locked

Fiber Lasers

In this chapter, some of the experiments performed as part of this thesis are discussed.
These experimental works are primarily comprised of fiber laser fabrication, pulse and
pulse train measurement, and the characterization of laser cavities. In chapters 5, 7, 8,

and 9, we will revisit some of these lasers through numerical simulations.

2.1 High-Repetition Rate Mode-Locked Lasers

As noted in the introduction, there are three well-known ways in which the repetition
rate of a mode-locked laser can be increased: decreasing the cavity length, increasing
the number of pulsesin the cavity (known as harmonic mode locking), or by employing
a coupled-cavity architecture which also increases the number of pulses in the main
cavity. In this chapter, we will focus on achieving high repetition rates through some of

these approaches.
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Figure 2.1: Passively mode-locked all-fiber erbium laser.
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2.1.1 Passive Harmonic Mode Locking

The number of pulses in passively mode-locked lasers can be increased by increasing
the pump power, increasing the fiber’s nonlinearity, or changing the dispersion within
the cavity since solitons can be shown to obey an area-like theorem; their peak power
Py isrelated to their width To by the soliton condition yPyTZ/|B2|, where y and | 32| are
the nonlinear and dispersion parameters of the fiber (see Chapters 3 and 4). InaNLPR
mode-locked fiber laser the nonlinear polarization rotation mechanism can be over-
driven,”®87 which places alimit on the pulse power/energy and leads to such effects as
optical wave breaking.8” Therefore, the combination of these two effects means that a
single pulse circulating in a laser cavity can be forced to split into multiple pulses by
changing the cavity parameters.’® 7872 |n this section, we exploit this effect by build-
ing an erbium-doped fiber ring laser, pumping it with powers ~ twice the threshold
power, and introducing a ~5 m section of anomalous dispersion fiber into the cavity.
By adjusting the polarization controller (mode locker), we are also able to demonstrate

this feature.
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Figure 2.2: (a) Passively mode-locked optical spectrum produced from the laser of Fig. 2.1 (b) shows

the mode-locked pulse train recorded on an oscill oscope.

To achieve mode locking in a passively mode-locked |aser, consider the ring cavity
shown in Fig. 2.1. The polarization controller allows the experimentalist to optimize
the polarization such that the peak of the pulse travelsthrough theisolator. In our setup,
the isolator also acts as an analyzer since it has alarge polarization-dependent loss. As
a consequence of NLPR, the center of the pulse acquires a different polarization than
itswings. Therefore, the isolator shortens the pulses by acting, in conjunction with this
rotation mechanism, as an artificial fast saturable absorber.

We point out that all of the results appearing in this section were obtained by inject-
ing 70 mW of 976-nm pump power into the laser cavity depicted in Fig. 2.1, although
the laser could be mode locked with pump powers as low as 40 mW. For example,
Fig. 2.2(a), which was obtained using an optical spectrum anayzer (OSA; Ando AQ-
6315A), shows the spectrum produced by mode locking this laser at its fundamental
frequency of 12.7 MHz.

If we assume the pulses are transform-limited and use the relation for a hyperbolic
secant pulse from Appendix A, the spectrum’s 17.3-nm full width at half maximum
(FWHM) implies the laser produces 150-fs pulses (FWHM). The narrow peak seenin
Fig. 2.2 is known as a Kelly sideband® and is a consequence of the soliton radiating

through dispersive waves.? In a dispersion-managed laser, a soliton is continuously
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Figure 2.3: Pulse train obtained when the polarization controller is adjusted and the pulse splits into
4 pulses (blue). For comparison the pulse train obtained under fundamental mode locking is also shown

(red).

perturbed by the different cavity elements, which causes the soliton to radiate. If the
difference between the phase delay of the soliton and the radiated light is a multiple of
2, these sidebands appear. Generaly, they are unwanted; however, they do provide a
means by which one can get an indication of the cavity dispersion.

The mode-locked pulse train shown in Fig. 2.2(b) was obtained by using a2.5 GHz
bandwidth detector (ThorLabs Model D400OFC InGaAs Detector) in conjunction with
an oscilloscope (Tektronix TDS 3064B). Thisfigure reveal s large pul se-to-pulse ampli-
tude fluctuations. Although the quality of the mode-locked pulse train can be improved
by careful adjustment of the dispersion map within the cavity and the pump power, the
goal of thiswork was to achieve higher harmonic mode locking. To that end, the noisy
pulse train we find is actually a good sign since it indicates that the pulse is subject to
oscillations.

By carefully adjusting the polarization controllers, each mode-locked pulsein Fig. 2.2(b)
can be split into 4 pulses which travel around the cavity as a packet. Thisregimeis de-

picted in Fig. 2.3. Through an even more careful adjustment, each mode-locked pulse
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Figure 2.4: Two simultaneously mode-locked pulseswith different carrier frequencies pass one another

in the time domain because of cavity dispersion.

can be made to split in two where, in contrast to the preceding result, the two resulting
pulses have dightly different carrier frequencies. Asaconsequence of dispersion, these
two pulses complete asingle cavity round trip in slightly different times; of course, they
also have different repetition rates. Figure 2.4 shows the experimental data taken from
an oscilloscope showing how pulses cross one another on a slow time scale. The speed
with which the pul ses pass each other isrelated to the respective carrier frequencies and
the cavity dispersion. Experimentally, it was found to vary from much < 1 second to
around 20 seconds. Although this observation isinteresting, it does not help us achieve
our goal of a high-repetition rate; however, it is relevant to this topic and will be dis-
cussed | ater.

In an effort to pursue higher repetition rates, a ~5 m section of Corning SMF-28 is
inserted into the laser cavity at the location of the fiber connector. By introducing extra
fiber into the cavity, the fundamental repetition rate will have decreased. In order to

determine the new repetition rate, the laser is again fundamentally mode locked. Inthis
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Figure 2.5: Effect of asection of extrafiber on the fundamental mode locking. (&) The optical spectrum
now includes more dispersive side waves due to the increased cavity dispersion. (b) As aresult of the
increased fiber both the pulse-to-pulse spacing has increased and, as a consequence, the repetition rate
has decreased.

case, the pulse spectrum develops four very noticeable peaks, which have already been
identified as Kelly side bands. As expected, the pul se-to-pul se spacing has increased to
~120 ns. As a consequence, the repetition rate has decreased to 8.4 MHz. Figure 2.5
reveals that the bandwidth of these pulsesis three times smaller than that of the pulses
formed by the previous cavity. Thisisrelated to the large excess anomalous dispersion
that was introduced into the laser cavity by the fiber.

By adjusting the polarization controllers, we are able to obtain more pulses ssmul-
taneously circulating in the laser cavity than with our shorter cavity. Figure 2.6 shows
two pulse trains obtained from this cavity. In Fig. 2.6(a), a packet of 15 pulses was ob-
tained; almost four times more pul ses than what was obtained in the same laser devoid
of the extra section of fiber. Figure 2.6(b) shows the best pulse spitting archived for this
laser where atotal of 48 pulses circulated in the cavity.

Although these results are interesting in their own right, our goal isto obtain a uni-
form pulsetrain, where the pul se-to-pul se spacing is constant between any two adjacent
pulses. This situation represents a special case of mode locking with multiple pulses
present in the cavity and is known as harmonic mode locking since the repetition rate is

increased by a factor equal to the number of pulsesin the cavity. Once again, through
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Figure 2.6: Effect of an extra~ 5 meter intracavity section of SMF-28 fiber on packet mode locking.
(a) Shows the formation of a single packet consisting of > 15 individual pulses whereas (b) shows the

interesting case where two similar packets consisting of ~ 24 pulses each were obtained.

careful adjustment of the polarization controllers, the pulse-to-pulse spacing can be
equalized among all of the neighboring pulses. This situation is shown in Fig. 2.7(a)
where 25 pulses with equal spacings are simultaneously obtained within the cavity.
Although this increased the repetition rate of the laser from 8.4 MHz to 210 MHz,
careful inspection of Fig. 2.7(a) reveals pulse-to-pul se fluctuations which still occur at
8.4 MHz. Asaconsequence of these fluctuations, there are large pul se-to-pul se fluctua-
tionsin amplitude and temporal separation and the quality of this pulsetrainislimited.
Figure 2.7(b) is an example of subharmonic mode locking, an interesting regime of
operation that challenges the conventional wisdom regarding a mode-locked laser. In
this type of mode locking, the pulse does not repeat itself every round trip as al of the
analytic treatments of mode locking assume. Instead, a mode-locked pulse repeats its
shape only after multiple round trips in the cavity. By adjusting the polarization con-
trollers, this laser was found to mode lock at its % harmonic, as shown in Fig. 2.7(b).
Mathematically, we can consider such a mode-locked laser as having converged to a
limit cycle. In this case, a phase diagram relating any two (or more) orthogonal pulse
parameters (such as pulse width and chirp or center frequency and arrival time) con-

verges to an ellipse as opposed to a single point.
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Figure 2.7: Effect of a~ 5 meter intracavity section of SMF-28 fiber on (a) harmonic and (b) subhar-

monic mode locking.

The drawbacks of using this approach to produce ahigh-repetition-rate mode-locked
laser are limited pulse contrast, pulse-to-pulse variations, dropped pulses, stability is-
sues, timing jitter, and amplitude fluctuations. In fact, the microwave spectrum of the
mode-locked pulse train from this laser (not shown here) reveals that the laser has an
excessive amount of amplitude fluctuations. Although these fluctuations could be min-
imized by using a spectral filter,* we did not pursue such a solution. In fact, the main
reason for showing the wide variety of results that can be achieved using this laser
in Figs. 2.2— 2.7 was to give the reader an appreciation for the difficulty in making
such a laser operate in a chosen state. With such a plethora of operating regimes, it
is hard to guarantee that this laser will self-start in a particular regime and continue
to operate in that regime. Nevertheless, there are schemes that can be employed to
mitigate some of the stability issues this laser is susceptible to. Still operation at repe-
tition rates ~ 10 GHz would require hundreds of pulses to simultaneously exist in the
laser cavity. Therefore, although it is possible to fabricate high-repetition-rate passively
mode-locked lasers, the low contrast is usually an impediment that must be addressed.
Moreover, issues with timing jitter and pulse location inherent in high-harmonic pas-
sively mode-locked lasers must be countered with some type of active stabilization

scheme in practice.



24

Port3 Port 2
A A
HR1 @ ®
} e
Yb3* doped fiber ~ WDM coupler M4 : %)MZI

Sl guawii i PBSZII/‘/ L

v Grating Pair
Port 1

Figure 2.8: Laser cavity configuration: HR, high-reflectivity mirrors; PBS, polarizing beam splitters;
WDM, 976/1050-nm wavelength division multiplexer. The double-sided arrows and the dots surrounded

by circles represent the horizontal and vertical polarizations respectively.

2.1.2 Active Harmonic Mode Locking

An alternative to using passive mode-locking techniques, that reduces jitter and allows
for synchronization, is to ssimply use high-harmonic active mode locking. To accom-
plish this, an active modulator is driven at a multiple of the cavity’s fundamenta rep-
etition rate. Therefore, each pulse is gated or temporally stabilized by the modulator
and timing jitter is reduced.” By using active mode locking one also has the ability
to synchronize a laser to an external clock or electronic signal. We now demonstrate
a high-repetition rate FM mode-locked laser operating at 1053 nm using a ytterbium
doped fiber as again media.”

Figure 2.8 shows the cavity layout of the ytterbium fiber laser. In this design the
A /2 waveplate and PBS2 create a variable output port that is not necessary to achieve
mode locking but alows us to extract more power from the cavity. Even though the
laser works without the A /4 waveplate, it was included to allow for better performance
and adjustability.

A bulk phase modulator® actively FM mode locks this laser, enabling synchro-

*In actuality, the jitter is now limited by the electronics. This may or may not be acceptablein agiven
application.
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nization to an external reference frequency. Velocity matching between the optical
and microwave fields in the modulator’s LiNbO3 crystal, in conjunction with a reso-
nant design, offers efficient phase modulation at the device's resonance frequency (=~
10.3 GHz). A synthesized microwave signal generator (HP model 83732B) amplified
by atravelling-wave tube amplifier (Hughes model 8010H) provides up to 10 W of mi-
crowave power to the modulator, which was measured to have a single-pass modulation
depth of ~ 0.45 radians using a technique described later in this chapter. To reduce in-
tracavity loss, the crystal facets were antireflection coated, resulting in an insertion loss
of < 1% at 1053 nm.

The mode-locking threshold was measured to be as low as 30 mW, but the pump
laser was operated at a power of 150 mW in an effort to maximize the output power
and facilitate autocorrelation measurements. All of the following results were obtained
using this pump power and the output from port 1, where the laser has a slope effi-
ciency of 32% (if al three ports are considered the slope efficiency is 40%). Since
conventional fibers do not exhibit anomalous dispersion below 1.3 um, the cavity also
incorporates a grating pair, which compensates the normal dispersion introduced by 1
m of ytterbium-doped fiber and 1.2 m of fiber associated with the 976/1050 WDM cou-
pler. The overall second- and third-order cavity dispersions were measured using an
in situ techniquet®2 9 to be —6.3 x 10 fs? and 130.6 x 10* s respectively, revealing
that this laser is within the soliton regime.

A typical mode-locked pulse spectrum, shown in Fig. 2.9 and measured with an
OSA, reveals a bandwidth of 0.8 nm. This spectrum is best fit by a sech? function,
shown by the dashed curve. The dotted curve shows a Gaussian fit for compari-
son. Considering the pulse spectrum to be a hyperbolic secant, a 0.8-nm bandwidth
(FWHM) implies a 1.5-ps (FWHM) transform-limited sech pulse. According to sim-

ple FM mode-locking theory, an FM modulator in a purely linear dispersionless cavity

To use this technique HR1 was replaced with a SESAM®! and the laser was passively mode locked.

A detailed discussion regarding this measurement is provided in Section 3.5
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Figure 2.9: Mode-locked optical pulse spectrum and its associated sech? fit [shown by the (red) dashed
trace]. The dotted (blue) trace shows the corresponding Gaussian fit for comparison. The inset contains

superimposed mode-locked spectraillustrating the 1022- to 1080-nm tuning range.

should produce chirped Gaussian output pulses with Gaussian spectra.? In light of this,
our spectral measurements suggest that cavity dispersion, fiber nonlinearity, and mod-
ulator induced chirp play asignificant role in shaping the laser pulses.3 3!

Aside from normal laser optimization practices, actively mode-locked lasers can be
mode locked by carefully adjusting the modulation frequency applied to the modula-
tor. For an FM modulator, as the applied frequency gets close to a harmonic of the
cavity’s fundamental frequency, the cw output spectrally broadens and the laser enters
into the so-called FM oscillation regime.%8 Under this type of operation the temporal
output of the laser looks like a noisy pulse train superimposed on a cw background.®®
In the frequency domain, the spectrum corresponding to this regime of operation takes
on a double-peaked appearance, as experimentally found for a detuning of ~ —94 kHz

in Fig. 2.10. Asthe modulation frequency is tuned onto a harmonic of the cavity, the
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Figure 2.10: Optical spectrum when the FM modulation frequency is slightly detuned from a higher

harmonic of the cavity’s fundamental frequency.

spectral shape changes until it becomes similar to the result shown in Fig. 2.9 and the
laser enters into the mode-locked regime.

An interferometric autocorrelator employing two-photon absorption (TPA) in the
photocathode of a photomultiplier tube was used to perform autocorrel ation measure-
ments (Fig. 2.11).¥94 This sensitive diagnostic was required to determine the width of
the pulses, whose low energy (< 4 pJ) resulted from the large number of pulses smul-
taneously circulating in the laser cavity. The autocorrelation trace was best fit®® by the
TPA response to a sech pulse, indicating a pulse width of 2.0+ 0.2 ps (FWHM) and
revealing that this laser’s time-bandwidth product is 0.43 + 0.04. As a consequence of
the low peak power, not only was it difficult to obtain autocorrelation traces, but they

had signal to noise ratios of about 5.

*Please see 3.1 for adetailed discussion of interferometric TPA autocorrelation.
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Figure 2.11: Autocorrelation Results. The fit shown in this figure was obtained by using the two-

photon absorption response to a 2-ps hyperbolic-secant pul se.

Mode-locked operation was achieved with central wavelengths ranging from 1022
nm to 1080 nm by inserting a knife edge (not depicted in Fig. 1) in front of HR2 and
adjusting its position. The central wavelength also depended on the driving modula-
tion frequency, the cavity length, and the angular position of mirror HR2. The effect
of tuning on the pulse spectrum is shown in the inset of Fig. 2.9, where severa dif-
ferent spectrain the tuning range of 1022 to 1080 nm have been superimposed on one
another. The spectral shape varieslittle over the tuning range, although the spectra cen-
tered around 1030 nm have the largest bandwidth.

Side-mode suppression and timing jitter are two common figures of merit used to
evaluate the quality of a mode-locked pulse train. These quantities are derived from
the pulse-train power spectrum shown in Fig. 2.12 and were obtained using a 25-

GHz photodetector with a nominally flat frequency response (New Focus model 1414)
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Figure 2.12: The microwave spectrum of the laser versus detuning from the 10.31455-GHz modula-
tion frequency. The horizontal axisis broken to show the closest supermode noise peak, which is detuned
from the carrier by the fundamental repetition rate of the laser. The inset shows the DC contribution, ver-
ifies the ~ 10.3-GHz mode-locked repetition rate, and shows the repetition-rate’s first harmonic located
at =~ 20.6 GHz. Note that the strength of the noise floor has increased in the inset as a result of the
reduced resolution required to display such a broad frequency range.

and a 26.5-GHz microwave spectrum analyzer (Agilent model E4407B). As expected,
the microwave spectrum shown in the inset of Fig. 2.12 is composed of peaks at the
10.31455-GHz driving frequency, its harmonics, and much weaker structures spaced
by the 36.65-MHz fundamental repetition rate of the laser cavity (not visible in the in-
set), which are due to supermode noise.?® A side-mode suppression of greater than 72
dB was measured with respect to the largest of these side modes as shown in the main
figure8 Dividing the laser’'s mode-locked repetition rate by its fundamental repetition

rate reveals that there are 281 pulses simultaneously circulating in this cavity.

8By way of comparison, the side-mode suppression for the passively mode-locked laser reported in
the previous section was ~ 40 dB when fundamentally mode locked and far worse (< 10 dB) when the
laser was harmonically mode locked. The improved performance of actively mode-locked lasersis due

to the temporal gating each pulse receives as it passes through the laser’s modulator.
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Sincetheinset of Fig. 2.12 showsthat each peak is d-function like, havinga FWHM
narrower than the minimum resolution (1 Hz) of the spectrum analyzer, the timing jitter
and pulse energy fluctuations of the output pulse train were characterized.” An upper
bound on root mean square (rms) timing jitter isrelated to the integrated spectral power
over the offset frequency range f; — |97

1 fh 1/2

where o isthermstiming jitter, fy, isthe frequency of the mth harmonic around which
this measurement is made, and L(f) is the single-sided phase-noise spectral density
detuned from fy,. Integration of the 20.6-GHz peak over an offset range from 10 Hz
to 12 kHz yields an upper bound on rms timing jitter of 370 fs, which is only dightly
larger than the 283-fsjitter measured for the microwave signal generator using the same
range. Above 12 kHz, the noise floor of the spectrum analyzer dominated L( f), which
prohibited an accurate jitter quantization over the typically quoted range (10 Hz to 10
MHz). The rms energy fluctuations were not limited by the spectrum analyzer and were
quantified®” over the 10-Hz to 10-MHz range, indicating an rms fluctuation of 16.9 fJ,
which corresponds to an energy fluctuation of 0.85% for the 2-pJ pulses.

2.2 Chapter Summary

This chapter presented some of the experimental results obtained as part of this thesis.
A high-repetition rate passively mode-locked erbium fiber laser was presented. Many
different regimes of operation were demonstrated showing both the versatility of this
laser and hinting at the difficulty in keeping the laser operating in a single regime.

Indeed, this laser was found to produce non-uniform pul se trains when operating under

TPlease see 3.4 for details about how the jitter can be determined from the microwave spectrum and

asto how characterization was performed.
| See Section 3.4 for a detailed discussion of timing jitter and a derivation of this result.
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harmonic mode locking. To achieve a high-repetition rate and mitigate some of the
pul se-to-pul se fluctuations encountered in the passively mode-locked laser and actively
mode-locked ytterbium fiber laser was demonstrated for the first time. Although the
pulse train could not be viewed on an oscilloscope, due to the high repetition rate,
analysis of the microwave spectrum indicated that the pulse train was of high quality.
In addition to reporting on some of the lasers built as part of this work this chapter
serves to motivate subsequent chapters as they investigate the lasers presented in this

chapter analytically and computationally to varying extents.
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3 Measurement of Parameter Values

Without experimental work to supplement it, theory would be all but useless, since its
goal isto explain and predict observable phenomena. Therefore, it is the interplay be-
tween theory and experiments that reveal new or unexplained results and motivate one
another. It is with the explanation of such results that our understanding of science
isincreased, allowing us to go beyond today’s horizon as we transition to tomorrow’s
reality. In order to accurately apply atheoretical treatment to an experimental setup or
device, one must bridge the two different worlds by using experimental values in theo-
retical models. Although understanding and insight can be gained by using heuristically
obtained parameters, often times the parameters used can change the parameter space
of the system such that one thing is observed in the laboratory while a completely dif-
ferent thing may be found numerically/analytically. For this reason, this chapter deals
with the experimental measurement of various parametersthat will be used numerically
and theoretically in subsequent chapters. This chapter also serves as a repository for
some of the most commonly used techniques in mode-locked laser characterization and

should be agood starting point for those new to this field.
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3.1 Pulse Characterization using Autocorrelation

Since cutting-edge detectors and electronics are not available at frequencies above ~
80 GHz,% it becomes impossible to characterize short optical pulses, which have band-
widths in the THz regime, using direct detection. Although this limitation is primarily
applicable to pulses shorter than ~ 50 picoseconds, it has implications for broader
pulses that posses any fine structure resulting in higher frequency components. It is
possible to detect pulse trains at frequencies up to ~ 50 GHz; however, the cost associ-
ated with these setups becomes prohibitive for most research groups and they provide
little information about the pulse shape.

Historically, streak cameras were used to characterize 10-ns to 10-ps pulses, yet for
pulses shorter than 100 ps, autocorrel ators are used extensively. Direct electric field re-
construction techniques, such as frequency resolved optical gating (FROG),% spectral
phase interferometry for direct electric-field reconstruction (SPIDER),1%%:191 or their
variants, require powers sufficient to produce reasonable nonlinear responses and are
difficult to use with GHz pulse trains for which the peak powers are often less than a
Watt. Although temporal analysis by dispersing a pair of light e fields (TADPOL E)102
completely overcomes the power issue, it requires a well-characterized source. There-
fore, it is not generally useful. Electro-optic SPIDER also partialy overcomes the
power limitation.1%% However, all of these more sophisticated schemes require band-
widths in the nanometer regime to produce accurate results (if used in conjunction with
an OSA). Since the pulses experimentally generated in this thesis have low peak pow-
ersand < 1 nm bandwidths, we will only focus on two-photon absorption (TPA) based
autocorrelation due to its excellent sensitivity and use for low peak-power pulses.

An autocorrelator, as the name implies, allows one to characterize the autocorrela-
tion of a pulse in a low time scale, thus overcoming any difficulties associated with
high-speed electronics. This approach, however, has an inherent limitation; it allows

one to characterize the autocorrelation function, not the pulse. Since what we are inter-
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Figure 3.1 Setup for atypical two-photon absorption based autocorrelator. HR: highly reflective

(broadband) mirror; BS: (pellicle) beam splitter; PMT: photomultiplier tube.

ested in is the pulse itself, we must figure out the pulse shape from the autocorrelation
data. Thisisan impossible feat for traditional autocorrelation schemes since any pulse
asymmetry isremoved. Regardless, autocorrelators are still widely used since they pro-
vide reasonable results and are more sensitive than any self-referencing electric field
reconstruction technique for picosecond pul ses.

In this section, we focus on an interferometric TPA-based autocorrelator sinceit is
very sensitive and easy to align. Such an autocorrelator is depicted in Fig. 3.1 where a
beam splitter is used to split the incoming pulse into two separate pulses. One of the
pulses has avariable delay imparted upon it by either* a stepper motor driven stage (for
10-100 ps pulses), an actuator, such as the armature of an audio speaker (for 20-1000 fs
pulses), or a permanent magnet vibrator also known as a shaker (for 20 fs-10 ps pul ses).
The two delayed pulses are then recombined at the beam splitter and focused onto a de-
tector with a TPA response at the carrier wavelength. Although the figure depictsalens,
a parabolic mirror may be used as a low-dispersion alternative for focusing; likewise

a cube-type beam splitter can be replaced with a pellicle beam splitter (as depicted in

*depending on the travel distance and accuracy required
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Fig. 3.1) to reduce excess dispersion. The TPA detector should be selected such that
its response to a mode-locked pulse is dominated by the TPA signal. This can even be
archived with detectors that are insensitive to the carrier frequency (wp) of the pules so
long asthey are sensitive to light at 2.

An important point not addressed in Fig. 3.1 isthat photodiodes, PMT’s, and other
optical detectors act as current devices not voltage devices. Therefore, to insure ac-
curacy, the output of the detector used in the autocorrelator should serve as the input
into a transimpedance amplifier” whose output is then connected to an oscilloscope. A
common way around this is to use the oscilloscope’s 50 Ohm internal load and drive
the current through it or to use the oscilloscope’'s 1 MOhm termination but drop are-
sistor (< 1 MOhms) acrossthe wiresto try to “convert” the current to avoltage. If one
wishes to resolve the high-frequency structure, however, the ramifications of improper
termination will cause problems and using a transimpedence amplifier isamore appro-
priate solution.

Mathematically, we can write the electronic response of the TPA detector as being
the sum of two contributions, one from any light detected at ay referred to here as the
linear response® or i (t) and another contribution due to the nonlinear signal which de-
pends on the overlap between the two pulsesiyy (t). These two terms give the resulting

current
i(t) = iL(t) +inc(t) (31)
= I’|_||_(t)—|—rN|_|N|_(t), (32)

where
. . 2
ea(1)€" + (1 —t)d"* V| dr, (3.3)

-

TA transimpedance amplifier is simple circuit involving an Operational Amplifier which converts a

current source to a voltage source.
*Note, for detectors which exhibit no linear response (such as the one used in our work) the linear

term should be removed from our treatment of this problem (r_. = 0). However, in this section we keep

thisterm to insure generality.
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(3.4)

and r_ and ry. are the detector’s responsivity to the linear signal and the nonlinear

signal respectively. Given this prescription, we now investigate the electric current

produced by one of these devices when the optical pulseis of awell-known form.

3.1.1 Response to a Hyperbolic Secant Pulse

If the optical pulseis described by
ex(t) = Asech(t/To)
the linear response of the detector is given by
IL(t) = / ) | Asech(t/To)e* + Bsech((t —1),/To)e (- “dr
or
IL(t) = / " [A2sech?(1/To) + Blsech?((1 — 1) /To)
+ ZXI;sech(r/To)sech((r—t)/To) cos(wt)|dt
Performing these integrals resultsin:
Iy = /_Z sech?(t/To)d = /_Z sech?[(7—t)/To dt = 2T

o0 4t/ To
Iy — / ~ sech(r/To)sech(z )/ Toldr = o —

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Using these results, we find that the linear TPA response for a hyperbolic secant pulse

isgiven by:
IL(t) = A2¢1 + B?¢1 + 2AB¢, cos( ot

(3.10)

The nonlinear response of the detector may be investigated in an analogous fashion

INL(t) = /_ Z{}Asech(r/T(,)éWf+Bsech[(r—t>/To] eiW(T‘)‘Z}Zdr (3.11)



Inw(t) = [ {Alsech?(r/To) + BPsech? (( ~1) /T
+ 2ABsech(t/To)sech[(7 —t)/To] cos(wt) }2dt

I (t) = / Z { A*sech®(1/To) + Bsech® [(7 —t)/To)
+ 2A%B2sech?(1/To)sech? [(T —t) /To]
+ 4A3Bsech’(7/Tg)sech[(t —t)/To] cos(wt)
+ 4A2B2sech?(1/To)sech? [(T —t) /To] cos?(wt)

+ 4AB3sech(t/To)sech® (1 —t) /To] cos(wt) } dt
By carrying out the above integrals, we obtain the following results:

I3 = /ZseCh“(T/To)dT = /ZS@Ch4[(T—t)/To]dT — gTo

Iy — /_ " sech?(t/To)sech?[(7 —t) /To] d

1662/To [(t —To)e/To 1t +To
T 3T 3eM/To 4 &/To— 1

ls — /M sech(t/To)sech®[(7 —t) /To] dt

_4¢/To [4te2‘/T0 — Toe/To 1+ Ty
T 3e/To _ 3eM/To 1 B/To _ 1

I6:/:sech3(r/To)sech[(r—t)/To]dr

4/ [4te2t/T0 Toe™/To 4 Ty
L T L I

So we find that:

InL = Atz + B3+ 2A%B?1, 4 4A%BI5 cos(mt)

+ 4AB3I5 cos(wt) + 4A?B?14cos? (wt)
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(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Figure 3.2: Experimentally obtained TPA-based autocorrelation trace and its TPA-based hyperbolic

secant fit.

Since this result is generic, it can be simplified if we assume that the two arms of the
interferometer have equal powers, acondition that is easy to satisfy experimentally and

gives.

i(t) = 2r A%[l1 4 I cos(wt)]

+ 2ra A I3+ 14+ 215 c0s(wt) + 2Is cos(wt) + 2scos’(wt)] . (3.19)

Figure 3.2 demonstrates an autocorrelation trace obtained from the device shown in
Fig. 3.1. Since the device is interferometric in design, fringes are obtained. Although
the fringes are predicted by Eq. (3.19) and have been used to gain information on pulse
chirp,%194 it is not feasible to consider these fringes for pulse widths above 100 fs
since it require an excessive amount of data to resolve them. As a consequence, it is
common to use the minimum and maximum of Eg. (3.19) to fit the experimental data,
as shown in Fig. 3.2. Analytically these can be obtained by splitting Eq. (3.19) up

(where a 2A? has been factored out):
itop(t) = rL (11 +12) + INLA (I3+ 14+ 45 + 2l4) (3.20)

ibottom(t) = rL (11— 12) + LA (134 14 — 45+ 21 4) (3.21)
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3.1.2 Response to a Gaussian Pulse

The response to a Gaussian pulse may also be described analytically by starting with
ea(t) = Ae /2T (3.22)
Given this pulse shape, the linear response of the detector is found through
IL(t) = /_ i ]Ae*fz/ZTozeJWf +Be (T2 gw(r-) ‘Zdr (3.23)

IL(t) = / ) {We /16 1 BPe (06 1 opBe PV 2 cos( ) L (324)

By performing the integrals we find

Iy = / T e/ Cdr = / T e TV Rgr — AT (3.25)
and
Iy = / e (PHEVN B gr  /rToe TS, (3.26)
Thisgives us
IL(t) = A%l + B?l1 4 2ABI, cos(wt). (3.27)

The nonlinear response of the detector may be investigated in an analogous fashion

o : . 212
INL(t) :/ |:‘AeT2/2T026|WT+Be(‘L't)z/ZTozeIW(Tt)‘ 1 dr (328)

= 2
InL(t) :/ {Aze‘fz/T02 + B2 ("VY/T6 4 paBe [P H(-1)?)/2T¢ cos(a)t)} dr
(3.29)
INL(t) = / ) {A4e—2f2/T§ 1 Ble ATHY/1§ 4 op2R2a- [P +(T-1))/T§
+ 4A3Be BTHTY/2T g ot
+ 4AB3e [FH3(TY%/2T6 g ot

+ 4A2B2e [T 2ATY/TG o2 ot } dr (3.30)



Asbefore, al integrals can be performed analytically:

3= / T 2Ry — / T e 20 — \/gTo (3.31)

Iy = / T e PR = \/Z Toe /218 (3.32)
oo 2
|5:/ g sz B+ (1) T_/ 2+3(1-1)7/2T¢ 47 — \/gToe—stZ/sTo2 (3.33)
Using them we find that:

InL = Atz + B3+ 2A%B?1, 4 4A%BI5 cos(mt)

+ 4AB3I5 cos(wt) + 4A?B?14 cos? (wt) (3.34)

As we did for the hyperbolic secant case, we assume that the two arms of the interfer-

ometer have equal powers and obtain

i(t) = 2r A?[ly + I co8(wt)]

+ 2rn A [I3+4 14+ 2l5 cos(ot) + 2l5 cos(wt) +2I4cosz(a)t)} . (3.35)

Moreover, if we split this result into its maximum and minimum values (where a 2A2

has been factored out), we find
itop(t) = rL (11 +12) +INLAZ (134 14+ 45+ 214) (3.36)

and

ibottom (1) = 1L (11— 12) + INLA? (I3 + 14 — A5+ 2l4) . (3.37)

3.1.3 Response to an Arbitrary Pulse

The prescription for autocorrelation seems simple enough: it should be possible to au-
tomate so that it can be performed on an arbitrary pulse shape. This will enable us to

compare computational results to those obtained experimentally.
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Linear Response: Expanding the square in

-

. . 2
ea(1)eV" +ey(7 — 1) Y| dr, (3.39)

we can write:
I|_(t)=/ ea(7)| dr+/ r—t))2de
+e'wt/_wea(r)ez(r—t)dr—i—e_'“’t/:oe;(r)eo(r—t)dr. (3.39)
This expression can be re-written as
IL(t) = la—+Ip+ €tea(t) @ (1) + & “el(t) @ ey(t), (3.40)

where ® denotes convolution. Since we are dealing with autocorrelation, e;(t) = ep(t —

7) when the interferometer’s arms are balanced, and we obtain
_2 / 0)[2dt+2.71{Z [e(t)]- F € (t)]} cos(wt), (3.41)

where .# denotes a Fourier Transform and .% —1 represents the inverse Fourier Trans-

form.8
If we define
I = / " le(7)|2dr, (3.42)
=T [et)] 7 [e(1)]} (3.43)
this result can be written as
iL(t) =2r[l1+ I2cos(wt)]. (3.44)

8In the course of this thesis we heavily used Matlab's fast Fourier transform fft and inverse fast
Fourier transform ifft. We point out that these functions use the opposite time-harmonic dependence as
the ones of our analytic Fourier transform pair .# and .Z L. As aconsequence the ifft corresponds to

the Fourier transform % and fft corresponds to the inverse Fourier transform %
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Nonlinear Response:

2

INL(t) = /_i “eA(T)eiWT—i—eo(T—t)eiW(Tt)ﬂ dt (3.45)

I ®) = [ [lea(e)?+ leol ~ O + ea(T)e (e — )"

—o0

+ e(T)ep(T—t)e @] dr (3.46)
Expanding the square, we obtain:

0= [ [leal®)l* +2les(r) fes(z—1)
+ 2lea(7)|*ea(7)eh(7 — )€ +2|ea(7)|*€4(T)en(T —t)e !
+ \eo(f—t)\4+2!eo(f—t)lzea( )€5'£>(T—t)é“’t
+ 2|ep(7 —t)*e5(r)en(7 ~t)e ! + e(T)ep (T~ 1)
+ 2lea(7)2Jen(t —t)|> + € (r)e%(r—t)e 'Zwt] d. (3.47)

We can rewrite this equation in terms of the Fourier-transform operator as

7| ]
+ 777 [e?1)] - 7 [f()]) e (3.48)



If we define

Iy = / " le(r)4dr, (3.49)
=71 (34‘ [|e(t)|2] 2) , (3.50)
lg= 71 (32 [|e(t) 2e(t)] F [e*(t)]) , (351)
lo=2"1(# “e(t)yze*(t)} -ﬁ[e(t)]) , (3.52)
I, =717 [1)] 7 [e1)]), (3.53)

we finally obtain
inL(t) = 2rnL [I3+ 214 + 2Is cos(wt ) + 2lg cos(wt) + 17 cos(2wt)] . (3.54)

So we find that the TPA photodetector responseis given by:

i(t) =2r_[l1+12cos(wt)] + 2rn [I13+ 214 + 215 cos(wt)
+ 2lgcos(wt) + 17 cos(2wmt)] (3.55)

The maximum and minimum values of | (t) are found to be (where a2 has been factored

out):

itop(t) =r (ls+12)+rne(I3+ 214+ 25+ 2l +17) (3.56)

ipottom(t) =1L (11 —12) +rnL (I3 + 214 — 215 — 2lg + 17) . (3.57)

To demonstrate the utility of this technique, consider the response of a TPA based
interferometric autocorrelator that has no linear response at the wavelength of our field
so r. = 0. In this case, we assume a 220 fs Gaussian pulse with a chirp C=1is
investigated with the autocorrelator. Figure (3.3) shows the predicted response (gray)
in addition to the actual pulseintensity (black) and liop (blue) and I pottom (red) as defined

in the above equations.
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Figure 3.3: Numerically predicted TPA-based autocorrelation trace, the initial pulse intensity, and

ltop(t) and ipottom(t).
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Figure 3.4: Experimental setup used to characterize the FM modulation depth. The polarizing beam

' Optical Fiber

splitter (PBS) insures the optimum polarization is used for the characterization and that the characteriza-

tion is constant with how the deviceis used in the laser of Fig. 2.8.

3.2 Characterization of Modulators

For FM or AM modulators operating at speeds > 10 GHz, quantifying the modulation
depth isa straightforward task. Since a 10-GHz frequency can be resolved on an OSA,
acw laser operating at the carrier wavelength of interest can probe the modulation depth
asdepicted in Fig. 3.4.

The FM(AM) modulator imparts a time-dependent phase(loss) on the cw light,
causing the optical spectrum to gain sidebands with a strength proportional to the mod-

ulation depth and a detuning from the optical carrier related to the driving frequency.
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Mathematically, this can be written as

Sy ~ ’3; [Aoeiwote—S—i-iAcos(a)Fmt-i-q))] )2 (3.58)
or

Sap ~ ‘ﬁ [Aoeia)oteféfAcos(a)pMH(p)] ‘2 (359)

where F represents the Fourier transform, Ag is the input field strength, and 6 > O rep-
resents any losses due to the modulator and coupling into the fiber. This mathematical
prescription is most conveniently carried out on a computer because it does not yield
an analytically compact solution and because our cw source will generally have a fi-
nite spectral width that should be taken into account. That is, @y is not a constant in
Eq. (3.59), but varies over the spectral bandwidth of the cw laser. Figure 3.5 shows the
experimental data used to characterize the modulation depth of the FM modulator used
to mode lock the laser described in chapter 2.

Since the location of the sidebands necessary for this characterization (seen in
Fig. 3.5 at 10.3 GHz) is fixed by the electronic driving frequency, the technique de-
tailed above cannot be used in conjunction with an OSA for frequencies < 1 GHz. Un-
der lower driving frequencies OSA's lack the resolution needed to resolve the slightly
detuned side modes. Moreover, the finite bandwidth of most cw probe sources can limit
the usefulness of scanning Fabry—Perot étalons for characterizing modulators at lower
frequencies.

Therefore, at lower frequencies, modulators must either be characterized using ei-
ther a scanning Fabry-Perot étalon and a laser source with a very narrow linewidth,
a high-speed detector and an oscilloscope, or a microwave spectrum analyzer.! Since
AM fluctuations may immediately be detected using a high-speed detector and an os-
cilloscope or a microwave spectrum analyzer, their characterization should be straight-

forward when these devices are driven with a sine wave. Since microwave spectrum

TFor low driving frequencies FM modulators must be placed in an arm of a Mach-Zehnder interfer-

ometer and characterized as an amplitude modul ator.
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Figure 3.5: Experimentally obtained results and their theoretical fit, where the results predicted by
Eqg. (3.59) have been convolved with the optical spectrum of the cw source. The inset shows that the fit
is quite good on a linear scale despite the fact that the strength of the 20.6 GHz components is underes-
timated; the discrepancy is most likely due to the finite resolution of the OSA.

analyzers are more sensitive than oscilloscopes this technique was also used to verify

the characterization of the FM modul ator.

3.3 Gain Measurements

Of al the measurements that need to be performed to characterize amode-locked laser,
those that involve doped-fiber are to be the most difficult. A simple theory predicting
how to characterize the small-signal gain and the saturation coefficient for a doped-fiber
amplifier starts with the following equation

JA  go/2

22 - 11 PRa (360)
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where A is our optical field, gg is the small-signal gain coefficient, P = [ |Adt is the
optical power, and Py is the saturation power of the gain medium. Multiplying this
equation by A" and integrating over time gives

P Qo

This can be solved analytically by integrating over the amplifier length to give
B G— 1Pyt

where G = Pyt /P and Go = exp(goL) for afiber of length L. As Py becomes com-
parable with Pg, the gain fiber saturates and the gain exponentially drops from its
small-signal value of Gg.

There are a few glaring errors with such a treatment of the doped-fiber in a laser
cavity. For one thing, finite gain bandwidth is ignored; if it were to be included, no
analytic solution would exist. Other shortcomings of this model are: it assumes the
pump is exponentially absorbed, it ignores amplified spontaneous emission, it assumes
pump absorption is independent of the signal being amplified, etc. See sections 4.2 for
afurther discussion.

Nevertheless, a simple experimental technique to acquire a ball-park idea for the
macroscopic behavior of the small-signal gain of a section of fiber isto build an ampli-
fier with a section of doped fiber of the same length and from the same spool asisin a
given cavity, (see Fig. 3.6). This amplifier must then be pumped with the same power
as the laser is, and care must be taken to avoid cw lasing since it will invalidate any
results. By injecting alow-power broadband optical source into the amplifier, the input
spectrum and output spectrum can be compared to yield an approximation to the small
signal gain of the fiber. By performing such a measurement on a section of ytterbium-
doped fiber similar to that used in 2.1.2, we obtained the results shown in Fig. 3.7.

By inspecting Fig. 3.7, one notes that outside of the 1030-1080 nm window the
results are dominated by noise. Experimentally, this comes from afinite extent of the

broadband source used in this experiment, making the data outside the 1030—-1080 nm
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Figure 3.7: Small signal, wavelength dependent, gain coefficient for the laser of 2.1.2.

window unreliable. Indeed, by examining the gain and absorption cross-sections for
ytterbium in a silica host [see Fig. 4.4(a)], one easily confirms this fact, since those
figuresindicate that the gain should fall to zero outside of the 950-1150 nm range.
Unfortunately, the onset of cw lasing prohibited us from performing this character-
ization with the pump power used in the actual laser of 2.1.2. Although Fig. 3.7 was
obtained using aslightly lower pump power, it indicated asmall-signal gain at 1053 nm

of 3.3 m~L. The small-signal value of 4.3 m~! used in al of the computer simulations
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was extrapolated using this datain conjunction with asimple cw characterization which
amplified alow-power 1053 nm cw laser (see chapter 5).

In general, it should be possible to increase the power of the probe source in order
to determine the saturation power of the gain medium. In our case, however, the probe
source used was a superluminescent diode laser (SLED) unable to provide sufficient
power to do so. Amplifying the output of the SLED using a ytterbium fiber amplifier
caused the fiber under test to lase. This thwarted our efforts to determine the satura-
tion power and so the saturation power was used as afitting parameter in the numerical
studies of chapter 5 where it was found to be ~ 24 mW. This result is similar to the
saturation powers expected for erbium-doped fiber lasers.

Thus far, we have only addressed a macroscopic characterization of the gain media
which, in some instances, is woefully inadequate. The characterization presented here
assumes that the gain follows an exponential profile inside the amplifier and in effect
treats the gain medium as a black box. A more accurate way to characterize doped
fibersisto use arate-equation approach in conjunction with an experimental technique
that allows one to “see” what is going on inside the pumped gain media; one such ap-
proach, which avoids the destructive “cut back” process, is discussed in Section 4.2.
Yet, for the understanding and modeling of most mode-locked fiber lasers, a highly
detailed rate-equation treatment would amount to overkill since the equations used to

model these systems incorporate gain in a simple-minded fashion.

3.4 Characterization of Pulse Train Non-Uniformity

The output of an ideal mode-locked laser in the time domain would be atrain of equally
spaced identical pulses. Inreality there are pulse-to-pul se fluctuations in shape, energy,

and pulse-to-pulse spacing. Although quantifying changesin the pulse shape isdifficult
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and beyond the scope of this work, ! energy/amplitude fluctuations and changes in the
pulse position, also known as timing jitter, may be characterized using a few different
approaches. For example, one obvious way to characterize the timing jitter of a pulse
train is to use optical cross correlation.!% This technique involves an autocorrelator
where one arm has a variable delay such that cross-correlation can be performed be-
tween temporally disparate pulses.’% Since the characterization of low frequency jitter
would require impractically long delays, this technique is best suited for determining
high-frequency timing fluctuations and pul se-to-pulse timing jitter.

Electronically, well-known techniques such as phase-encoded sampling and dif-
ferential edge detection may be used; however, these approaches can be difficult to
implement, requiring high-speed phase-locked |oops, high-speed electronics, and local
oscillators. Moreover, the accuracy of such approaches are limited by the finite reso-
lution of oscilloscopes (~1 ps), the finite response times of the detectors (usualy >
10 ps), and the bandwidth and noise in the phase-locked loops. Finaly, timing jitter
can be determined by using optical power spectrum techniques. These tend to be the
easiest to perform since they only require a high-speed detector and a microwave spec-
trum analyzer (MSA); unfortunately, they do not provide accurate information on the
high-frequency jitter.%’

In order to understand the jitter measurements performed in this thesis, we need
to understand the assumptions used by our technique — the optical power spectrum
approach of von der Linde. This technique provides an upper limit on amplitude and
timing jitter by assuming that pulse-train fluctuations are correlated; this is the case
in mode-locked fiber lasers. Recently, it has been shown that the correlated and un-
correlated jitter contributions to a pulse train can be determined.’®” However, such
techniques are more involved and time-consuming and should only result in a dlightly
more accurate determination of the jitter in a mode-locked laser. In this work, we are

not interested in the origin of timing jitter but would like to obtain quantitative estimate

ITheinterested reader isreferred to Ref. 105 for amore detailed treatment that addresses these i ssues.
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of thejitter in agiven laser. To this end, this section provides the mathematical founda-
tion on which our experimental technique is based; this derivation essentially follows

straight from von der Linde’s work.%’

3.4.1 Mathematical Framework

We can write a perfect (laser) pulsetrain as

F(t)=k(t) = i F(t+4nT), (3.63)

N=—cc

where F(t) represents a voltage corresponding to the intensity of the pulse train. Op-
tically, the intensity of a pulse train is detected with a square-law detector and, as a
consequence, F (t) o |E(t)|%. Weaso introduce T as the time between adjacent pulses.

Therefore, if we have a dightly imperfect pulse train, we could write it as a per-
turbed version of Eq. (3.63),

F(t) = Fo(t) + 6F(t), (3.64)

where §F (t) < Fo(t) represents any fluctuations imprinted on the pulse train.

Next, we consider the case where the pulse shape is constant, but its timing and
amplitude vary. Such an assumption simplifies the treatment and is frequently valid if
we are dealing with short-pulse mode-locked lasers since high-speed detectors cannot
resolve the pulse structure anyway (see appendix B for a more detailed discussion of
thisissue). To simplify the math, we investigate the effects of amplitude fluctuations
and timing jitter separately.

In the the presence of amplitude fluctuations, we expect that our pulse train will
simply be amplitude modulated. Therefore, by introducing a random function A(t),

which accounts for amplitude fluctuations, we can write the expected pulse train as

F(t) = Fo(t) + Alt)Fo(t). (3.65)
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Jitter will manifest itself by changing the temporal location of the pulses. This can
be written as
F(t)= D>, F(t+nT+6Ty), (3.66)

N=—oc0

where 6T, is arandom function which characterizes the jitter.
Assuming that the jitter is small, compared to the normal pulse-to-pulse spacing T,

we can Taylor expand the argument in Eq. (3.66) which gives
F(t+nT+68T,) ~F(t+nT)+F(t+nT)8T,+O(5T2). (3.67)

Now we introduce a continuous random function J(t) such that J(t) = T,/T. This
gives us

F(t) = i Ft+nT+6T,)

N=—c0

~ Y Ft+nT)+ Y TE(t+nT)I). (3.68)

N=—oco N=—co
Recalling that an ideal pulsetrainisgiven by Eq. (3.63), thisresult can be smplified to
become

F(t) = Fo(t) + Fo(t) TI(t). (3.69)
Combining the results just derived for amplitude fluctuations and timing jitter, we ob-
tain

F(t) = Fo(t) + Fo(t)A(t) + Fo(t) TJ(t). (370)

The power spectrum associated with the non-ideal pulse train described above can now

be investigated with the hope that it will enable us to identify the different contribu-

tions to experimentally observed power spectra. This should then alow us to quantify

the degree to which an experimentally obtained pulse train suffers from amplitude fluc-
tuations or timing jitter.

To proceed with our derivation, we must first understand what an (ideal) spectrum

analyzer measures. Microwave spectrum analyzers (MSAS) measure the input power
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(not amplitude) spectrum of an electrical signal. This may tempt us to write the re-

sponse of the MSA as
S(w) = F(o). (3.71)

However, this treatment is mathematically flawed (it ends up giving essentially the
same result but contains an extra Dirac delta function) since F (t) fluctuatesin time. As
aresult, §(a)) is, in reality, a random process that does not necessarily tend to zero as
® — *Foo. TO circumvent such an issue, we introduce the Wiener-Khintchine theorem

(see, for example, Ref. [108])

Sw) = lim iN(a),A)\Z, (3.72)

A—rc0

where we have introduced the Fourier transform of the truncated signal via

V(o,A) = / AAV(t)ei“’tdt. (3.73)

In order to keep our result general and account for the filtering effects that inevitably
arise due to the finite response time of the detector or the spectrum analyzer, we have

introduced afilter function h(t) which acts on our actual signal F(t) through
V(t) = / h(t —t')F (t')dt’. (3.74)
We also define the spectrum of thisfilter function through

h(w) — / : h(t)g®tdt (3.75)



By substituting Eqg. (3.74) into Eq. (3.73) and then substituting the result into Eq. (3.72),

—Almﬂ/ [/ F ()b (t t’)dt’] &t
x / . { / F(té)h(tz—té)dté] g%,
~ lim i/A Y E )R
2A A

x [ h*(t—t)e “dt / ) h(t, — t5) € ®2dt,dt’ dt)
_ lim i/A /A E* (t)F (1)

A—oo 2A J_AJ-A

2n [

X o h*(ty)e 1@Mdre i / h()e " 2d e ®Ldt dt)

— i L R INAOt,—t") 41/ 44!
— 27H (o) lim =~ F*(t')F (th)€ ) dt/dt}
2A _A

we find

oo A .
— 27H (o) / lim o [ R OF @+ 7)etddr (3.76)

where weintroduced T =5 —t’, brought the limit inside the 7 integral by evaluating its
limits, and switched thelimitson theintegralsfort —t’ andt, — t5. We also introduced
the detector and/or MSA transfer function asH (o) £ |h(w)|?.

By introducing the intensity autocorrelation function

1 A
M) = (F*(OF (t+1) 2 lim /AF*(t)F(t )t 3.77)

we can how write our spectrum in afar more concise form as

~

§ o) = 27H (o) /_ " T(r)d®dr. (3.78)

From this result, we notice that the M SA will measure the autocorrelation function
of the input signal, and so we must now insert the expression we derived for arealistic

pulsetrain [Eq. (3.70)] into our autocorrelation function [Eq. (3.77)] which gives us

(FOF(t+1) = ({Fo(t+1) [1+A(t-|— )]+ Fo(t-i-r)TJ(t +1)}
x {Fo(t) [L+A(t)] t}). (3.79)
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In writing this equation, we have taken advantage of the fact that F(t) isreal and the
complex conjugate operation has been dropped. Expanding this result |eads to

(FOF(t+1)) = (Fo(t+1)Fo(t) [1+A(t+7)] [L+A(t)])

+ (Fo(t+ 7)Ro(t) T2I(t+ 7)J(1))

+ <Fo<t+r Fo(H)TI(t+7) [1+A(t)])
(t)Fo(t+7)

+ (Fo(t)Fo TI() [L+At+7)]). (3.80)

Because we are dealing with stationary random processes, we argue that we can dis-
count the J(t)(1+ A(t + 7)) terms since they are uncorrelated. With this simplification,

we obtain
(FOF(t+1)) ~ (Fo(t+1)Fo(t) + Fo(t + 7)Fo(H) At + 7)
+ Fo(t+ 7)Fo(t)A(t) + Fo(t + 7)Fo(t) At + T)A(1))
+ T2(Fo(t+ 1)Fo(t)I(t + 7)J(1)). (3.81)

Since F and A are also independent, this can be further smplified to:

(FOF(t+1)) ~ (Fo(t+ 1)Fo(t)) + (Fo(t + 7)Fo(t)) (At + 1))
+ (Fo(t +7)Fo(t)) (A(t)) + (Fo(t + 7)Fo(t)) (At + T)A(L))
+ T2(Ro(t+1)Fo(t)) (It +7)I(1)). (3.82)

))
))

Moreover, since A is a random variable with zero mean, we can drop the second and

third terms from the previous equation. We also define the following quantities:

Ga(t) = (At +T)A1)), (3.83)
Gro(7) = (Fo(t + 7)Fo(t)) , (3.84)
Ge, (1) = (Ro(t+ 7)Fo(t)) (3.85)
Gi(7) = J(t+17)I(t)), (3.86)

which allow usto write our non-ideal autocorrelation function more concisely as

(F(t)F(t+ 1)) = Gry(1) [1+ Ga(1)] + TG, (1) Gy (7). (3.87)
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Now using Eq. (3.78), we can write the power spectrum displayed by the spectrum

anayzer

z,f(H“EL> = /_ i Gy (7) [1+ Ga(7)] €7 dT + T /_ Z G, (7)Gy(1)€%d1

= [/m Gpo(f)ei“”dr} ® [/w 1+ GA(T)]ei“"dT]

+ T2 [/m GFO(T)é“’TdT] ® Um GJ(r)eimdr} , (3.89)

where ® denotes convolution.

We now define

B () = /_ ZGFO(r)eimdr, (3.89)
Ba(w) = /_ ZGA(T)ei“”dT, (3.90)
B (W) = /_ ZGFO(r)ei“’TdT, (3.91)
B (@) = |G (r)e"dr
:/_O:o;—;GFO(T)eindT:a)ZH:O(w), (3.92)
By(w) — /_ ZGJ(T)eide, (3.93)

which allows us to concisely write the expected power spectrum of a pulse train in the

form

i = (@) [6(0) + ()] + [(@TPr(0) (o). (394

Although this is the microwave spectrum we expect to see due to a redlistic pulse
train, we are interested in characterizing the amplitude and jitter fluctuations in the
pulse train. In order to determine these values, we must first compare the spectrum we

observe to an ideal spectrum; one devoid of either amplitude or jitter fluctuations.
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By substituting an ideal finite pulse train into Eq. (3.73), we arrive at

N |
E(w,A) = / 3 F(t+nT)ddt

“n=-N

_/ |: 2 e"“’”Te"‘”dr

n=—N
- [ F@ ”[gr':'(ng;wT]éMdr
sin[(2N + DaT /2
sn(wT/2)

Il
Th
e
S—

(3.95)

where we have taken advantage of the fact that the sum introduces the ultimate limit
on the extent of the the signal and could therefore extend the limits of the integral
to infinity. This approach, used by von der Linde,®’ seeks to avoid issues involving
Dirac delta functions that otherwise crop up. Focusing on pulse trains generated by
mode-locked lasers, we find that the spectral width of the individual pulsesis given by

- M (in the case of hyperbolic-secant pulses, see Appendix A). Now

QrwHM =
if we assume that the pulse width is Ty < 1 ps in duration, we find that Qrwym >
1.12 THz. Since cutting-edge MSA have bandwidths < 80 GHz, we can, to a good
approximation, perform the Fourier transform and then move the F (w) out of the sum
by first introducing T =t +nT, d7 = dt. We aso used the relation®
_Sn[(2N+1)wT /2]

n:Z_N e = Sn(oT/2)

(3.96)

By substituting our Eq. (3.95) into Eq. (3.72) and using the relation

1 sn[(2A+1)oT/2] 2k
NN T T ( sn(wT/2) ) kE_:f (“’ - _) (3.97)

we obtain the response to an ideal pulse train

) | T sn[(2N + L)oT/2)\2
P (@) = lim —)T\F(a))lz( sn(oT/2) )

Zewr 5 o(o- ) o

——o00
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where we changed the limit variable from A to (2N + 1)T; the extra T is required to
maintain the proper units.

Now defining awx = 2’”‘ and inserting the above result into the power spectrum
of arealistic laser with both amplitude and timing fluctuations [given by Eqg. (3.66)],
we find**

2
é(w)z(z_r—n) H(o)|F (o) |[Z S(Wy) @ (@ +26 ) ® Pa(®)

k=—oo k=—oo

2 i §(ox) ® Pj(w)] : (3.99)

k=—co
Performing the convolution integrals above gives our final result
o ZTC 2 . o
So)~ (Z) Ho @ 3 60+ Pa(@0+ (20k2R(o0] . (3100
k=—c0

where we pulled the |F (w)]2 term out of the convolution integrals by assuming it is

slowly varying.

3.4.2 Experimental Considerations

Now that we have derived the response of a MSA to arealistic pulse train containing
both amplitude fluctuations and timing jitter, we explain how to quantify the fluctua-
tions experimentally.

We first point out that the energy fluctuations (related to the amplitude fluctuations

by a scale factor assuming the pul se shape is constant) are given by

AE? — E2 / " Pa()do, (3.101)

**Comparing this result with Eq. (13) in Ref. 97, we see that there is a discrepancy of 2z, which is
most likely due to atypo in that paper. Note that we have included detector/M SA filtering which adds
amultiplicative 2rH () to our result; by substituting Eq. (13) into Eq. (8) of Ref. 97, this result could
also be obtained (although it would still be off by 27).
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Figure 3.8: This cartoon provides a graphic depiction of the behavior of the higher harmonics of the
pulse-train power spectrum as predicted by Eq. (3.100)

where E isthe average pulse energy. Inasimilar fashion, thejitter fluctuations are given
by

AT? = Tz/m Py (o)do. (3.102)

—o0

Using Egs. (3.100)—(3.102) and a spectrum analyzer, we were ableto use the pulsetrain
power spectrum to characterize the rms energy fluctuations and the rmstiming jitter of
apulse train emitted by a mode-locked laser.

Looking at Eqg. (3.100), we note that losses arising from the detector’s responsivity
or any other static sources can easily be incorporated into H (). We also expand
and re-state our result as

= () o Fla)? 3 |8 (w-2) e (w- )

+ (27k)?Py (a) - ZTikﬂ : (3.103)

We first point out that the k = O term is devoid of jitter content since the P; term
drops out of B= when k = 0 giving us

2

2
= ) H () |F(w)[*[8 (@) + Pa ()] (3.104)

PF(vv,k:0)=(

Asshown in Eqg. (3.100), the area under the Pa(w) curveisrelated to the energy fluctua-

tions. From Eq. (3.100) and the above result, we can see how we would experimentally
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perform this operation. By converting our result centered on @ = 0 to units of decibels

below carrier (dBc) removes the constant coefficient and leaves us with:
Le () =0 () +Pa(w). (3.105)

In other words, only the ideal delta function response and the response due to the AM
fluctuationsis present. Because the delta function has avery well defined structure, we
can easily subtract it out from the spectrum and we are left only with Pa(w).

Of course, by subjecting MSASs to dc voltages, the mixer on the input of these de-
vices may be damaged or blown out and so this should be avoided. Fortunately, by
looking at higher harmonics, it is possible to determine the AM fluctuations and re-
move them since they are always constant. This leaves the term governing the pulse
jitter, Py(w), which grows with harmonic number quadratically, as depicted in Fig. 3.9.
When comparing data from higher harmonics, it isimportant that the different harmon-
ics are compared correctly. Filtering, due to the finite response of the detector or MSA
[H(w)] or due to the finite spectrum of the optical pulse |F(w)|?, is important to in-
clude when comparing different harmonic components.

By assuming the spectrum to be symmetric about any harmonic of the carrier fre-
guency, al that is needed to determine the timing jitter isto compute asingle-sided inte-
gra . Thisassumption isvalid for passively mode-locked lasers; however, the spectrum
will become asymmetric in actively mode-locked lasers if the modulation frequency
is not properly matched with the cavity length. The reason this approach is chosen in
practiceisthat by integrating from & > 0 we remove the delta function from the datain
asimple-minded fashion. In the following discussion we convert to units of frequency,

where we are using P= () (in Watts over a 1 Hz resolution bandwidth) so that

w o 1/2
ATrmS:%fk[Z/g 1OPF(f)/10df—2/6 10PA(f)/1°df] . (3.106)

Figure 3.9 explains the issues that come up experimentally when trying to figure

out the different P's. Both partsin this figure are supposed to depict the same spectral
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Figure 3.9: (a) This figure depicts the case where our spectrum analyzer has been set to a 1 Hz
resolution bandwidth, but we are only able to display and/or save every other point within that region
dueto thefinite number of points displayed by thedevice. (b) Thisfigure showstheissuesthat arise when
one does not use a 1 Hz resolution bandwidth. In this case, we must account for our larger bandwidth;

otherwise we would be overestimating the result of the integral.

window of interest. In this case we are assuming we are only able to use 7 points to
acquire data over this frequency range for displaying.

Of course, when weintegrate the spectral density we must account for the resolution
of the device. The measurements should be made using a 1 Hz resolution bandwidth.
Finally, it isimportant to verify that one is measuring the signal and not the noise floor
of the spectrum analyzer. Thisissue will be addressed in the following section where it

interferes with our measurements.

3.4.3 Considerations for Harmonic Mode Locking

When alaser is harmonically mode locked, using either an AM or FM modulator, any
difference between the pulses simultaneously circulating in the laser cavity will mani-
fest itself as so-called supermode noise. Physically, a pulse-to-pul se fluctuation within
a harmonically mode-locked pulse train will result in anon-zero signal at various inte-
ger multiples of the laser’s fundamental repetition rate. In our FM mode-locked |aser
the supermode noise was found to be 72 dB below our peak value (see the contribution

at 36.6 MHz in Fig. 2.12). Of course if one were to look at any other integer multiple
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of the fundamental repetition rate a similar structure would be found.

The supermode noise causes a deterioration in the quality of the pulse train. If one
is able to perform a jitter characterization from the mode-locked repetition rate (10.3
GHz in our laser) up to its second harmonic (20.6 GHz) then the jitter can be fully
determined. However, it is often feasible to perform a partial characterization only; in
which case these noise sources may not included in the measurement. This limitation
is frequently encountered due to bandwidth issues or issues related to the noise floor
of the microwave spectrum analyzer, as was our case. Nevertheless, it is possible to
include the effects of the supermode noise in an approximate fashion by assuming that
each supermode noise peak contributes the same quantity of noise.®® In this case, the
noise we expect is that found using the above mentioned technique over a bandwidth
of the laser’s fundamental repetition rate multiplied by the square root of the harmonic
number. Thisis best written in the following approximate form:
1/2

o 1/2
/Fplop(f)/lodf] zn—@[/%lop(f)/mdf} . (3.107)
k L/€

s

ATrrnS: i |:
7'L'fk

where n is the number of pulses simultaneously circulating in the laser cavity, Frep is
the repetition rate the laser is mode locked at, Fy is the fundamental repetition rate, and
P(f) is the the power spectrum detuned from the carrier in units of dBc/Hz. Further-
more, we point out that the relationship Frep = NFy always holds for harmonic mode
locking. If our data is examined using this fact our jitter values are immediately in-

creased by a factor of /10.3 GHz/36.6 MHz = 16.76. This places the RMS jitter

around 6.4 ps; however, this treatment is predicated on the fact that all the noise in the
laser is correlated which is not always the case and our value could be better or worse
than this number. Moreover, by using an intracavity Fabry—Perot etalon the supermode

noise could be suppressed for jitter critical applications.
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Figure 3.10: (a) Raw data spectrum seen on the spectrum analyzer. (b) Identical spectrum to (a) except
it has been converted to units of dBc/Hz. Note the only difference is the offset has been removed and the

carrier frequency has been changed to offset from carrier frequency.

3.4.4 Example of Jitter Measurements

To complete this discussion, we apply this technique to a set of acquired data. Fig-
ure 3.10 shows a microwave spectrum obtained from a MSA for the 10.3 GHz FM
mode-locked laser of Section 2.1.2. In this case, the two parts show the dc part of the
spectrum, i.e. the spectrum centered about 0 Hz. 1T

As described above, the § response is “removed” by moving our window of inte-
gration dlightly to the right side of it. Since our rms energy fluctuations are 16.201 fJ
and we have a pulse energy of 2 pJ, we find that this corresponds to a fluctuation of
0.81%

Now we look at the spectrum centered on the carrier frequency of 10.3 GHz so that
we can determine the timing jitter. Aswe did above, we convert the plot into units of
dBc/Hz with respect to the offset from the 10.3 GHz carrier frequency. By integrat-
ing over the spectrum obtained, we find the noise due to timing jitter and amplitude
fluctuations. To accurately quantify the timing jitter, we need only subtract out the

contribution due to AM fluctuations. Had we not removed the AM contribution, our

T Generally thisis abad idea due to the input mixer, however the pulse train from this laser was very

weak and (fortunately) the spectrum analyzer was not damaged.
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Figure 3.11: A plot of the spectral side band obtained in the above figures. Performing the integral we
find that the rms energy fluctuations are 16.201 fJ for our 2 pJ pulse.

value would be artificialy inflated and represent only an upper bound on timing jitter.
Ideally the measurements should be performed on a higher harmonic where the jitter
noise dominates. However, our spectrum analyzer had a 3 dB bandwidth of 26.5 GHz
only allowing access to the fundamental and itsfirst harmonic.

Characterizing the jitter using the harmonic at 20.6 GHz gives us rms jitters of
523 fs and 423 fs. The discrepancy between the two is most likely due to a dightly
flawed value for the amplitude fluctuations or the combined filtering responses of the
spectrum analyzer and the high-speed detector used.

One crucia thing that we have not yet commented on is the spectrum analyzer’'s
finite noise floor. This can be done in a ssmple-minded fashion by interrogating the
MSA's response to its local oscillator and viewing this spectrum superimposed with
the spectrum due to one of the harmonics of the pulsetrain. Figure 3.12 shows that the
fluctuations we are measuring are partially due to the MSA’sown noise! Thisis particu-
larly the case for the 10.3 GHz mode. In fact, these plots show us that our measurement

at 20 GHz is actually more accurate since it is not as influenced by the fluctuations
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Figure 3.12: Comparison between the noise floor of the spectrum analyzer and our pulsetrain centered
on (a) 10.3GHz and (b) 20.6GHz.

inherent in the spectrum analyzer. This provides athird, and likely more redlistic, rea-
son for the discrepancy between the rmsjitter values (523 and 423 fs) found at the two
frequencies above.

Finally, we should also characterize the noise of the driving electronics since it
will provide a lower limit for the pulse train. This was done by using the output of
our microwave frequency synthesizer as the input into the MSA. Figure 3.13 shows
the spectrum synthesized signal generator used to drive the FM modulator in the laser.
Clearly the driving electronic signal is not ideal; strong signals at ~ 75 Hz and ~
221 Hz are visible. By performing a jitter characterization on this signal, we find that
it correspondsto 395 fs of rmsjitter.

Synthesizing the above results, we find that the majority of the jitter in this case
is due to the electronics and not the laser. We also find that the AM side bands (seen
looking at our mode-locked pulse train, see Fig. 3.10) come from the electronics and
not the laser. In order to estimate the laser’s jitter we assume that the laser jitter and the

electronicsjitter are uncorrelated, and then subtract the two to find

Otsser =/ OZyem — OBierorics = |/ (423)2 — (397)2 = 146fs.  (3.108)

Of course one should not place too much confidence in this result since we have seen

that the spectrum analyzer is not operating ideally for the data we are acquiring. We
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Figure 3.13: Spectrum of the synthesized signal generator used to drive the FM modulator in the laser.

can be confident, however, that we have found an upper limit on the jitter.

Finally, we point out that this technique is best suited for pulse trains with repetition
rates < 5 GHz since they will provide access to multiple harmonics on the MSA and
amplitude fluctuations and timing jitter can be separated accurately. Since our laser
was mode locked at 10.3 GHz, we had access only to the fundamental peak and the
first harmonic peak (located at 20.6 GHz). This did not affect the determination of the
total RM S noise, but instead reduced the accuracy with which we could determine the

constituent amplitude and jitter components.

3.5 Dispersion Measurements

In this section we describe the conventional techniques used for measuring dispersionin
an optical fiber. Because mode-locked lasers generally have cavity lengths between 1—
20 m, we will focus on characterizing fibers of similar lengths. We first point out that

traditional time-of-flight characterization approaches, where an optical pulse source
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has its carrier wavelength changed and a high-speed detector detects the pulses and
the change in their arrival times, fail. For short pieces of fiber (glass, etc.), the delay
between different wavelengths is on the order of a few femtoseconds or picoseconds,
neither of which can be detected reliably using electronics. It is, however, possible
to still perform a modified time-of-flight characterization by using a pulse source with
an adjustable wavelength inside an autocorrelator.!9 By performing autocorrelation
where one arm of the autocorrelator contains the material/fiber under test and the car-
rier wavelength of the source is changed, there will be atemporal shift in the autocor-
relation. This can be directly used to determine the dispersion of the fiber.110

Still, a better approach is to use white-light interferometry.*! In this scheme, a
broadband source is used in conjunction with an interferometer and an OSA. One ad-
vantage of this approach is that it requires a broadband source as opposed to a pulse
source (or modulated source) with an adjustable wavelength. Additionally, since white-
light interferometry is very sensitive, it also alows for very accurate characterization,
not to mention that it is easy to perform experimentally. Finally, by using a technique
that relates time-of-flight to frequency shift inside a laser cavity, the dispersion of a
mode-locked laser can be measured.? The advantage of this approach isthat it is able
to determine the dispersion in the laser asit is running; however, it islimited in that it

only works in passively mode-locked lasers that incorporate grating- or prism-pairs.

3.5.1 In-Situ Technique

By inserting arazor blade into a passively mode-locked laser after a grating- or prism-
pair, the operating wavelength of the laser may be tuned. However, because of dis-
persion, the laser cavity has different round-trip times at different wavelengths, and
we expect to find dlightly different repetition rates at different carrier frequencies. By
noting the optical carrier frequency (using an OSA) and the repetition rate (using a

spectrum analyzer), Knox was able to demonstrate that the cavity dispersion could be
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Figure 3.14: Timedelay versesdetuning (@ — ) for our FM mode-locked laser. The discrete markers

represent the data points while the solid lineis afit.

found in arunning laser.%> % By mode locking the laser of Section 2.1.2 with a SESAM
and tuning the carrier frequency using arazor blade, the temporal delay versus detuning
was plotted in Fig. 3.14.

Using the fit in Fig. 3.14, the dispersion of this cavity may be determined. Since
the data exhibited a gap around the normal operating point, this measurement was re-
peated, and after averaging the results, we obtained the values used in our numerical
and theoretical work of B, = —6.3 x 10* fs? and B3 = 130.6 x 10% <2,

The mathematical explanation for this technique simply involves noting that the

fundamental repetition rate of a Fabry—Perot mode-locked laser can be written as
v(ow)=c2(L—1)+2n(w)] !, (3.109)

where the total (physical) cavity length is given by L and the length of the dispersive
element with refractive index n(w) isl.
We can write the round-trip group delay by taking the frequency derivative of the

round-trip phase acquired by the pulse [o/v(®)]. This gives the result

T(0) = @Hlaiw {@] (3.110)
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Therefore, if we plot the changes in round-trip time with respect to the detuning
between the carrier frequency and the frequency which we are expanding about we can
determine the dispersion about agiven frequency by fitting the curveswith polynomials.
Thisis facilitated by noting that we can write the changes in round-trip time by using
the experimentally obtained repetition rate to write AT = Av/ vg. The phase acquired
while propagating through a dispersive mediamay also bewrittenas 3 (w)! if we Taylor
expand it about @, which gives

1B(w) =1 i &(a)— ap)". (3.111)

|
n—o "

As aresult, we can fit our data with its derivative, i.e.

» B”+1<a)—wo)”. (3.112)

Using this approach, we can easily determine the dispersion in a passively mode-locked
laser. In our example, we were only able to keep the laser mode locked (without ad-
justing cavity elements) within a small frequency range on either side of the normal
carrier frequency. This limited the accuracy of this approach as can be seen by the fit
in Fig. 3.14. This also limits the accuracy with which higher-order dispersion terms
may be determined. For example, using this technique in our laser we found that our
vaue of B, was fairly reproducible over multiple measurements whereas f33 fluctuated

considerably.

3.5.2 White-Light Interferometry

White-light interferometry provides another simple way to measure the dispersion of
various cavity elements, abeit in their cold state; in other words, not while the laser is
mode locked.}1114 By constructing an interferometer, placing an element whose dis-

persion we wish to characterize in one of the arms, and exciting the device with abroad-
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Figure 3.15: Experimental setup required to measure the dispersion of afiber using white-light inter-

ferometry.

band optical source, the dispersion may be characterized accurately (See Fig. 3.15).

Consider the effect in the frequency domain where we measure
|(0) = |areA(@)ePe ()9 1 aegA(w)ePesl@)H2, (3.113)

In this equation, By« (w) is the frequency-dependent propagation constant in the ref-
erence arm of length d, Bies is the frequency dependent propagation constant in the
arm containing the element under test, and L is the physical length of the device un-
der test.¥ Assuming the power in the two arms has been equalized, an experimen-
tal requirement of this technique which may easily be achieved using a power meter,

ap = Areference = Ategt, OUr result can be written as
|(0) = a|A(w)[*{1- cos[¢(w)]}, (3.114)

where ¢ (o) = Bref(w)d — Brest(@)L, and o accounts for any loss in the device.
In order to determine the conventionally used dispersion parameters, we expand

¢(w) inaTaylor series around the frequency of interest (in this case wyp) to obtain

o(0) =L iﬁ(w—wo)”—%(w—wo). (3.115)

#When using a Mach-Zehnder interferometer, the lengths d and L are the physical lengths of the two
arms, however, when a Michelson interferometer is used, these lengths become twice the physical length

of the elements due to the double-pass architecture of that interferometer.
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Figure 3.16: Normalized optical spectrum measured from the output of the interferometer when a

superluminescent light emitting diode (SLED) was used as the white-light source.

Experimentally, the length of the reference arm can be adjusted until the zeroth-
order fringe (or the “missing minimum” shown in Fig. 3.16 at A = 1053 nm) is|located
at the wavelength we wish to expand about; this is depicted in Fig. 3.16. It is then
easy to determine ¢ (@) by finding the spectral locations of the maxima and minima
from the data, noting that the maxima occur when ¢ (@) = (2N + 1)z and the minima
occur when ¢ (@) = 2Nx. One can then fit ¢ (@) using a polynomial and Eq. (3.115)
to obtain the dispersion coefficients. In this case, a~ 0.5 m section of Lucent 980 fiber
was found to have the following values: B, = 3.8 x 10* fs$?/m, Bz = 11.3 x 10%* f$¥/m,
and By = 2.2 x 10° fs*/m.

Thistechnique, however, still warrants afew words on accuracy. By performing the
characterization shown above, we are able to determine the values of the lower-order
dispersion term (32) quite accurately. Of course, Bo depends on the length of the two
arms and is not of practical use, and B; is essentially cancelled out by centering the
zeroth-order fringe at the frequency we have expanded about. In fact, by calibrating
this device (using it without a test piece to determine any inherent dispersion in the

device), the second-order dispersion coefficient of afiber under test can be determined
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Figure 3.17: Normalized optical spectrum measured from the output of the interferometer where a

superluminescent light emitting diode (SLED) was used as the white-light source.

to within afew fs?/m.*

It should be noted that the accuracy with which we can determine the higher-order
dispersion terms suffersif our source spectrum is not wide enough to alow these terms
to adequately manifest themselves. Moreover, the determination of the maximum and
minimum points is somewhat tedious and it discards the majority of the data points.
In addition, unless a fitting method is used to locate the maxima/minima, the results
can vary over different realizations even if the same datais used. A more sophisticated
way to determine the spectral phase, which allows one to overcome some of these
limitations, can be implemented by using Fourier-transform spectral interferometry.11°
This approach, which is also used in electric field reconstruction schemes, 116 involves
Fourier transforming the spectrum, filtering it, and then transforming back to the fre-

guency domain where the phase can easily be found by looking at the imaginary part

*The accuracy of this approach is ultimately limited by the bandwidth of the broad band source, the

resolution of the OSA and how well it is calibrated, and how well the minimaand maximacan be located.
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of the result. Figure 3.17 demonstrates the application of this approach to the char-
acterization of the same ~0.5 m section of Lucent 980 fiber. To perform the filtering
necessary, the information in the (pseudo) time domain needs to be separable from the
dc term located at the origin. By changing the delay in the reference arm, the fringe
period can be decreased in the spectral domain which avoids aliasing in the (pseudo)
time domain. For example, Fig. 3.17(a) shows that the zeroth-order fringe has been
shifted to the higher frequency (lower wavelength) side of the spectrum. This require-
ment has a del eterious effect which ultimately limits the utility of this method and will
be discussed later in this section.

Thereal part of the time-domain signal is shown in Fig. 3.17(b) (black) along with
the filter (red) used to select one side lobe. Fig. 3.17(c) shows the reconstructed spec-
trum (red) along with the experimental spectrum in one of the arms of the source
(black). Although the numerical results display noise, the reconstructed spectrum
agrees well with the input spectrum, especially when one notes that no scaling was
used to obtain this fit; this gives us a degree of confidence in our results. Fig. 3.17(d)
shows the reconstructed phase (black) as well as a region where the phase was fit to
obtain the dispersion values B, = (2.57 +0.043) x 10* fs?/m, B3 = (6.7+3.2) x 10*
fs¥/m, and B4 = (0.854 20) x 106 fs*/m. The fit was restricted to frequencies where
the spectrum had non-negligible values to avoid computational artifacts. One of the ad-
vantages of this approach isthat it is highly repeatable, yielding similar values (within
~2%) for dightly different delays and data sets, whereas the manual approach is more
susceptible to variation since the location of each fringe minimum and maximum needs
to be determined. To quantify this claim, we were able to obtain 3, with a standard
deviation of <2% over the 10 spectra we recorded with different free-space lengths in
the reference arm.

This approach is predicated on the assumption that aliasing does not occur in the
time domain so that the filtering can be properly applied. Practically, this means that

this approach cannot be used on data where the zeroth-order fringe exists, since it re-
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aults in a large low-frequency term which causes aiasing; therefore, it limits the ac-
curacy of our filtering. Additionally, by introducing a large delay into one arm (such
that the zeroth-order fringe is pushed far away from the dc term), the spectrum will
be modulated by a higher-frequency phase. Because of the limited resolution of the
OSA, this will introduce error. Of course the best solution is a compromise in which
the zeroth-order fringe is shifted to the wings of the spectrum where the power islow. It
was found that good results could be achieved by placing the zero-order fringe > 20-30
dBm below the peak value. This allows for acceptable filtering while not running into
resolution issues. A convenient “rule of thumb,” found to work well, is to satisfy the

relation

Number of elements

fringes/nm = 12 xwindow size (nm)’

(3.116)

where fringes/nm refers to the number of fringe maxima or minima one finds within
a nanometer window, number of elements is the number N of data points saved for a
given measurement, and window size is the spectral width of the window on the OSA,
i.e., A(N)—A(1). Nevertheless, asthe fringe period is decreased to avoid aliasing, not
only do the resolution limitations of the OSA come into play, but we are also essen-
tially shifting the minimum of our spectral phase away from the wavelength of interest.
This has the unfortunate consegquence that the phase term ¢ (@) gets dominated by f31.
Finally, when using either of these techniques, the length of the device under test needs
to be long enough that an adequate number of fringes can be observed > 40. When
using the Fourier-transform spectral interferometry approach in conjunction with ultra
broad-band sources (> 200 nm), the limited resolution of the OSA requires that the
fiber under test has a small value of ;L such that when the zero-order fringe is moved
out of the window the individual fringes can be accurately sampled by ~ 10 points or
more. Unfortunately, by decreasing the length of the device under test, the requirements
on the characterization of the interferometer and the actual length of the device become

more stringent to achieve results with comparabl e accuracy.
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HR

Figure 3.18: Geometrical layout for a dispersion-compensating, intra-cavity, grating pair. The angles
defined in this figure are assumed to be in degrees. The red lines are defined as being normal to the

respective grating surfaces.

3.5.3 Grating Pairs

In this work, we used an intra-cavity grating pair to compensate the second-order dis-
persion dueto the optical fiber and the various bulk componentsin the FM mode-locked
fiber laser of section 2.1.2. In order to determine the best grating-pair separation, one
should have an idea for how much dispersion it will introduce into the cavity. Fur-
thermore, grating pairs introduce additive third-order dispersion, which can limit pulse
widths and create large pedestals in the time domain.3’

In order to get an quantitative idea for how much dispersion a grating pair should
introduce, we must draw the geometry of the double-pass grating pair used in our work
in order to define some geometrical distances and angles.

Using Fig. 3.18 and basic geometry we obtain

cos(6r + 6,) = :—2 (3.117)
1
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and

L
sin(90— 6;) = cos(6;) = Iip (3.118)
1

Using Eq. (3.117) we can write the total length travelled by a given frequency com-

ponent

(@) =114+12=11[14cos(6; + 6;)], (3.119)
which can be put in the more useful form

| (@) = Lsegpsech(6y) [1+ cos(6; + 6,)] (3.120)

by using Eq. (3.118).
Sincethe optical path differenceis given by | () /c, wefind that

200 L .
o= sech(6;) [1+cos(6; + 6))] . (3.121)

What we arereally interested in are the coefficients of the higher-order terms, which

we obtain by Taylor expanding the propagation constant

¢(@) ~ ¢o+ ¢1(® — wp) + 2—1!¢2(CO —wp)®+ 3—1!¢3(a) — )+, (3122

Therefore, to obtain the expected valuefor ¢,, we need only differentiate Eq. (3.122)
once with respect to o, i.e.

_d?| d¢1|  Lep d _

(3.123)
o c do

wp

However, in order to continue, we must remove all of the 6, termsfrom our equation
since 6; is actualy afunction of w. To do this, we now introduce the so-called grating

equation

sin(6y) = + {w——sin(e.)l. (3.124)
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This equation relates the angle light will diffract off of agrating to its carrier frequency
o, incident angle 6;, and the grating period A (aquantity generally specifiedin mm—1).

Since this derivation is not as straightforward as one might expect, we carry it out

explicitly
 Lsp [ [dcos(6)t : . dcos(6;)
o= =22 { | S| 1 s sin(en)] +
_dsin(6r) [ sin(6:) (3.125)
do  [cos(6r)] ) 4 '
Using the negative version of the grating equation, we find that
dcos(6,)
————==0 3.126
dw ) ( )
and
dsin(¢) d [2rmc . _ 2mc
o = do {M—sn(e.)}w = oA (3.127)
Now we use the fact that

cos(6;) = +4/1—sin?(6;). (3.128)

Using the positive version of thisrelation, we find that

d 1 d 2rc . _ 2mc sin(6r)
[\/1— L)——sm(e.)} ] = A ooF (0 (3.129)

) {sin(6r,) — Sin(6:) [sin®(6r,) +COS* ()]}, (3.130)

where 6, is just 6; evaluated at the center frequency of our spectrum. Making the

trigonometric simplification and using our grating equation, we find

An%CLsep
w3A2cos3(6r,)

2 = (3.131)
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We now eliminate the 6, angle from this result using the grating equation and write
our result in terms of wavelength, since it is more commonly used in the laboratory

environment:

.3 2y —3/2
02 = gzl;\fp{l—{%—sin(ei)}} : (3.132)

Thisresult predictsthe “dispersion” imparted on a pul se after the grating pair. To clarify
our meaning, since thisis often a point of confusion: the value given for the dispersion
in Eq. (3.132) is valid after the pulse passes off of each grating twice, experiences a
“double-pass’ or exits the grating-pair. In going from Eqg. (3.131) to Eq. (3.132), we
multiplied by a factor of 2 to account for the double-pass, since our derivation up until
that point assumed a single-pass.

The third-order dispersion can be found by taking a derivative of the second-order
dispersion. It can then be written in terms of the second-order dispersion to give amore
compact result. Since its derivation follows the same approach as that of ¢, we ssmply

write the result here:

_ 3k cos2(6)) + 2 sin(6;)
mc 1_ [7‘X4)_s,in(9i)}2

03 02, (3.133)

where we have once again multiplied the single-pass dispersion by 2 to get the result
for the grating pair

Before parting, we point out that the dispersion terms found in this section are,
strictly speaking, not dispersion terms since their units are &> and s3. That is, we could
write Bzgraﬂng = ¢2/Lgrating Where Lgraing iS the characteristic length of the grating pair.
However, such a result is not as physical as just using the ¢, values and so such a

treatment is altogether avoided in this work.
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3.6 Chapter Summary

This chapter introduced a few of the necessary experimental techniques required to ac-
curately characterize mode-locked (fiber) lasers. Although some of these techniques
should be well-known by those who work in the field of short-pulse mode-locked fiber
lasers, they cannot, to the best of my knowledge, be found in any single source. There-
fore, this chapter should be of use to other students who work in thisfield in the future.
Moreover, some of these techniques were used in Chapter 2 to characterize the lasers
discussed their, while those that have not already been used allow us to obtain the pa-

rameters required for modeling these lasers (see Chapter 5).
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4 Theoretical Framework

This chapter provides the theoretical framework necessary to describe mode-locked
(fiber) lasers. We begin by deriving one of the most general equations governing non-
linear short-pulse propagation in an optical waveguide. This equation reduces to the
well-known nonlinear Schrodinger equation (NLSE) for pulses > 100 fs, at least in
standard fibers.* The effect of gain on an optical field is then introduced in a ssimple
manner and the Ginzburg—Landau equation is derived. The equations governing fiber
amplifiers are listed and numerically solved for one of the doped fibers used in this
work. An introduction to lasers is then provided before mode locking is theoretically
addressed. The chapter concludes with derivations of the expected mode-locked pulse
shapes and their associated parameters for AM, FM, and saturable-absorption-based

mode locking based on Siegman’s time-domain approach.?

*Strictly speaking, the validity of the NLSE depends on the nonlinearity of the waveguide and the
pulse width and peak power being modeled.
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4.1 Overview of Nonlinear Fiber Optics

4.1.1 Generalized Nonlinear Schrodinger Equation

Our theoretical work starts with Maxwell’s equations: 11’

VxE= _88_? Faraday’s law 4.2
VxH=J+ 88_5) Ampeére's circuital law (4.2
VeD=p, Gauss's law 4.3)
VeB=0 No magnetic monopole (4.9

which govern the propagation of the electric E and magnetic H fields. In these equa-
tions J represents the density of free currents (both convection and conduction) and py
is the volume density of any free charges. Furthermore, the electric and magnetic flux

densities D and B, respectfully, may be related to the electric and magnetic fields via:
D = gE +P, (4.5)
and
B = uoH+ M, (4.6)

where g is the permittivity of free space, g is the permeability of free space, and P
and M are the induced electric and magnetic polarizations.

Electromagnetic fields propagate under the influence of Egs. (4.1)—(4.4), therefore,
we must take the effects of all of these equations into account to describe the propa-
gation of an optical pulse. Since optical media, such as fiber, are free from electric

sources and are al'so nonmagnetic
J=M=0. (4.7)

By taking the curl of Eq. (4.1) and using Egs. (4.6) and (4.7) we obtain:

VxVxE:—uOVx%—T. (4.8)
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Exchanging the order in which the spatial and temporal operators act on the magnetic
field (H) allows usto substitute EqQ. (4.2) into Eq. (4.8) yielding the generic wave equa-
tion that is used as the starting point for nonlinear optics:

1 0°E 0P

VXVXE:_?W_MOW7 (49)

where ¢ is the speed of light in the vacuum and is given by goug = 1/¢2.
Using the vector Identity V x V x E = V(V e E) — V2E and Eq. (4.3), we obtain the
wave equation

1 0%E 2P

2

The induced polarization is then split into its constituent linear and nonlinear contribu-

tionsvia
P(r7t) - PL(rat) + PNL(KU? (411)

which may be related to the electric field through the optical susceptibility y, atime
dependent causal function. In the case of optical fibers, which possess inversion sym-
metry (they are centrosymmetric), the second-order susceptibility vanishes (x(z) =0)

and we consider only the first- and third-order susceptibilities ¥* and x(® respec-
tivel y45, 118-120

PLIEY = &0 [ xVit—ty)-E(rt)dy (4.12)
PaL(Ft) :go///m 2Ot -ty t—to,t —t3)
E(7,t1)E(T,t2) E(T, t3)dt;dtodts. (4.13)

In these equations, - denotes the second-rank tensor multiplication and : denotes the
fourth-rank tensor multiplication with the electric field. Before continuing, the Fourier

transform .# and itsinverse .# —1 are introduced:

ZIAW)] = Alw) = /_ :A(t)ei“’tdt, (4.14)

FHAw)] =At) = %/:A(co)ei“’tda). (4.15)
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Equations (4.12) and (4.13) are substituted into Eq. (4.11) which is subsequently substi-
tuted into our wave equation (4.10). We then make use of the inverse Fourier transform

Eq. (4.15)] and the relation pipep = 1/¢2 to obtain
[Eq u

—VZ/ E(, )6 do — —V[V/

1 02
27c2 ot?

1 82 —iwt
o I du|-E(7.0)do

277:13C28t2/// [/// APt —ty,t—to,t —t3)

e |(w1t1+aht2+a>3t3)dtldt2dt3} E(T, a)l)INE(F’, (1)2) (T, w3)dwdwpdws. (4.16)

oo

E(f’,w)eiwtdw}

/ E(r,0)e do

Using Eqg. (4.14) and multiplying both sides of the equation by 2r, this can be written

as
V2/ E(F,0)e “'do — V[ /m E(F’,w)e‘i“’tdw]—%a—z/m E(r,0)e ®do
e c2ot? | o
;52/ 2(0) £ 0le o
1 /// % a)l,wz w3)e” i(w1+wp+-ag)t
27r028t2
'E(F, 01)E(F, 02)E(F, 03)dor dowpdws, (4.17)

where we have defined the nonlinear optical susceptibilities in the frequency domain

through their Fourier transforms
/ 2Dt —ty)e " @udty £ W (w)e (4.18)
and

[ ]| 2ttt —ge ot oo dy

2 5O (1, wp, wg)e @Oz, (4.19)



Next we interchange the order of operations for the integrals and the derivatives
| VEr o do- [ V[VeEro)]e dor 5 [ @R o) do
= —0—12/: o’y Y(w)-E(F,0)e ' dw
—ﬁ///i(wl—sz%—0)3)2X(3)((01,0)2,(U3)ei(wﬁwﬁws)t
E(F, 01)E(T, 02) E(T, w3)dan dwpdaws, (4.20)
then the Fourier transform of the entire equation is taken
/ /_ szé(r, 0)e 1 dpd®tdt /_ Z /_ Zv[v.é(r, )] e 1t doe 1@t
+C—12//_:wzﬁ(?, w)e ldpe®dt
= —C—lz//_:a)zx(l)(w)-E(F’,w}e‘i“’tdwei“”tdt
_(27r—10)2/ [ ]| (@t 02+ 037 (01, 02, ag)e-ilor ozt ot
E(F, 01)E(F, 00)E(F, w3)dw dwpdwse @t (4.21)
By introducing the Dirac delta function

/ T dotdt — 218 (w), (4.22)

we find

oo

2n/°° V28(0 — w)E(T, a))da)—Zn/ V[VeE(,0)] (0 — w)do

—oo

2r [ ~
+z 7m5(w'—w)a)2E(F’,a))dw

2t [ ~
=-= 7006(@’— )0’y Y (w)-E(F,0)do

1 oo
“ond / / / 5(o' — 1 — wp— w3) (1 + w2+ 03)°x ¥ (w1, 02, 3)

iE(T, 01)E(T, 02) E(T, 03)dwrdwpd 3. (4.23)
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Dividing through by 1/27 and performing the integrals over @ and ws gives us

. N 0)/2 . w/z .
VZE(F,0) ~V[VeE(.0)] = —FE[.o) - 51 (e) EF o)

—w—lz//w 2 (01, 02,0' — 01— )
(2rc)2 ) J-w T
EE(F’, a)l)E(F’, a)z)E(?, o' — w1 — wp)dwdawy. (4.24)

Replacing o’ with o, w, with —a,, and using the relation A*(w) = A(—®), we obtain

a nonhomogeneous Helmhotz wave equation in the frequency domain:

2

VE(F,0) -V [VeE(F, 0)] + %gm(w) E(F,0) =

(D2 oo
o7 3 (o1 — . gy
(271:0)2//00% ((D]_, 2, ® 0)]_+0)2)
E(T, 0)E" (7, ) E(T, 0 — 01 + wp)dand e, (4.25)

where we introduced the tensor eV (w) = [1+ ¥ (w)]. Thisis just the anisotropic
Helmhotz equation driven by anonlinear term.

We now restrict our focusto isotropic optical fiber. Moreover, by ignoring any fiber
birefringence, we note that

&(w), 0, 0
eDw)=| 0 g, 0 |=cto) (4.26)
0, 0, &(w)

where [ isjust the identity matrix and ¢(w) isscalar. Because we have ignored birefrin-
gence, wefind that Ve E(F, ) = Oin all of our equations. In general, £(®) is complex,
since ¥ can be complex; this motivates us to separate it into real and imaginary
parts™

2 2( )2
e(w) = [n(a))-l—ia(z?o)c} = nz(w>+in(co)a(a))c_ aiz))gc ,

where n(w) is the wavelength dependent refractive index of the material and o(w)

(4.27)

accounts for the material’s wavelength dependent loss. At optical frequencies, where

o ~ 1.5 x 108, the final term is negligible and

(4.28)



86

Using these simplifications and multiplying out the eV () tensor, we find asimplified

eguation suitable for describing pulse propagation in optical fiber

V2E(F,0) + n(0)?k(0)E(F, ) +in(o)k(w)a(o)E(F, o)

K@) [
- _(27'5)2//00% (a)la_wbw_wl—i_a&)
‘E(F, 01)E"(F, 02) E(F, 0 — 01 + wp)dwyday, (4.29)

where we have introduced the dispersion relation k(w) = w/c. In order to proceed
analytically, we must make several simplifying assumptions starting with the approxi-
mation that the spatial and temporal effects are independent from one another. Strictly
speaking, this limits the generality of all the work that follows to low-power (< 1 MW)
guided-wave applications, since spatial-temporal effects are ignored. The motivation
behind this assumption isthat it allows usto apply separation-of-variablesto Eq. (4.29)
by postulating that the electric field takes the general form:

E(F,0) = Az 0)K(TL, 0)dX %R A (2 0)F/(7,,0)dH %
+ Az, 0)5(T |, 0)eP@)7 (4.30)

This ansatz is then substituted into Eq. (4.29), where Bj(w) is the propagation constant
of the j™ component that can also be written as nest (w)w/c, Fj(F ., ) is the spatial
variation of our field, and A,-(z, o) is the temporal variation of our field. However,
because we have chosen to ignore birefringence, all of the propagation constants in
Eq. (4.30) areidentical; therefore, weintroduce 8 = B;. Thisalows oneto obtain three
coupled nonlinear partial differential equations which govern the propagation of the
electric field. Following convention, we choose to work with the E; (and H) fields at

the moment. Substituting E; from Eq. (4.30) into Eq. (4.29), after multiplying through
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by e FWZ thisresultsin:

(T, o) {%jtﬂﬁ(a))w +,5\j(z,a)){Vilfj(ﬂ,a))
+ [M?(0)K* (@) +in(w)a(o)k(o)] Fj([L,0) - BX(0)F (L, o)}
2 oo
_l(<2§za)2//w?f(s)(“’b—“’%w—a’1+a’2)5A(Z» o1)F (FL, 01)A* (2, 02)F* (71, @2)
XAz, — 01+ 0)F (F 1,0 — 01+ )P d o dw,, (4.31)

where we have introduced AB = B(w1) — B(@2) + B(w — w1 + @w2) — B(®). In the
above expressions, j = z, however, we can obtain identical equations for the other field
components if we set | = x,y. Also note that in Eq. (4.31) we did not multiply out the
third-order susceptibility tensor. Although this could be doneif one wished to, it would
constitute a very messy and ultimately unnecessary step in our treatment.

Since we have assumed that spatial and temporal functions are independent, we can
proceed with the basic separation-of -variables approach by splitting Eg. (4.31) into two
Separate equations. a spatial one

Aj(z0) [VAF(TL, o)+ (0)k*(o)F (L, o) — B*(0)Fj([L,0)] =0 (432

and atemporal one

25 ~ A
Fi(F, o) {%Hn(a))a(@k(w)m(a “’sza))w
2 oo
=— l((ZEra))g //_wx(i%)(a)l, — (2, ® — 01+ 2)'A(Z, @1)F (T, 01)A" (2, 0)
<L 0)AZ 0 - o1+ @) (L0 -0+ o) dode,, (439

where | = z in this case. Under such conditions, we must satisfy Eq. (4.32) for the
expected spatial distribution of our field subject to the boundary conditions of a given
waveguide. Moreover, Eg. (4.33) must be satisfied by a temporal-field distribution.
However, since the solution to Eg. (4.33) includes the spatial distribution, which must
be obtained from Eq. (4.32), we must proceed by solving Eq. (4.32) first.

Fortunately, in order to fully describe our spatial field, it is only necessary for us
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to describe two of the six field components’ (here we are focusing on E, and H,);
the other four components can easily be found through Maxwell’s equations. We now
further restrict our focus to the investigation of a cylindrical beam propagating in our
waveguide. In order to do, so we define our spatial distribution and the V | operator in
cylindrical coordinates:

V2 = Ei( a)+ri2887)22 (4.34)

and change the coordinate system of our spatial distribution
Y(r¢) = F(F,0)e '™, (4.35)

where we have dropped the frequency dependence of the field for simplicity and have
introduced the integer constant m, which insures that the field is periodic in 2. Equa-

tion (4.32) may now be written as

m2

r2

0?¥(1,9) | 10¥(10) |

~ 0+ 2 P (0)k() - B(0)

Y(r,¢)=0, (4.36)

which is just Bessel’s differential equation. If n?(w)k?(w) — B%(w) > 0, it has the

following solution:

W(r,¢) = CeIm(dar) +Ca¥m(aur). (4.37)

In EqQ. (4.37) g1 = /n(0)K3(w) — B2(®), In and Y, are the Bessdl functions of the
first and second kind of order m, and constants C; and C, are determined by the bound-

ary conditions. However, if n?(w)k?(o) — (o) < 0, Eq. (4.36) is solved by

W(r,¢) = Calm(dar) +CsKm(q2r), (4.38)

where gz = —i/n?(w)k2(w) — B2(®), Im and Kn, are the modified Bessel functions

of the first and second kind of order m, and constants C3 and C4 are determined by

THad birefringence been included, our spatial distribution would be more difficult to determine and

this simplification would not be applicable.
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Ncore
> I

Ncladding

Figure 4.1: Cartoon depicting the refractive index variation of step-index fiber.

the boundary conditions. To continue from here, it is necessary to choose a specific
waveguide. Let us now investigate the optical field's spatial distribution in an optical
fiber by applying the appropriate boundary conditions. Assuming we are considering
a step-index fiber (n=n1 for r <aand n=ny for r > a where a is the radius of the
coreand n; > np seeFig. 4.1), C; = C3 = 0 and the spatial profileisgiven by E;(r,¢) =
C1Jm(aar)€™ and Hy(r,¢) = CsJm(qir)€™ inthe core and E;(r, ) = C4Km(cpor )€™
and H,(r, ) = CgKm(azr )€™ in the cladding.

From Eq. (4.1) we can find the other 4 components of the electric and magnetic

fields, assuming E; and H; are known, via

£ - qL% (B + toe ) (439
Ey = qL% (g%—iz —u w%—t‘Z) (4.40)
" qL% < ] a;ruz B eor:%co a:;) (4.41)
Hy = qL% (€%+eon§w%?> , (4.42)

where p = 1,2 here. By substituting our field ansatz into Egs. (4.39)—<4.42) in both
regions and matching the boundary conditions (*E, = 2E;, H,= 2H,, 1E; = 2E,,
and 1H, = 2H,), where the superscripts denote the fields in either the core * or the

cladding 2, we obtain a set of four equations that must be satisfied. In order to satisfy
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Eq. (4.32), wefind

Jm(Qla) ) 07 - Km(q2a> ’ 0 C
07 Jm(Qla>7 07 —Km(QZa) C5
Bm oy Bm P =0. (4.43)
ag (), —qIn(a), z2Km(d2a), —Km(®a) | | Cy
i N2 P 2
(o), Rdm(ca), GEKh(cea), LoKm(cea) | | Ca
We have introduced the following shorthand notation:
dKm(qjr)
K/ (Qr) = —2L 2 4.44
dJm(qu)
J(gir) = ———2. 4.45

Nontrivia solutions are found only when the determinant of the matrix in Eq. (4.43)
eguals zero. Although some simplifications may be introduced in order to streamline
the mode treatment,* no simple solution exists and one must use a computer in order
to determine the propagation constant 3 even in the presence of these simplifications.
After asolution is obtained for 3, one can determine the coefficients necessary to con-

struct the fields using the following relations:

~ Jm(aur)

Cy = Ken(0p2) C (4.46)
~ JIm(aar)

Cg = Km(qza)cs (4.47)
_ —ipmT 1 1] [Jh(@a) | Kh(ea)] ™

= ®}ioa [qi Q%] Lm((ha) " Kn(2) @ (448)

Since it is straightforward to solve Eq. (4.43) for propagation constants that sat-

isfy it, we do so for a waveguide with a core radius of 4.5 um, neye = 1.452 and

*The interested reader is referred to Refs. [121], [122], [123], [124], and/or [45], which investigate
these issues (in decreasing degrees of detail). Moreover, these books present some of the simplifications

commonly made including the L P mode treatment.
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Figure 4.2: Components of the electric field predicted for the fundamental mode in this example. ()

depicts |E; |2, (b) depicts |Ey |2, () shows |E,|2. The transverse unitsin the figures arein um.

Ngad = 1.450. Investigating the mode structure of this waveguide for light with a car-
rier wavelength of 1050 nm, we find only one solution: B = 8.682 (um)~1, where
m= 1. Since only one solution exists, in this case the HE;1 mode, this would be re-
ferred to as a single-mode fiber. In the rest of this thesis we only consider single-mode
fibers; issues relating to mode coupling, which can exist in multi-mode fibers, are ig-
nored. Another important discovery is that when comparing the relative strengths of
the various terms in Fig. 4.2, we find F,(T |, ®) < Fj(T |, ®), where j =, ¢ or if one
changes back to cartesian coordinates j = x,y. It is aso noted that Eq. (4.32) will be
satisfied for the other field components [Ex(T, ®) and Ey(F, )]. Therefore, aslong as
we can assume the light propagating in afiber takes on one of these spatial modes,® we
can be confident that Eq. (4.32) is satisfied and we can shift our attention to searching
for asolution to Eq. (4.33).

Equation (4.32) must still be solved. However, since we found that F(F, , 0) <

F; (., ®), we can, to agood approximeation, ignore E; completely by setting it to zero.

8This assumption is almost always made in practice. However, situations can arise when this as-
sumption becomes questionable or false; for example, the introduction of long-period gratings, fiber
deformities, or stresses can couple the fiber modes to cladding/radiative modes. In these cases, care must

be taken to asses the validity of the assumptions made in this derivation.
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This approximation now |eaves us with two coupled equations that govern Ey and Ey (or
r and ¢). Further investigation reveals that, although the mode structure changes with
the polarization in abirefringent fiber, that is Fx(F', , @) will differ from F(F, , ®), such
effects are small in standard single-mode fiber and can be ignored in practice.m There-
fore, we assume F(T' |, @) ~ Fy(F, , ). This reduces the problem of nonlinear pulse
propagation in an optical fiber to the system of coupled equations given by Eqg. (4.33)
where j = x,y. In this treatment, the two fields can be assumed to share the same spa-
tial mode profile; polarization is now accounted for by the terms A(z, @) and Ay(z, )
which couple to each other through the nonlinear term. This can be seen by expanding
the tensor in Eq. (4.33) subject to al of the simplifications listed above.

Although one could continue with the derivation for the propagation of an arbitrarily
polarized pulse, it increases the complexity of our treatment due to the susceptibility
tensor. Since we did not investigate vector-based pulse propagation in this work, we
now further restrict our focus to the propagation of scalar pulses. Focusing on scalar
pulses, we finally eval uate the susceptibility tensor, noting that although Eq. (4.33) does
not admit a general analytic solution, we can ssimplify it a bit.

If we neglect all resonant electronic nonlinearities we can use Kleinman symmetry
to simplify the third-order susceptibility by noting that it only depends on the frequency
differences within the wave.*'% 12> Therefore, we introduce g(w), where for our scalar

field,| ¥ 3 (w1, — @, @ — o1+ 0p) = (27) 2 ng( @1 — @), xi is now awavelength

TStandard single-mode fiber does possess weak birefringence which leads to effects such as
polarization-mode dispersion. Nevertheless, these effects are weak and do not strongly influence the

mode structure. In strongly birefringent fiber, however, thisissue warrants further investigation.
INote that we are now working with a scalar field only, A. If one has a field that is not linearly

polarized, this treatment would have to be applied to two coupled governing equations of this form
by noting that the nonlinear susceptibility would take a different form since the tensor will couple the
two polarizations through the last term; see the chapter entitled “ Cross-Phase Modulation” in Ref. [45]
for such a treatment. Also note that g(w) includes the nonlinear response due to Raman scattering.
This effect has strong polarization dependence and therefore the functional shape of g(w) will change
depending on the exiting field.
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independent scalar nonlinear coefficient, and g(®) represents the causal response of the

medium or the frequency dependence of the tensor.1?> This gives us

~

JA(Z, )
0z

F(FL, o) [% +in(w)a(w)k(w)A(z, 0) + 2iB (o)

—I2 () 2300 / / 9(@ — w)A(z, 01)F (T, an)A* (z, o)

XF*(?J_,(})z) (za) w1+a>2)lf(ﬂ,a)—a)1+a)2)emﬁzda)1dw2, (4.49)

where we have dropped the subscripts since our field is now assumed to be scalar.
By multiplying this equation by F*(F,,®) and then integrating over the spatial
coordinatesr | , we obtain

9%A(z, )
972

Az, )
0z

— ook (@ // (0, 01,02)9(01 — ©2)
x Az, 01)A"(2,02)A(z, 0 — 01+ )P dandap,  (4.50)

+ in(w)a(o)k(w)A(z, 0) + 2iB (o)

where we introduced

J2 F (T, 0)F* (T, op)F (T, 0 — o1+ ap)F* (T, 0)d?T|
oL IF (P, w)]2d?F

H(w, w1, 02) = . (4.51)

We now argue that our field changes slowly such that 92A(z,Q)/dZ ~ 0. This
simplification, known as the slowly varying envelop approximation (SVEA), is valid
for pulses > 20 fsand is thus valid for the work in this thesis which mainly focuses on
picosecond pulses.

At this point, there are two directions in which we can proceed. We will follow the
more rigorous of the two and then present the results of the other approach at the end,
since it more closely mirrors the commonly used approach.

In order to continue, we re-define our temporal field in such away that the spatial

variation due to H(w, w1, ®2) can be brought outside of the integral. Following the
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derivation in Ref. (120),** we introduce

H(w, 01, 02) ~ 1/2/S(01)S (02) (1 + 02 — 0) S (o), (452)
where S(w) can be written in terms of the effective area of the fiber through

_ Agt(o)
S)= At () (453)

and the effective area is defined by
o | 2 2 2
[ B )P
fj"oo “E(?Lv w>‘4d2r‘l

Adt(@) = (4.54)

We aso introduce a slowly varying envelope such that out field can be written as

$(Q,2) = \i@ Y/ w)A(z, w)eB(@) Pz (4.55)

where we have introduced afrequency detuning from the optical carrier viaQ = o — ayp
and Qn == (Dn - 0)0
By dividing Eq. (4.50) by B ()" and substituting Eq. (4.55) into the result, subject

to all the simplifications above, we arrive at

\“/% { &(p(azég) —i[B(@)—Bol 0(z Q)} e ilB(@)—Polz

nea(@) V2 - ~i[B(0)—Polz
2ngt (o) \4/S(w)¢(z,§2)e
) k(@
_'gneff / / (Q1— Q2T )bz )
x¢* (z,92)¢(zgz Q1 +Qp)e ' Blo)=holzq0y, dQ,. (4.56)

By multiplying through by the common elements, we find

WD i) polbz0) +

n(w)o (o) ~
2neit () $z0)

:—ixmxwo\/s(_w(lJr )// (Q1—Q2)$(z.Q1)

X0 (Q2,2)0(2,Q— Q1 +Q)dQ1dQs. (4.57)

**The rest of the derivation presented here follows directly from Ref. (120).
Trecall that B () can also be written as nes (®) ®/c
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Finally by introducing a nonlinear coefficient,

(3)
Ao @0/ S()
o(w)= , 4.58
(©)="% Nef (@) (459
we obtain the generalized nonlinear Schrodinger equation in the frequency domain
5(5(2, Q) ) ~ Ot () ~ . Q
0z - I[ﬁ(w)_ﬁ0]¢(zvg)+ 2 Q)(Z,Q)—lG(a)) 1+%

. / /Z 9(Q1 —Q2)$(2 Q1)9" (2, Q2)9(z, Q — Q1 + Q2)dQ1dQ7, (4.59)

where o (@) is the total loss due to the intrinsic material loss as well as any waveg-
uide induced losses. However, our field ¢ (z Q) now depends on the mode structure.
Thisphysically intuitive result isboth analytically and computationally difficult to work
with. Moreover, any minimal increase in accuracy provided by this treatment is mit-
igated by the increased difficulty in working with this approach. As a result, we now
repeat the derivation of the previous two pages under a more general assumption.

The other approach we could have taken makes the more questionable assumption
that our mode profile is approximately constant with respect to the integral and that it
can be removed from the integral. More specifically, it assumes
o |F (L, o) d?ry

Actt () '
By using this assumption and introducing a slowly-varying field, we redefine our field
A through

(4.60)

H(w, o, m) ~

AzQ) = Az w)é[ﬁ<w>ﬁolz\/ / (L @) Pder, (4.61)
and use thisresult in EQ. (4.50) to arrive at
oA . - - .
A~ ilpo) - pAze) + 50 o) (14 )

x / / T g(01 - Q2)A(z 0)A (2, 22)AZ,Q — Q1 + Q0)dQ1d0;, (4.62)

where y(w) is defined via

PRSI,

20 Ner 1 (0)Aer (@) (469

V(o)
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Strictly speaking, the above equation is completely general; however, it is difficult
to solve in practice because the parameters it requires are not well documented. Fortu-
nately, if we concentrate our focus on the propagation of fields centered on wp, we can
Taylor expand the effects of the propagation constant 3, the loss o, and the nonlinear

term y around o using the following relations:

-y %Q”, (4.64)
n=0""
Oeft () = 2 ZTQ : (4.65)
n=0
OEDY %Q”. (4.66)
n=0""

Using the above Taylor expansions we can still obtain a high degree of accuracy. More-
over the lower order terms used in the expansions can be experimentally or computa-
tionally determined. Using these expansionsin Eq. (4.62), we arrive at

ﬁnQ 18 onQ" - el Q
2 +§nzo 0z =i (1+—)

n=0 o

8Az£2

X / / 0(Q1 — Q)A(z,Q1)A (2, Q2)A(Z, Q — Q1 + Q)dQ1dQ,.(4.67)

We can also write this equation in the time domain. Because we Taylor expanded
the frequency dependent terms, this can be done without the need to include any extra

convolution integrals. Therefore, by using the Fourier transform, we obtain
dA(zt) 1& i"op o" < 0B o"
0z + 2Z n! 8t”A( - El n ot (1)

n=0
B S (AN ST ot 2
= |n§b - 3m (1+ at)A(z,t)/_wg(t)\A(z,t t')|*dt’. (4.68)

Conventionally, it is assumed that the pulse spectra are narrow enough such that

y(®) and o) are essentialy constant over the pulse spectrum. On the other hand,
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since B is a phase term, a small change in 3 can still lead to a large change in our
field; therefore, we use the Taylor-expanded version of this term. Nevertheless, we
truncate the Taylor-series expansions for y and o after the first term. To the best of my
knowledge, this is always done in practice. To adhere to convention, we define oc 2 oy

and ¥ £ o which enables us to arrive at**

IAZ) = "B, 9 i 9
9z +2 Zt_'z e YH_%

x Az t) / gt Azt —t')[2dt’, (4.69)

where the term g(t) is given by'®

g(t) =bd(t) + (1 —Db)gr(t). (4.70)

Equation (4.70) describes the medium’s response, where 6(t) represents the instanta-
neous response, known as self-phase modulation (SPM), and gg(t) describes the de-
layed response due to stimulated Raman scattering (SRS), which can be modeled by
two Lorentzian's in the frequency domain although it is highly polarization depen-
dent.1? In Eq. (4.70),

2 2
AT ep(—t/2) Snft/Th(t), @71)
(AN

or(t) =

where 7, 1 givesthe phonon frequency, T, ! determines the bandwidith of the Lorentzian
line, and h(t) is the heavy side step function which insures causality. The constant b
determines the relative strengths of the Kerr and Raman processes. In optical fiber,
these parameters take the values of b = 0.18, 71 = 12.2 fs, and 1, = 32 fs.1%

# Although the spectral dependent loss most likely plays a small role and can be ignored, people
modeling supercontinuum generation or intense pulses with broad spectra may wish to take some of the
higher-order (with respect to the frequency dependence) nonlinear termsinto account. | suspect that this

will happen in the near future.
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4.1.2 Nonlinear Schrédinger Equation

The nonlinear Schrodinger equation is, without question, the most well-known equa-
tion in nonlinear optics. Although it can be derived in a manner similar to the GNL SE,
since we have aready derived the more general of the two equations, we need only
restrict its applicability.

If we investigate pulses with widths > 100, fs we can approximate the electronic
response in Eq. (4.70) as being instantaneous (gr(t) ~ §(t)). As with the ¥V sus-
ceptibility, ¥(® is, in general, complex and can be split into real and imaginary parts.
Therefore, one obtains aterm o (ny 4 io)|A|? where ny is the nonlinear contribution
to the refractive index and o is an intensity dependent loss which can be attributed
to two-photon absorption. In what follows, we assume that two-photon absorption is
negligible. Furthermore, we limit our investigations to pulse propagation in the pres-
ence of finite dispersion. In such cases, pulses cannot develop shocks; that is, they do
not acquire infinite slopes, and it is valid to ignore the self-steegpening term given by
d/adt in Eq. (4.69) by setting it to zero. If one also assumes that higher-order dispersive
effects (n > 3) do not play a strong role in the pulse shaping, we obtain:

DAY . IAZY) B PAzY)
0z TR AT,

—iyA(ZD)|AZD)2.  (4.72)

By performing the so-called Galelian transformation, changing to atimeframelocal
tothepulse (z= & and T =t — 312), we obtain a modified NLSE which includes the

effect of loss:

2
aAg%T) +i%a g(TéﬁT) = A TIPAE.T) - ZAET). (473

By introducing W(&,T) = A(E, T)exp(—a& /2) and ¥ = yexp(—aé&), we obtain the
traditional NLSE

2
Né&ajj) i%% =iy |W(E,T)P¥(E.T). (4.74)

Of coursethisequation isalso obtained for |ossless propagation since oo = 0in Eq. (4.73).
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4.1.3 Ginzburg-Landau Equation (GLE)

If we assume a gain media may be approximated as a pumped two-level system, then
the effects on the field should be obtained by solving the Maxwell-Bloch equations for
the specific dopant. Unfortunately, by using the Maxwell-Bloch equations, we restrict
our treatment to a two-level system which is not consistent with a doped fiber. Due
to the amorphous nature of silica glass and the manifolds which participate in the gain
process, the emission and absorption spectrum for doped fibers are not simple functions.
For this reason in addition to brevity, we omit such a detailed derivation and simply
point out that in the most simplistic sense every gain media must saturate. Since it
cannot provide more power than it is pumped with, energy must be conserved. In
general, propagation through such a gain media, ignoring dispersion, nonlinearity, etc.,
isgoverned by

e = 5| at-tAt.d N, (4-75)

where we have introduced a noise term N(t) due to amplified spontaneous emission
(ASE). In the case of rare-earth doped fibers, where the upper state lifetimeis ~ 1 ms,
the saturation is based on the average power traveling through the gain media and may

be written as

g(t,2) = 1+va°€((22)) o / ng(w)ei“’tda). (4.76)

In EQ. (4.76), go(2) is the maximum small signal gain available at any location in the
gain media (this allows one to take pump absorption into effect) and §s(w) is an arbi-
trary function which describes the normalized wavelength dependence of the gain. By
introducing our gain term in this manner, we alow ourselves the ability to account for

the shape of the emission cross spectrum if we wish. In this equation,

Pave(2) - /Tm/Z‘ (t,2)[dt (4.77)
2)=— At,z :
ave Tm Tm/2 ’

isthe average power passing through the gain medium (assuming a mode-locked laser),

where T, isthe spacing between adjacent pulsesand isinversely related to the repetition
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rate of the system.
For an ideal two-level homogenously-broadened system, the spectral shape takes a
L orentzian profile*?®

1

= 478
1+ (0 — 0g)2T? (4.78)

Os(w)

where we have introduced the dipole relaxation time T,. In general, the gain in fiber
lasers and amplifiers is inhomogeneously broadened due to the amorphous nature of
silicaglass. Such again spectrum is usually more consistent with a Gaussian shape, yet
the Lorentzian approximation is commonly used asit allows one to develop an analytic
treatment and produces good results. Regardless of the shape chosen, the gain spectrum

can always be approximated as
gs(®) =~ 1— (0 — ag)°TZ, (4.79)

by Taylor expanding it; however, we caution that this shape is only valid around ay.

To continue, we assume that the carrier wavelength of the light to be amplified is
closeto wg (wg ~ mp) and substitute Eq. (4.79) into Eq. (4.76) which, using the Fourier
transform, gives us the effect of the gain medium on the optical field:

A(t,2)  0o(2)/2 d%A(t,2)
s = i AV 5 (450

Next we assume that the gain and the optical intensity of our field are constant through-

out the length of our gain medium which simplifies our result to

aA(t7 Z) ~ Osat ZaZA(tv Z)
Jz NT[A(t’Z)+T2 Hz |

(4.81)

where gszt = go(1+ Pave/Pﬂ)—l. This assumption is only valid for lasers where the
losses are small and evenly distributed. Therefore, Eqg. (4.80) must be used to model
laserswith large losses. In order to develop an analytic treatment in what follows, how-
ever, we assume that Eq. (4.81) isvalid.

So far this derivation has ignored the effects due to propagation in an optical ma-

terial as previoudly derived in this work. We may include these terms by noting that
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although the parameter values may have a complicated dependence when the material
is pumped (or excited), but their values should be fixed for a given set of parameters.
Thus, we simply add the effect of gain, as shown in Eq. (4.81) to the NLSE [Eq. (4.73)]

where we choose to retain the effects of dispersion up to third order:

IA(E, T i . PAE, T) 13°AE,T
ffé o BT O T

= YA TIPAE. T) + 5 (G~ ) AE T) AN (482)

Although Eq. (4.82) has no known analytic solution, if the effects of the noise
term and third-order dispersion (TOD) are both ignored, this equation reduces to the
well-known Ginzburg—L andau equation, which has the following shape-preserving so-

lution'?” known as an autosoliton'?® or a dissipative soliton:1%°
A(,T) = asech(T /7)] " exp(ixg), (4.83)

In Eq. (4.83) the various terms we introduced are related to those of the system through

the relations
2
2 = —g’ztz - szq, (4.8)
1
@ = 5 2 (0 ~2) Po+ 3Tl (485)
1
K= 53 [(1-0) B~ 2070, (4.86)
3p2 3B \°
= + 2. 4.87
; ngathz \/(2933th2> - ( )

The implications of such a solution will be discussed later in this thesis as they apply

to mode-locked lasers.
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4.2 Introduction to Fiber Amplifiers

The GLE incorporates optical amplification in a simple-minded fashion. Although the
GLE can predict pulse propagation in a fiber amplifier accurately, it assumes fixed
parameters for the gain and the gain saturation; they are therefore assumed to be known
guantities. Moreover, the GLE ignores the effects of emission cross section and can
only treat amplifier noise [commonly referred to as amplified spontaneous emission
(ASE)] simplistically. If low power light is to be amplified, the background noise can
grow to be large and ASE may play a significant role by causing deleterious effects
such asenergy fluctuations, timing jitter, and/or carrier frequency fluctuations. Its effect
may be included in the GLE in an approximate fashion by assuming a noise photon is
added to each mode through N(t). Yet, when one is dealing with input signals of larger
powers, those which saturate the gain media, the characteristics of the amplifier change
because the signal can cause the ASE spectrum to shift as exited electrons are quickly
converted to stimulated emission at such a high rate that the spontaneous emission,
responsible for seeding the ASE, can be reduced.

As a conseguence, one can devel op accurate models for systems using the GLE for
specific values of small-signal gain, gain saturation, and gain filtering. Asthe power of
the pump used to invert the gain mediais increased, however, these parameters change
in acomplex way. Experimentally, the gain mediamay be re-characterized for different
pump powers, but it is difficult and time consuming to do so. Because of these facts, it
can be both useful and insightful to treat a gain media by using amore thorough model.
In this section, we do so by using the rate-equation approach. Focusing on ytterbium,
which has asimple energy level structure accessible to optical frequenciesthat consists
of two manifolds (see Fig. 4.3), we could derive the rate equations that govern the
various signal powers in the gain media. However, in an effort to be pragmatic, the

following rate-equations were cited from the work of Kelson and Amos:130
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Figure 4.3: The energy level diagram for ytterbium showing the 2, ground-state and 2Fs, excited-
state manifolds, which are optically accessible for wavelengths ranging from ~ 800-1100 nm. oap
represents pump absorption, cep Spontaneous emission due to the pump, and o, and o, are the cross-

sectional absorption and emission coefficients.

Py(2)0a X
Na(2) p(ﬁlchpru%A [ 6a(A)P(z,1)AdA -
N WJ\G")FP +14 L5 [[0e(A) + Ga(A)] P(z,A)AdA

dP=(z

+ 32( o —Tp{0apN + (Gap+ 0ep)N2(2) } Py (2) — (2 Ap)Py (2),  (4.89)
dP*(z, A

* d(z ) = Fe{[oe(4) + 0a(2)]No(2) — 0a( AN} P (2. 1)
+ Ts0e(A)N2(2)Po(4) — (2, 4)P=(2.4), (4.90)

where Py(2) = Py (2) + P, (2) and P(z,A) = P* (2, A) + P~ (z A).

The derivation of Egs. (4.88)—«4.90) isfairly straightforward as it ssimply considers
the effect of a pump on a gain media where N = N1 (2) + N»(2) is used to eliminate
N1(z). Inthis equation, N; represents the number of electronsin level j, Aisthe effec-
tive area of the spatial mode, 7 isthe lifetime of the gain media, and T'j is a coefficient
that describes the mode overlap between the pump and the signal. Moreover, the func-
tions oap = Ga(Ap) and oep = Oe(Ap), Where A, is the pump wavelength and og(A ) and
oa(A) represent the emission and absorption cross sections respectively. Py(z) repre-
sents the pump power and is given in watts whereas P(z, 1) represents the signal and
ASE power and is given in units of watts/meter; both signals may be bi-directiona as
the fiber may be pumped from either or both ends and the ASE is always bi-directional .

These equations are easy to solve using a finite-element approach and the cross-

sections for ytterbium shown in Fig. 4.4(a). Figure 4.4(b) shows the variation in ASE
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Figure 4.4: (a) The absorption (solid) and emission (dashed) cross-sections for aytterbium-doped fiber
(after Ref. [1]). (b) The forward ASE (solid), backward ASE (dashed), and total ASE (dotted) obtained
by solving Egs. (4.88)—(4.90).

powers for the forward and backward propagating ASE as well asthe total ASE power
along the fiber length. It was created using parameter values for a 5.2 inch piece of
heavily-doped (o = 1170 dB/m) ytterbium fiber used to build a short-cavity laser. Fig-
ure 4.4(b) reveals that the fiber is not heavily pumped, as we can see the forward ASE
rolls off since the pump has been heavily absorbed by the gain media. This fact was
confirmed both computationally and experimentally by plotting the spontaneous emis-
sion as afunction of fiber length in Fig. 4.5(a). Figure 4.5(b) shows the backward ASE
spectrum predicted by thismodel. It isworth noting that Figs. 4.5(a) and (b) show good
agreement between experiment and theory. The jagged featuresin Fig. 4.5(a) are due to
scattering off of small defects in the cladding or variations in the dopant concentration
with fiber length. For example, the small peak seen at ~ 0.12 m is due to a splice be-
tween the doped fiber and a standard single-mode fiber. The discrepancy between the
calculated ASE spectrum and that measured may be attributed to a difference between
the actual absorption and emission cross-sections for this fiber and those used from
Ref. [1].



105

Power (AU)

-0.04 0 004 0.08 0.12 0.16 980 1000 1020 1040 1060 1080 1100
Location (m) Wavelength (nm)

Figure 4.5: (a) Experimentally collected spontaneous emission (collected by scanning the side of the
fiber with a power meter) as afunction of fiber length (solid) and the numerically predicted spontaneous
emission (dashed). (b) Experimentally obtained ASE spectrum (solid) and the numerically predicted
ASE spectrum (dashed).

4.3 Elementary Laser Theory

A laser is simply an optical feedback loop; that is, an optical field passes through the
same amplifier multiple times, thus feeding back on itself. It stands apart from its
passive cousins — Fabry—Perot interferometers and ring cavities — in that it provides
amplification to the field which existswithin it. In this sense, asimple analogy to alaser
would be when one placesamicrophone directly in front of its associated audio speaker.
As discussed above, there is always some ASE in an amplifier system; in this analogy
the speaker always emits some “ static.” This sound will be detected by the microphone,
converted to an electronic signal, amplified by the system, and the output amplitude,
i.e. the volume of the speaker, will increase. Everyone has experienced this at a concert
or other venue and it represents a well-known active feedback system; in general, it
results in an intense shrill sound being emitted by the speaker (as the system’s gain
saturates) and is only eliminated when the microphoneis moved away from the speaker,
certain electronic filters are applied to the signal, or the sensitivity/gain is reduced.

This is also the operating principle behind a simple cw laser. We now investigate the
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Figure 4.6; A simple Fabry—Perot laser cavity. M1 and M2 are highly reflective mirrors, and we

assume that a small percentage of laser light “leaks’ out the back of at least one mirror.

effects of propagation in such a system by starting from Eq. (4.82). Since we do not
expect pulsesin such alaser (in this simple-minded treatment), we ignore the effect of
dispersion and afinite gain bandwidth. Moreover, if we focus on low power levels, we

can ignore the nonlinear terms as well. Ignoring noise, we then obtain

dA¢g) 1 ( g
& -2 1+ Pave/Psat

In this case, o takes into account material losses in the cavity, scattering losses, and

oc) AE). (4.91)

the “loss” due to the output from the output coupler(s) or mirror(s). When go(1+
P;,“,e/PsaI)*1 = o, we say that our laser has reached threshold since the field inside the
cavity isconstant: dA(§)/d&E = 0. At this point, the gain becomes clamped, i.e. gsat =
o Otherwise our field would gain power without bound: an un-physical situation. If we
pump harder, we expect that the output power will increase; however, with this smple
model, we are unable to accurately factor the pump power into the expression since
we do not know how gg or P depend on pump power. It is possible to derive simple
relations which predict this dependence, but, they are only valid in limiting regimes.
For example, one such result predicts that Py is fixed and only gg varies; thisis only
valid for weakly pumped systems as P also depends on the pump power.

To circumvent such issues, consider placing mirrors on either end of an amplifier
(described by the equations in the previous section). Using this approach, we are able
to accurately predict the role pump power plays. The result is that the output power
grows from nothing until a transition region is entered. In the transition region, the

output power grows exponentially with respect to input power until the laser reaches
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Figure 4.7: (a) Output power as a function of input power. (b) A log-log plot reveals the below-
threshold (pump <34 mW for this laser) dynamics including the phase transition, which cannot be re-

solved in (a).

threshold,* after which point the laser output power maintains alinear relationship with
the pump power until the gain medium is no longer able to supply gain or thermal
or nonlinear effects become important. This behavior can be seen in Figs. 4.7(a) and
4.7(b). Figure 4.7(a) shows the conventional picture of laser behavior where a sharp
transition region exists ~34 mW. From this point on the output power is linear with
respect to the pump power; thisis one reason that slope efficiency is a valuable figure
of merit for lasers. By plotting the same dataon alog-log plot in Fig. 4.7(b), we clearly

see the phase transition that occurs around 15 dBm.

4.4 Overview of Mode Locking

Mode locking is atechnique that can be applied to alaser to coax/forceit into producing

pulses as opposed to cw light. Although mode locking may be described in either

*Note that the threshold predicted by this model will deviate from that predicted in Eq. (4.91) above

due to the presence of ASE in this treatment.
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the time domain or the frequency domain, as discussed in the introduction, this thesis
focuses on the time-domain picture since it hasled to more analytical resultsand allows
oneto easily develop an innate physical picturefor the mode-locking process. Of course
the time domain and frequency domain are inherently linked and the two pictures are
complementary. In the time-domain picture, one either thinks of a mode-locked pulse
as a ball bouncing around in a resonator or one thinks of the pulse as a particle that
gets trapped by a potential formed by the mode locker. In either picture, the pulse
develops a specific shape, width, chirp, etc. based on the parameters of the laser and
the mode locker. The frequency-domain picture of mode locking consists of viewing
the different cavity modes and noting that they maintain a constant phase relationship
with one another; in essence, they are locked. One then recalls from the theory of
discrete Fourier transforms that atruncated sum of exponentialslookslikeapulseinthe
other domain. Since dispersion alters the spacing of the modes in the spectral domain,
nonlinearity plays a less obvious role, and since keeping track of a large number of

modes is intractable, we will use the time-domain treatment exclusively.

4.4.1 Master Equation of Mode Locking

The effect of mode locking alaser with pulses > 100 fs may be described by Eq. (4.82)
if we add the effect of amode-locking mechanism M to thefield. Sinceweareusing this
approach, we have cast aside our ability to describe the effect of changesin pump power
on the mode-locked pulse; still this is the most well-known treatment and it provides
good results for given values of Ty, go, and Ps;. Before proceeding, it is customary
to make a change of variables by settingt = T and introducing T = £ /vy where vq is

the group velocity of the optical field A(T,t). Doing so gives us Haus' so-called master
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equation of mode locking:3

A i~ o J?A 1= J°A
Tegr + 3 (B2 ti0T) Ly — gPalrTys

= i?LR\A|2A+%(g_— o) LRA+M(A L, T) + N(t). (4.92)

It is important to note there are two time scales in this equation: the timet measured
in the frame of the moving pulse and the propagation time T, often called the coarse-
grained time.3% Since we averaged over a single round trip, T is measured in terms of
the round-trip time Tr = Lr/Vg. It is assumed that the time scale associated with the
pulseis sufficiently smaller than Tg; therefore, the two times are essentially decoupled.
Thistreatment isvalid for most mode-locked lasers for which Tr exceeds 1 nsand pulse
widths are typically lessthan 100 ps. However, the effect of the mode locker M(A,t,T)
has been written to allow for the possibility that it can change on the round-trip time
scale. Thistype of behavior leads to effects such as Q-switching, FM oscillation, and
modulator detuning.

The overbar in EQ. (4.92) denotes the averaged value of the corresponding parame-
ter; for example, [3_2 /3_3, o and y represent the second-order dispersion, TOD, loss, and
nonlinearity, respectively, averaged over the cavity length. The gain medium’s finite
bandwidth is assumed to have a parabolic filtering effect with a spectral full width at
half maximum (FWHM) given by A, = 2/Tp. Ty = Fgy = M !Tr is the pulse slot,
where Frep is the frequency at which our laser is mode locked, and mis an integer > 1

representing the harmonic the laser is mode locked at.

4.4.2 Saturable Absorption Mode Locking

In mode locking by use of a saturable absorber, the optical field experiences a time
dependent loss. In this type of mode locking the field is gated by itself. Since no elec-
tronics are required, it isreferred to as atype of “passive’” mode locking. Common de-

vices that act as saturable absorbers are saturable Bragg reflectors (SBRs),13% 132 semi-
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Gain Medium SBR

Figure 4.8: A simple saturable absorption mode-locked Fabry—Perot laser cavity. M1 and M2 are
highly reflective mirrors; we assume that asmall percentage of laser light “leaks’ out the back of at least

one mirror. In thislaser, SA is assumed to be either a SBR or a SESAM.

conductor saturable absorber mirrors (SESAMS),%! nonlinear optical 1oop mirrors,32-34
nonlinear polarization rotation (NLPR) within a section of fiber in conjunction with a
polarizing beam splitter,® APM, and various (carcinogenic) dyes which possess sat-
urable absorption and were mainly investigated in the 1970's and 1980'’s.

Despite the device used, all saturable absorption mode lockerswork on the principle
that their loss decreases when they are probed with more intense powers. This effect
naturally leadsto pulse formation in alaser cavity where, for afixed average power, cw
light encounters more lossthan apulse. Thiscan be seenin Fig. 4.9(a) where the attenu-
ation experienced by light in a saturable absorber decreases with increasing power. The
fact that this favors pulsed operation over cw operation is demonstrated in Fig. 4.9(b)
by noting that, for a given energy, a pulse will experience less lossiif it can temporally
compress since its peak power will increase. Figure 4.9(c) clearly demonstrates that a
saturable absorber temporally compresses pul ses.

The effect of saturable absorption is mathematically formulated in amanner similar
to the way in which gain saturation was taken into account (except the responsetimeis

assumed to be instantaneous here) and the intensity-dependent loss is written as

OsA
oAt T) = —2A (4.93)
1 AT

Therefore, pulse propagation in alaser mode |ocked with a saturable absorber is mod-
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Figure4.9: (a) Saturable absorption |oss experienced by acw field. (b) Time-dependent loss coefficient
for a hyperbolic-secant pulse with a constant energy and peak intensities 0.5 (dotted), 1 (dashed), and
1.5 (solid) (in units of ls;) demonstrates the losses experienced by different pulse widths due to a fast
saturable absorber. (c) The input pulse [with a peak intensity of 1 from (b)] (solid) and the normalized
output pulse after passing through a saturable absorber of length 1 (dashed).

eled by

oA 82A 1- 83A

TRaT ([32 +igT#) LR ﬁs R

- 1, _ S A2
zlyLR]A|2A+§(g—oc)LRA— SA(1+| |) A+N(t). (4.94)

2 I sat

Alas, Eq. (4.94) has no analytic solution. However, we can obtain an approximate
analytic solution if we neglect the effects of noise, third-order dispersion, and also
assume |A]? < ls. Under this approximation, we Taylor expand the effect of the sat-

urable absorber. This gives us a differential equation describing the simplified laser
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described above:
oA i = 02A . _ 5
Tror = —3 (B2 +igT2) Lr—7 +iTLRIAIA
2
@A % (1— ﬂ) A (4.95)
2 2 | sat

Once again we seek the existence of afield A that satisfies this equation. In this case,
we note that Eq. (4.95) issimilar to Eq. (4.82) and use Eq. (4.83) as an ansatz:

A(T,t) = ag [sech(t /70)] ' exp(ikT). (4.96)

Substituting EQ. (4.96) into Eq. (4.95) gives us the following pulse parameters:
1

2 2 Q. T2
% =52 (0 —2)B2+33T5q] , (4.97)
L ———
K= 51z [(1-a))B2—2GTSd] . (4.98)
> . 2
3 3 25,
g= P2 4 <_i22> 42— A (4.99)
2915 2915 LrlsatgT;
3. 2(1_ 2
2 _  2pat+dli(1-o) (4.100)

g—a—0s/(2LR)

Compared with active mode locking, which will be discussed next, saturable ab-
sorption based mode locking allows one to generate femtosecond pulses, since sat-
urable absorbers saturate on a femtosecond time scale and recover on a picosecond
time scale; ~ 200 fs pulses at repetition rates ~ 10 MHz are routinely produced. In-
deed, SESAM’s have even been used to produce 10-GHz fundamentally mode-locked
solid-state lasers.*’

For all of its advantages, saturable absorption mode locking does have two disad-
vantages. the absence of pulse synchronization and the fact that these devices depend
on theintracavity power. To synchronize such alaser, a phase-locked loop is often used
to generate an error signal, which isin turn used to drive a piezo-electric device that

adjusts the cavity length, although other techniques have also been demonstrated.133
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Figure 4.10: Effect Eq. (4.101) on a 220 fs FWHM hyperbolic-secant pulse as the power of the pulse
isincreased. Inthisfigure, £ = 0.8 and I = 1 W.

Because saturable absorbers depend on the intracavity power, they also have a certain
range of peak powerswhere they operate best. Thisissue manifestsitself in afew ways.
Specificaly it means that if we change the power of the mode-locked pulse it becomes
susceptible to splitting,*> 76-78 where a single pulse may split into multiple pulses with
an increase in power. Although this is related to dispersion and nonlinearity, whose
combined effect can cause short intense pulses to split, it can also arise as a conse-
guence of the mode locker. To illuminate the origin of this effect, consider asimplified

model of avariant of passive mode locking; NLPR mode locking®’

Aout(t7T) = Ain<t7T)\/(1_ 5) + 5 Sinz (ﬂ|Ain(taT)‘2/2lsat)7 (4101)

where & isthe modulation depth and 1 isthe saturation intensity. Figure 4.10 demon-
stratesthe claim that there isan optimal power for aNL PR mode-locked laser to operate
at by plotting the loss induced by this mechanism as a function of input pulse power;
in this case, a 220 fs FWHM hyperbolic-secant pulse experiences its minimal loss at
a power of 0.3 pW. This figure also shows the incentive for multiple pulses to form;

a single pulse operating with a power > 0.4 pW can experience a loss greater than



114

M1 Pump M2

Gain Medium AM Modulator

Figure 4.11: A smple AM mode-locked Fabry—Perot laser cavity. M1 and M2 are highly reflective
mirrors; we assume that a small percentage of laser light “leaks’ out the back of at least one mirror. AM

modulator is an amplitude modulator.

the cumulative loss experienced by multiple pulses whose individual power is ~ 0.3
pW. This mode-locking mechanism was already |leveraged experimentally in chapter 2,
where we used this effect to induce pulse spitting and increase the repetition rate of an

erbium-doped fiber laser.

443 AM Mode Locking

Mode locking through amplitude modulation, commonly known as AM mode locking,
is conceptually the easiest of all mode-locking techniques to understand — in the time
domain at least. It is achieved by placing an AM modulator inside a laser cavity and
matching the frequency with which it is driven to a harmonic of the cavities fundamen-
tal frequency. The setup for such alaser is depicted in Fig. 4.11.

The effect of an AM modulator on the optical field is given by

M(AL,T) = —Aam [1— cos|am(t — Ts(T))]] A, (4.102)

and so pulse propagation in such alaser is modeled by
A i = o 9PA 1= J°A
TR8_T t3 (B2+idTy) LRW - 6ﬁ3LRF
- 1 _ _
= iTLr|AA+ 5 (@ @) LA+ N(t)

— Aam {1— cos[om(t — Ts(T))] A, (4.103)

The AM modulator has introduced a time-dependent loss into this equation. As a con-

sequence, specific temporal locations, those that experience the lowest loss, become
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more advantageous for light to align itself under. In this equation, Ts accounts for any
detuning between the modulator and a harmonic of the cavity’s repetition rate and is
given by:%’

To(T) = (Th ;RT’“> T — At(T), (4.104)

where Tp, is the modulator period, Ty, is the period of the cavity harmonic, and At(T)

can be used to include the time shift resulting from any shift in the carrier frequency.
To clarify our treatment: At(T), introduced by Haus in Ref. 67, simply alows us to
maintain propagation in the frame of the pulse. On the other hand, if At is set to zero
and Ts(T) # 0, amode-locked pulse (subject to a slight detuning) would continuously
drift through the simulation window.

It is interesting to note that if the effects of noise, nonlinearity, TOD, and pulse-
modulator detuning are neglected one can obtain an analytic solution to this equation.
By definition, a mode-locked pulse maintains al of its attributes (except for a phase
ambiguity) from one round trip to the next. Therefore, we seek the existence of afield

A which satisfies the governing equation

oA i =, J%A
TRt + 5 (ﬁ2+|gT2)LRW
= %(5— o) LRA— Apm [1— cos(omt)] A. (4.105)

Unfortunately, Eq. (4.105) does not have an exact solution; however, if we assume
apulseislocated at the minimum loss location of the AM modulator, we can Taylor-

expand the modulator’s effect and obtain the following result

aA | . L= 2 (92A
Ror 5 (Pt idT) a5
Apm

1 _
= 5(@-0o)LrA- L—Ra)r%tzA. (4.106)

Equation (4.106) isjust Hermite's Differential Equation. It can be shown that only the

lowest-order Hermite polynomial is stable® and thus one expects a sol ution of the form
t2(1+iq)

222 } exp(ikT). (4.107)

A=apexp [—
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By substituting Eq. (4.107) into Eq. (4.106), we find the pulse chirp, propagation con-

stant, and width are given by

2 aT2\ 2
q= 9 (9—2) +1, (4.108)
B2 B
LR — 2 .
K= _TZ—TR(QTZ qd-B2), (4.109)
LRIGT2(1 - o) +2aB |
f:{RgZ 4 qz} (4.110)
Apv ©OF
respectively. This result indicates that, in the presence of second-order dispersion, the
pulses are chirped. However, if [?z =0, wefind that g, =0and g = —. Clearly
the g = —eo solution can be disregarded on physical rounds, resulting in g = 0 and

k = 0. Although this result also indicates that the mode-locked pulse parameters do
not depend on the pulse power, our treatment ignored nonlinearity and so this is an

oversimplification.

4.4.4 FM Mode Locking

Of the three mode-locking methods presented in this section, mode locking by fre-
guency modulation (commonly termed FM mode locking) is the most conceptually
difficult to understand in the time domain. In order to explain it, we will start with its
effect on afield such that M(At,T) = iAgm cos[mm(t + Ts(T))] A, where Ts once again
accounts for any detuning between the modulator and a harmonic of the cavity’s repe-
tition rate and is given by Eq. (4.104).

Using our expression for an FM mode locker, we note that the phase of the pulse
is altered depending on when it passes through the modulator. It is perhaps useful to
note that light passing through the modulator obtains a slight frequency shift unless it
passes through the modul ator at one of its extrema. This can be understood by Taylor-

expanding the cosine term (where we have ignored the detuning effects for smplicity)

Aout _ AineiAFMCOS(wt) ~ AineiAFM eiAFM wtei/ZAFMw2t2 . (4111)



117

The frequency shift imposed on the light that passes through the modulator far from an
extrema will increase upon successive round trips through the cavity. Since the gain
medium is assumed to exhibit a finite bandwidth, this light will eventually experience
net loss as it walks out of the gain window and will die out. Only the light that passes
through the modulator at one of its two extrema can exist over multiple round trips
since that light does not experience a shift in its carrier frequency. In the presence of
dispersion, the frequency shift will also manifest itself by causing the light to travel
through the laser cavity at a different velocity then it initially had. This can lead to
faster convergence times, increased stability, and even the possibility that limit cycle
operation could be obtained. The effect of FM mode locking may be described by

oA i~ o 9°A 1= 0J°A
Tegr = 3 (10T Lagz + hilegs

+ % (9— o) LRA+iApm cos[om(t — Ts(T))]A+N().  (4.112)

+iyLr|AZA

To obtain an analytic solution to this equation we must ignore noise, TOD, SPM,
and detuning. Moreover we must also assume that our pulseis always located at one of

the modulator’s extrema. We can then Taylor-expand the cosine term to obtain

TROA i ,= 5 %A
Lrat + 2 (PH10%) 5
_1. — — AEM (x)r%tz
= 5@ @A+ (1— A (4.113)

This equation is similar to Eq. (4.106) and therefore we once again seek a solution

of the form

A=agexp {_tz(;%q)} exp(ixT). (4.1149)
0
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By substituting Eq. (4.114) into Eq. (4.113), we find the pulse chirp, propagation con-

stant, and width are given by

— e 2
B2 ( B2 )
qg= 224+ [ (22) 41, (4.115)
gT22 gTzz
_ Lkr p =2 AFMm
K = ZTer(ﬁﬁgTz q) + T (4.116)
Lal20gT2 — Bo(1— )|
_ 2 B
T = { A2 } , (4.117)

respectively. This result indicates that, in the absence of second-order dispersion, FM
mode-locked pulses are always chirped. However, if [52 =0and g+ = +1 thisresult
indicatesthat the mode-locked pul se parameters do not depend on the pulse power. This
simplistic result is a consequence of our omission of any nonlinear effects and similar

to the finding in our treatment of AM mode locking.

4.5 Conclusion

In conclusion, this chapter provided a brief but detailed introduction to pulse propaga-
tionin optical fibers starting from Maxwell’s equations. By providing such aderivation,
al of the simplifying assumptions used to obtain the traditional equations governing
pulse propagation in optical fibers are clearly seen. The equations which govern optical
amplifiers, cw lasers, and mode-locked lasers were also introduced. This chapter could
be thought of as the physical and theoretical foundation on which all of the analytical
and numerical work reported in later chapters of thisthesisis based.
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5 Numerical Simulations

Although experimental results were the intended focus of this work, without a good
physical understanding of what is going on within a laser cavity, one limits the re-
sults he or she can achieve. This opinion is best demonstrated by the recent work
of llday et al. who relied heavily on numerical ssmulations to help them build their
“similariton” fiber laser.®° It is worthy to note that a different and better-funded group
had unsuccessfully tried to build such alaser before Ilday and co-workers started their
work. Moreover, the similariton laser has the same cavity design as that of the origi-
nal stretched-pulse fiber laser,®® and so it is highly likely that this regime of operation
had been experimentally discovered in the past and ignored (due to researchers either
focusing only on generating short pulses or not understanding what they discovered).
Since mode-locked lasers are governed by nonlinear partial differential equations,
which generally do not posses analytic solutions, the ability to model the pulses which
they should produce isimportant. In this chapter we describe the modeling process and
use it to explore the possibility of autosoliton pulses existing in the FM mode-locked

fiber laser of chapter 2.
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5.1 Introduction

It is well known that the propagation of ultrashort pulses in optical fiber is governed
by the nonlinear Schrodinger equation (NL SE).* In the anomal ous-dispersion regime,
thisequation alowsfor the fundamental -soliton sol ution that represents an optical pulse
whose shape and width are invariant under propagation. In the context of fiber lasers,
the NL SE must be modified to account for loss, gain, gain filtering, and a mode-locking
element. Although the resulting equation has no closed form solution, it iswell known
that passive mode-locking mechanisms, such as nonlinear polarization rotation, nonlin-
ear fiber-loop mirrors, and saturable absorbers, produce “soliton-like” pulses.t3*

Contemporary investigations into actively mode-locked lasers in the presence of
dispersion and nonlinearity have not attracted as much attention as the above-mentioned
passive techniques. Thisis most likely due to the shorter pulse durations that the pas-
sive approaches produce. Of course, there is still a demand for actively mode locking
lasers since doing so provides a simple means by which one can ensure self-starting, in-
crease the laser’ s repetition rate (through harmonic mode locking), and synchronize the
laser pulses to a master clock.® In alaser devoid of dispersion and nonlinearity, both
amplitude modulation (AM) and frequency modulation (FM) mode-locking techniques
produce Gaussian pulses.? However, the existence of an FM mode-locked “soliton”
laser in the presence of dispersion gain filtering and nonlinearity has not yet been fully
investigated.

Haus and Silberberg were thefirst to address the effects of dispersion and nonlinear-
ity on actively mode-locked lasersin 1986.2 They found that the pulse width in an AM
mode-locked laser can be reduced inside the cavity by introducing a nonlinear medium.
This effect, known as soliton pulse compression, wasfirst experimentally demonstrated
inan AM mode-locked fiber laser by Kafkaet al. in 1989.3! Later, Kartner et al. applied
soliton perturbation theory to show that a stable soliton can exist inan AM mode-locked

laser which incorporates dispersive and nonlinear elements.3® Other relevant work nu-
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merically compared both AM and FM mode-locked lasers to show that, in the presence
of a Kerr medium, both pulse profiles become increasingly “sech-like” as either the
gain is increased™® or the modulation depth is decreased (AM only).13® More recent
efforts have addressed soliton stability in AM mode-locked, inhomogeneously broad-
ened, lasers.t¥’

Given the body of literature addressing actively mode-locked lasers, it is surprising
to note that no concentrated effort has been directed toward FM mode-locked “ soliton”
lasers. Since such a venture may seem to be alogical extension of the prior AM efforts
we point out that AM and FM mode-locking schemes differ in key areas. FM mode
lockers interact with self-phase modulation (SPM) in a direct manner, whereas AM
mode lockers affect the cavity loss and literally carve pulses out of cw light. Asacon-
sequence, FM mode lockers do not require biasing while their AM counterparts do.%®
Although it is well known that FM mode-locked lasers can jump between two degen-
erate operating states,1® a dispersive laser cavity breaks this degeneracy and suppresses
thelaser’stendency to switch states.* 56 Experimental work with FM mode-locked fiber
lasers has a so produced quasi-transform-limited pulses with time-bandwidth products
as low as 0.30,%° indicating “soliton” formation.3%-66:138.139 gtj|| the lack of an ana-
lytic theory capable of explaining FM mode locking in fiber lasersis not surprising in
view of the difficulty in solving the governing nonlinear equation with the inclusion of
an active mode-locking element.

We already investigated the operation of a high-repetition-rate, harmonically FM-
mode-locked, ytterbium fiber laser experimentally’® in chapter 2. We now investigate
this laser numerically and semi-analytically. The approach used to model the laser is
discussed below where the numerically obtained results are found to agree well with
the experimental data, which verifiesthe accuracy of the model and the characterization

of the laser.
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5.2 Experimental Results

The FM technique has been used to mode lock erbium fiber lasers with time-bandwidth
products aslow as0.30.3% Although it has been suspected that this type of laser can pro-
duce hyperbolic-secant pulses,*30:66.67.135 neither the shape of the output pulses nor
their spectrawere experimentally investigated further than the fitting of autocorrelation
traces. Most ytterbium fiber lasers reported to-date have used a passive mode-locking
mechanism to take advantage of ytterbium’s broad gain bandwidth and generate short
pulses at relatively low repetition rates (< 100 MHZz). For example, a ytterbium fiber
laser produced 36 fs mode-locked pulses,° the shortest to-date from any fiber laser,
however, the repetition rate was below 50 MHz.

Ytterbium’s large saturation fluence has also been exploited in the pursuit of high-
power amplifiers and lasers. This feature a'so makes it an ideal gain medium for mode
locking at higher harmonics where the laser’s power must be split among alarge num-
ber of circulating pulses. In chapter 2, we used the FM technique in a ytterbium fiber
laser to produce mode-locked pulses at a high repetition rate exceeding 10 GHz.”® The
laser configuration is shown again in Fig. 5.1(a), where the combination of a half-wave
plate (A /2) and polarizing beam splitter (PBS2) not only provides variable output cou-
pling, but also sets alinear polarization for the FM modulator and the grating pair. The
measured average power at each of the three output portsisalsoindicated in Fig. 5.1(a).

A 30-mW mode-locking threshold was measured, but the 976-nm pump laser was
operated at 150 mW to maximize the output power. All of the experimental resultswere
obtained at this pump power using the output from port 1. The cavity also incorporates
a grating pair to compensate the normal dispersion introduced by 1 m of ytterbium-
doped fiber and 1.2 m of fiber associated with the 976/1050-nm WDM coupler. The net
second- and third-order cavity dispersions, dp = fOL B2(z)dzand d3 = fo" B3(z)dz (where
L is the distance during one round trip within the cavity and 3, and 33 are the second-

and third-order dispersion parameters), were measured to be d, = —6.3 x 10* fs? and
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Figure 5.1: (a) Experimental laser configuration: HR, high-reflectivity mirrors; PBS, polarizing beam
splitters; WDM, wavelength division multiplexer. The double sided arrows and the dots surrounded by
circles represent the horizontal and vertical polarizations respectfully. (b) Numerically modeled laser
configuration: the coupling losses take into account all cavity |osses at the respective cavity ends, includ-

ing the laser outputs.

ds = 130.6 x 10* fs®, respectively. This measurement, performed using a SESAM in
place of HR1 and an in-situ technique (see Section 3.5 for more detail),% shows that
this laser operates in the anomal ous-dispersion regime.

All intracavity losses at the grating-pair side of the cavity (including the laser out-
puts) were measured individually and combined for a total power loss of 96% as the
pul ses pass through the grating pair, FM modulator, and the PBSs. Power losses at the
HRL1 cavity end were estimated to be approximately 20%. The small signa gain of
the ytterbium-doped fiber was measured to be 4.3 + 0.4 m~1 by using a narrowband
CW laser (Koheras Y 10-PM) operating at 1053 nm (see also Section 3.3). The gain-
bandwidth was approximated by the 25-nm full width at half maximum (FWHM) of
the amplified spontaneous emission (ASE) spectrum.

The optical spectrum of the mode-locked pulses is shown in Fig. 5.2 and has a
FWHM of 0.8 nm. Thisspectrum isbest fit by afunction of the form S(w) = Sysech?[(w —
wp)/Aw], as shown by the dotted curve in Fig. 5.2 (amost indistinguishable from
the numerically obtained result which is discussed in Section 5.3), where Aw /21 =
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Figure 5.2: Experimentally measured pulse spectrum (solid curve with -55 dBm noise background), a
hyperbolic secant fit (dashed red), a Gaussian fit (dotted blue), and the numerically simulated spectrum
(solid black).

118.729 GHz. For comparison, the dashed curve shows the poor agreement obtained
when a Gaussian fit is used. Assuming a transform-limited sech?(t /At) pulse shape,
this corresponds to atemporal pulse width of At = 0.85 ps (FWHM = 1.5 ps). Interfer-
ometric autocorrelation measurements, performed using two-photon absorption inside
a photomultiplier tube,®* yield a temporal FWHM of 2.0+ 0.5 ps. This measurement
indicates that our pulses are close to their transform limit.

In our actively mode-locked fiber laser the characteristic dispersion and nonlin-
ear lengths are much longer than the 2.2 meters of fiber in the cavity. The disper-
sion length, Lp = TOZ/\ﬁ2|, for the 2-ps pulses is 45 m using the fiber’s dispersion
parameter B, = 2.81 x 10* f$?/m, or 90 m when using the cavity’s average disper-
sion of B, = —1.43 x 10* f$2/m. The nonlinear length, Ly, = (yR)~1 = 735 m, is
calculated using a 1.13 W peak power (derived using an estimated average power of
26.5 mW in the fiber and 2-ps hyperbolic secant pulses) and the nonlinear parameter
¥~ 0.012 W~1/m (mode field diameter ~ 4.1 um, ny = 2.6 x10~2° m?/W). Nonlinear
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Table 5.1: Parameter Values Used in Numerical Simulations
Bo=281x10*f/m  B3=22x10*fs®/m a=00m?1 y=0012W Ym

dj = —9.34 x 10* f&? di =17.0x 10*fS>  Lgan=10m Lwpw=12m
go=43m! AWg/2r =6.77THZ Py =24mW Ao = 1052.53 nm

Frep = 10.3 GHz A=0.45 ¢ =Orad HR1 Power Loss = 20 %
HR2 Power Loss = 96 %

polarization rotation of the intracavity field inside the 2.2 meters of fiber is negligible
during asingle round trip; moreover the polarizing beam splitter, PBS1, does not allow
this effect to accumulate over multiple round trips. This viewpoint was experimentally
confirmed by noting that rotating the quarter waveplate (A /4) does not significantly af-
fect the mode locking ability of the laser, although it does affect the spectral bandwidth
due to the amount of loss introduced by PBS1. As a result, the pulse is not strongly
affected by the dispersive and nonlinear effects during a single round trip, although
these effects are certainly important over multiple round trips. We stress that thisisin
sharp contrast with passively mode-locked fiber lasers where polarization can change
considerably during a single round trip, due to nonlinear effects, and the nonlinear and

dispersion lengths can be comparable with the cavity length.

5.3 Numerical Simulations

A vector NLSE is generally required to describe pulse propagation in optical fiber,
fiber amplifiers, or fiber lasers,*® however, we have already experimentally shown that
nonlinear polarization rotation in our fiber laser is negligible. Assuming dynamic po-
larization effects can be neglected, the vector equation can be reduced to the following

scalar equation,

A Brd?A PBsdPA . o 1 1 /= . L
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where

g(t,2) = 1+PSV‘1<(ZZ)) = / ng(w)e—iwtdw. (5.2)

In this equation, A represents the slowly varying envelope of the optical field, > and
B3 account for the second- and third-order fiber dispersion, and y is the nonlinear pa-
rameter of the fiber. The fiber lossis given by o and the gain, whose time dependence
results from afinite gain bandwidth, is given by g(t,z). Since the gain bandwidth of our
ytterbium fiber was estimated to be 25 nm (Awg/27 = 6.759 THz) and the laser pro-
duced pulses with less than 1-nm of bandwidth, the spectral filtering is not expected to
strongly influence the pul se shape and the gain spectrum is approximated by a parabola
ds(0) = (1—4w?/Awg). We also assumed that the small signal gain over the 1-m of
doped fiber is approximately constant, setting go(z) = go. Since the temporal separa-
tion between adjacent pulsesin thislaser (~ 100 ps) is much shorter than the relaxation
time of ytterbium (~ 1.5 ms), the gain is saturated by the location-dependent average
power of the pulses as shown in Eqg. (5.2). The location dependent average power was

determined using
1 /2 2
Pad) = [ A2 et 53

where Ty, = Fréé is the duration of a single modulation cycle and Frep is the frequency
with which our modulator is driven. The 4+ and — superscripts denote the direction in
which the field propagates as defined in Fig. 5.1(b). In Eq. (5.2) Pave(z) was computed
by summing the average powers of the counter propagating pulses for each spatial step
using Pave(2) = Pge(2) + Poye(2). The gain saturation power, Pg; = 24 mW, was esti-
mated by requiring that the model produce the measured average output power of P4gye
=62 mW [see Fig. 5.1(b)].

Our model usesEq. (5.1) to propagate the pulseswithin the laser’ s active [go(z) = go|
and passive [go(z) = 0] fiber sections. It then considers the influence of the other cavity
elementsindividually, as depicted in Fig. 5.1(b). For example, we assume that the 600-

grooves/mm grating pair acts as a dispersive element introducing single-pass second-
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(dJ = —9.34 x 10* fs?) and third-order dispersions (d§ = 17.0 x 10* fs%) into the cavity
based on its configuration (30° incident angle, 12 cm separation) (see section 3.5 for a
more detailed discussion).1?® The losses associated with the grating pair were lumped
into a combined loss at the end mirror HR2, as previously noted in section 5.2.

The FM modulator was treated as if it modified an incident field, A, according
t02 67

Aot (t,T) = rcostomt+ T A ¢ T, (5.4)

where om = 2rtFep is the modulation frequency, assumed throughout this work to be a
harmonic of the laser’s fundamental repetition rate. Any time delay between the modu-
lator and the pul se reference frame including the effect of driving the modulator at afre-
quency other than a harmonic of the laser cavity is accounted for by T5(T) in Eq. (5.4),
which is defined in Eqg. (4.104) and is set to zero unless otherwise noted. Using a
high-resolution optical spectrum analyzer and a continuous-wave semiconductor laser
(Sacher Lasertechnik TEC 500) operating at 1.05 um, a modulation depth, A = 0.45,
was measured when driving the modulator with the same frequency (10.3 GHz) and
power (10 W) used to mode lock the laser.* All of the parameter values used in our
simulations are summarized in Table | for convenience.

The model considers a laser mode locked at its 2815t harmonic by using a 97
picosecond temporal simulation window together with periodic boundary conditions.
This simplification is commonly used and justified, in this case, through the exper-
imental observation of low pulse-pulse amplitude and timing jitter. Furthermore, a
side-mode suppression measured to be > 70 dB in Fig. 2.12 indicates that neighboring
pulses exhibit a high degree of similarity.”

Figure 5.1(b) shows the block diagram used to model the laser shownin Fig. 5.1(a).
The model “unfolds’ the laser cavity, passing the slowly varying field, A, through each

cavity component twice during a single round trip. The numerical results, taken at

*See section 3.2 for the results of this characterization and a more thorough discussion.
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Figure 5.3: Numerically predicted temporal profile of mode-locked pulses (solid black), hyperbolic
secant fit (dashed red), and a Gaussian fit (dotted blue).

“output 1" [specified in Fig. 5.1(b)] and shown by the solid curve in Fig. 5.2 (the
experimental results were also extracted from the same location), were obtained by
solving this problem using the symmetric split-step method’ on a 1024-point tempo-
ral grid with 200 spatial steps per round trip. The simulated spectrum matches the
S(w) = Sysech?[(w—wg) /Aw] fit to the experimental results, shown by the dotted curve
(see Fig. 5.2), revealing excellent agreement.

Figure 5.3 shows the corresponding pulse in the time domain. A Gaussian fit to
the numerical data is once again quite poor, whereas a hyperbolic secant fit is found
to agree well. The model predicts 1.57-ps hyperbolic secant pulses, which is consis-
tent with the experimental measurements of section 2. Figure 5.4 shows a simulated
mode-locked pulse building up from noise (using a 1 photon/mode strength, complex,
Gaussian-distributed, noise seed) over the first 2500 round trips, while Fig. 5.5 shows
the convergence of the pulse width to its steady state value. The large number of round

trips necessary before the mode-locked pulse convergesis expected since the nonlinear

TAppendix C contains a detailed explanation of this technique.
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Figure 5.4: Numerically simulated pulse formation from noise. Note that the laser has not converged
to a steady state even after 2500 round trips.

and dispersive effects are weak over asingle round trip. Asaconsegquence, many round
trips are required before the effects of nonlinearity and dispersion balance. Finaly, the
FWHM as a function of location within the cavity (after the model converged) varied
by < 2 % revealing that the pulse does not experience any large changesin width during

asingle round trip.

5.4 Effects of Pulse-Modulator Detuning

Experimentally it isdifficult to insure that the modulator isawaysdriven synchronously
with the cavities fundamental repetition rate, unless regenerative mode locking is used.
This occurs because any mechanical variations or thermal changes will alter the optical
path length of the cavity — thereby changing its repetition rate. To be thorough, one
should investigate how such changes effect the mode locking of the laser. In order to
do this, we assume that the cavity length has drifted such that the driving frequency and

the fundamental cavity frequency no longer coincide. As a result of the modulator’s
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Figure5.5: Pulse temporal FWHM asafunction of round trip showing the numerical model converges
to a steady state solution only after 5000 round trips.

driving frequency and the cavity’s repetition rate no longer coinciding, the pulse will
essentially pass through the modulator at a different temporal location each round trip
and we will not obtain traditional cw mode locking. By passing through the modulator
at locations other than its extremum, the pulse will experience a change in its carrier
frequency. During propagation through the cavity it will adjust its temporal location
through second-order dispersion. If the value of dispersion is large, the laser should
remain operational even in the presence of large detunings since it should function as
overdamped system. As the cavity dispersion is decreased the system will transition
to an underdamped one and the temporal/spectral locations of the pulse will wander.
Eventualy, if the dispersion is reduced enough or the detuning is increased enough, the
laser will no longer be able to form well-defined pulses and will enter into the so-called
FM oscillation regime.

Therefore, for small detunings, we expect that the laser will remain mode locked,
but will exhibit some time-varying properties. Figure 5.6 confirms this behavior by
showing that the temporal pulse location varies on a round trip basis. Physically, this

is expected. When the pulse passes through the modulator slightly detuned from the
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Figure 5.6: Time-domain behavior of a pulse driven by a phase modulator detuned from the cavity
repetition rate by —40 kHz.

center it acquires a carrier-frequency shift. Thisisin turn converted to a timing shift
by propagation through dispersive cavity or due to loss from spectra filtering. In the
figure above, the pulse eventually stabilizes; however, it acquires a constant shift in its
carrier frequency due to the detuning and does not pass through the modulator at either
of its extrema, asis usually the case.

When subject to large detunings, we do not expect to achieve mode locking. Clearly
there must exist a maximum detuning, at which the pulses can no longer keep up with
the modulator’s varying timing. By increasing the value of detuning, this regime may
also be probed; to do so, however, requires afine spectral resolution. Figure 5.7 demon-
strates the results obtained from such asimulation using a 21”-point temporal grid with
200 spatial steps per round trip. In order to increase the spectral resolution, the width of
the temporal window was increased by afactor of 124 to allow the simulation region to
extend over a 21.028 ns window. Figure 5.7(c) shows limited part of the time-domain
pulse train; clearly no stable solution is present. Moreover, by alowing the computer

simulation to continue, we find that this complicated structure changes from one round
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Figure 5.7: Optical spectrum of the FM mode-locked laser of Chapter 2 when the driving frequency
of the FM modulator is detuned by —94 kHz from where mode-locked operation is achieved. In order
to compare the computer simulations (dashed) with experimental results obtained using an OSA (solid),
temporal averaging and spectral downsampling were both employed (See Appendix B for a detailed
explanation of this issue and the procedure used). (a) shows the spectrum on alinear scale wheress (b)
shows the spectrum on alog scale. (¢) shows the corresponding pul se-train behavior in the time domain.

We caution, however, that this pulse train does not coverage to a steady-state in this case.

trip to the next.

5.5 Stability of Steady-State Solutions

In the absence of dispersion and nonlinearity, an FM mode-locked laser will form pulses
at either extreme {wm[t + Ts(T)] = 0 or & in Eq. (5.4)} of the modulation cycle. This
behavior has been experimentally observed in lasers where the mode-locked pulsetrain
shifts between these two temporal locationsin a random fashion.!® In their pioneering
work,? Kuizenga and Siegman noted that the degeneracy between these two states is
broken when the modulation frequency is detuned from the laser’s longitudinal mode
spacing. This enables the gain medium to exhibit a dispersive effect. However, they
were unable to suppress this switching experimentally.16 Later, Tamura and Nakazawa

showed that the switching between the two states is suppressed in lasers with “large’
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intracavity dispersion, resulting in stable laser operation.* Depending on the sign of the
cavity dispersion, the pulse at one of the two extremum will be spectrally broadened
with respect to the other; this occurs as a consequence of modulator-induced chirp.
The broader spectrum will experience more attenuation due to spectral filtering and the
laser will operate in the other state to minimize loss*% Consequently, mode-locked
pulses pass through the modulator acquiring a positive chirp {@m[t + Ts(T)] = 0} in
an anomalously dispersive cavity, while the modulator-induced chirp will be negative
{om[t + Ts(T)] = n} in anormally dispersive cavity.* %

In this section we verify that our numerical model agrees with the findings of
Tamura and Nakazawa% by subjecting a mode-locked pulse to an abrupt phase jump
in the modulator’s driving electronics. Thisallowsus, for what we believe to be thefirst
time, to investigate the pulse-switching mechanism in action, as well as the dynamical
switching behavior. Two completely different pulse-switching mechanisms are also
identified for the first timein the context of these |asers.

To verify that the numerical model predicts both the stable and unstable tempo-
ral operating locations, the modulator’s phase is abruptly changed after a mode-locked
pulse is first formed. The theory, mentioned above, predicts that stable mode-locked
pulses only form under the positive cycle of the FM modulator (in our anomalously
dispersive cavity) and so the pulse is expected to temporally shift. In order to keep the
pulses located within the central region of our simulation window, all the simulations
inthis section use ¢ = Ts(T) = /2 [see Eq. (5.4)] which locates the extremum of the
modulator at + 24.25 ps. Figure 5.8 shows the effect of a half-cycle clock phase shift
(48.5 ps at 10.3 GHz or ¢ — ¢ + m) on a mode-locked pulse. When the clock phase
is shifted, at the 2000t round trip, the pulse temporally broadens and eventually its
power is redistributed amongst the two nearest stable modulator extremum. Although
the pulse switches as expected, it only does so after first switching to what appears to
be an unstable state, as shown by the constant pulse shape in Fig. 5.8 between round
trips 2500—-6000.
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Figure 5.8: Demonstration of pulse switching. The phase of the FM modulator was changed by = at
the 2000 round trip, shifting the location of the stable operating points, which have been identified by

the solid lines to provide a convenient visual reference.

To examine the switching mechanism in more detail, the temporal and spectral
FWHM of the pulse were plotted as functions of round trip and are shown in Fig. 5.9.
After shifting the modulator’s phase by 7, the pulse experiences a short period of spec-
tral compression whereas the pulse temporally broadens immediately; both are fol-
lowed by a constant period of broader bandwidth. To verify that this behavior is not
related to a numerical anomaly, a noise term was added to Eq. (5.1) and the simula-
tions were repeated. These results, labeled “including noise” in Fig. 5.9, reveal that
even in the presence of noise there is a region after 2500 round trips where the pulse
spectrum and width stabilize. To explain this switching behavior, we note that the
reduced spectral width found in the first transition region, between 2000 and 2500
round trips, ensures that the effect of spectral filtering on the temporally broadening
pulse is weaker than its effect on either the origina pulse or the (newly shifted) stable
pulse. This enables the pulse to continue broadening unabated. Since the pulse passes

through the modulator extremum associated with an unstable state, it starts acquiring
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an unbalanced modulator-induced chirp. This chirp results in a drastic increase in the
pulse spectrum after 2500 round trips. Instead of this broadening continuing until the
pulse switches states, the pulse becomes trapped in alocal (globally unstable) potential
due to an equalization between second-order dispersion and modulator-induced chirp.
The pulse remains in this unstable/secondary state, without changing shape, until it is
destabilized by the formation of the stable/dominant pulse. The stable pulse has less
bandwidth (0.8 nm compared to 2.26 nm see Fig. 5.9) than its unstable counterpart. As
a consequence of spectral filtering, the stable/dominant pulse will experience less loss
than the unstable/secondary pulse thus providing the laser the incentive necessary to
switch states. The only remaining question is how the laser actually switches between
these two temporally displaced states. In our simulations we find that the stable pulses
are seeded by the wings of the unstable pulse and by noise. Asaconsequence, when the
noise was ignored many round trips were required to reach a new equilibrium, whereas
faster switching was observed in the presence of noise, sinceit provided a stronger seed
(seeFig. 5.9).

It was previously found that the inclusion of SPM, whose sign is always posi-
tive, can prohibit mode locking in the normal dispersion regime. This occurs because
the modulator-induced chirp reduces the SPM-induced chirp. As a consegquence both
pulse formation and soliton pulse compression mechanisms are weakened.%6 In an ef-
fort to investigate the role nonlinear effects play on pulse switching in this laser, the
saturation power was artificially doubled while all other parameters were held constant.
Figure 5.10, which plots contours of constant intensity, examines this increased energy
scenario using the same phase shift as before. Thisfigure reveas a different switching
mechanism where the pulse remains intact, shifting to the right side of the temporal
window and settling down after about 2000 round trips, but only after following a zig-
zag path indicative of relaxation oscillations.

The pulse shift to the right side of the window in Fig. 5.10 is not incidental; it
is governed by the sign of the cavity’s net third-order dispersion. When the signs of
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Figure 5.9: Temporal and Spectral FWHM as afunction of round trip, corresponding to the data plotted

in Fig. 5.8. The location where the modulator’s phase was shifted is identified as well as the stable and

unstable operating regimes for case where noise was ignored. The same datais also plotted when noise

was included in the numerical simulations and is labeled “including noise”
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Figure 5.10: Effect of TOD on pulse switching when the cavity’s TOD > 0. The pulse remainsintact
while temporally shifting to sync up with the (new) stable cycle of the modulator where it is once again
stable.

the third-order dispersion (TOD) for both fibers and the grating pair are flipped, the

pulse movesto the left side of the temporal window while exhibiting identical dynamic
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features. These results, which constitute a temporal analog of a mirror image, can be
understood by noting that the group velocity of a pulse is affected by finite values of
TOD.

Although TOD was included in the model used to generate Fig. 5.8, the effect of
SPM on the pulse was not strong enough to keep it intact when the modulator’s phase
was shifted; instead the pulse broadened, remaining centered ont = 0. Figure 5.11
summarizes our results using a cartoon (not a simulation) to focus on the effects of an
abrupt phase change on two pulses in a harmonically mode-locked pulse train. Fig-
ure 5.11(a) diagrammatically shows the effect of this switching mechanism on pulse
energy when the switching is governed by the growth of a new pulse from the wings
of the initial pulse and/or from noise. Figure 5.11(b) examines the behavior found
with increased power and positive TOD; the pulses shift in the opposite direction when
TOD is negative. With their increased peak powers, the pulses seen in Figs. 5.10 and
5.11(b) can be viewed as “ solitons,” which are able to maintain their shape through the
interplay between second-order dispersion and SPM, despite the perturbation from the
FM modulator. They avoid dispersing long enough to experience the temporal kick of
TOD, which sends these pulses to the stable operating points. In the absence of SPM,
the pulsesimmediately broaden, as depicted in Fig. 5.11(a), and the effects of TOD are
weakened. Larger values of TOD will encourage even these pulses to remain intact by
“pushing” them towards a new equilibrium with increasing strength. However, asingle
pulse's energy will still be distributed between the two nearest final pulses. In this case
the energy splitting will become asymmetric (from the perspective of a single pulse),
favoring one operating point over the other depending on the sign of the TOD. It isalso
noted that arbitrarily increasing the TOD will eventually disrupt the modulator’s ability
to synchronize the pulses, thus disabling the mode-locking mechanism altogether.

When the modulator’s phase was abruptly changed, it was found that the (shifted)
stable operating states were reached more quickly with an increase in either the mod-

ulation depth or the anomalous dispersion value. The stable operating states were also



138

Figure 5.11: A depiction of the energy transfer between modulation cycle locations when the driving
frequency is abruptly changed by a half-clock cycle for the case where: (a) SPM effects are weak and
(b) SPM effects are important and TOD > 0. The darkened trace in both plots, at the 100N round trip,
represents the location where the modulator’s phase is shifted. The solid linesin (&) show how the energy

from each pulse is redistributed.

reached more quickly when a spectral filter was used or the gain bandwidth was other-
wise decreased. We also find that the repetition rate becomes important since it governs
the temporal separation between the stable/dominant and unstable/secondary states. At
lower repetition rates, the pul ses are more prone to decay since they must shift between
modulator extremum temporally separated by larger amounts. We also note that the
effect of TOD on the picosecond pulses ssmulated is weak, and so switching should
occur more quickly for femtosecond pulses. The large phase jump, used in this section
for demonstration purposes, isimpractical in amode-locked laser under normal operat-
ing conditions. However, the different switching mechanisms identified in this section
will still occur for smaller phase jumps (due to electronic noise, thermal effects, etc.)

although it may become more difficult to differentiate between them.
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5.6 Implications of the Ginzberg-Landau

Equation

Although passive optical fibers support solitons in the anomal ous-dispersion regime,
Eqg. (5.1) does not have a standard soliton solution because of the presence of gain and
loss. In addition to this, none of the parameters 32, B3, ¥, «, or g are constants, rather
they all vary over the cavity length. This situation is analogous to long-haul lightwave
systems in which fibers of two or more types are used to form a periodic dispersion
map.1*! In such systems new types of solitons, known as dispersion-managed solitons,
exist in the form of chirped Gaussian pulses.1*? We can, however, rule this possibility
out in our fiber laser because the nonlinear and dispersive effects are relatively weak,
and because the pulse width barely changes during asingle round trip. Thisisin sharp
contrast to dispersion-managed lightwave systems where pulse width changes consid-
erably. Of course the presence of a hyperbolic secant spectrum also clearly indicates
that a Gaussian solution is not appropriate.

Another class of solitons existsin optical systems in which pulses experience gain
and loss as they propagate. Such solitons are known as autosolitons'?® or dissipative
solitons.1*3 Since simulations show the pulse width does not change much during asin-
gleround trip, and our output spectrum has a hyperbolic secant profile, the pulses emit-
ted by our laser are more consistent with autosolitons than with dispersion-managed
solitons. Recent investigations into fiber lasers mode locked with multiple pulses also
support this conclusion through the study of pulse interactions.81:82 To justify this
claim, we average al the parameters used in Section 3 over one round trip and write

the resulting equation in the form128.144
5z T2 \WP2t912) o m el aE =1

+% (g— &)A+iT2Acos(wmt+¢)A, (5.5
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where the overbar denotes the averaged value of the corresponding parameter, i.e., [3_2 =
%f(',‘ B2(z)dz and so on. Finite gain bandwidth is again assumed to have a parabolic
filtering effect with a spectral width given by T, = 2/Awy = 47 fgrad. The averaged
saturated gain is given by §= do (1+ Pave/Pst) * Where Pae, the average intracavity
power, is now a constant and therefore location independent.

The strength of the modulation termin Eqg. (5.5) was computationally found to have
only aweak effect on the final pulse shape and width, so by assuming that we already
have a pulse the modulator’s effect can be neglected in this equation. We also note
that actively mode-locked lasers rarely produce pulses in the femtosecond regime. One
can use this as an argument to ignore the effects of TOD. Under such conditions, this
equation reduces to the well known Ginzburg-Landau equation which has the shape-

preserving autosoliton?® solution:

A(z,t) = Nssech(t /1) 9exp(ikz), (5.6)
where
J— 2 —
2= 9 tPa (5.7)
g—o
1 -
Ng = 7 [(o? —2) B2+39T4q] , (5.8)
1 —
k=—>5[(1-0") B2~ 20T7q]. (5.9)
and
36, 36 \°
=2 1 | (=22) +2. 1
9= 2g12 (ZQTZZ) ! 519

Equations (5.7)-(5.10) require the value of g which depends on Paye, itself afunction of
7 [EQ. (5.7)] and Ns [Eq. (5.8)], and so we have an underdetermined system. In order
to circumvent this problem without introducing error, the value of g was obtained by

numerically solving Eq. (5.5). Theresulting value was then used in Egs. (5.7)-(5.10) to
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determine the parameters for the shape of the temporal field.

This analytic solution should be compared with the numerical results obtained in
Section 3 before one can claim that our mode-locked laser emits autosolitons. To facil-
itate such a comparison, we note that the chirp parameter, q, may be computationally

determined for an autosoliton by using:

=2 / [A*W—A aﬂ (5.12)

Using the values B, = —1.43545 x 10% fs2/m, B3 = 29.7273 x 10* fs3/m, 7 =
0.012W~Y/m, o = 0.7822771 m~*, and g = 0.7827525 m~?, the autosoliton approach
predicts T = 1.1058 ps, and g = 0.0802. To compare these values with the numerical
model we extract the field at “output 2” [See Fig. 5.1(b)] where it is expected to have
the minimal (map-induced) chirp and therefore be consistent with an autosoliton. The
numerical model predicts pulseswith 7 = 0.8912 psand q = 0.0117, yielding less than
ideal agreement with the autosoliton theory.

Although we have been advocating the idea that the mode-locked pulses are au-
tosolitons, based on the governing equation and recent work,8%-82 the merits of treating
the pulses as fundamental solitons may also be investigated. By substituting (A*(z,t) =
Agsech(t/7)et¥?) into Eq. (5.3), using both Pae = Pio(2) + Pye(2) = 2P4, (since
the power is constant in the average model) and the fundamental soliton condition
(Lp = LnL), we arrive at the pulse width predicted by conventional soliton theory (as-
suming the cavity dispersion is anomalous):

_ 4Frep|o|
YPave

(5.12)

Using our numerically obtained average power, Paye = 35.928 mW, and assuming a
standard soliton we find that T = 1.372 ps and of course g = 0 by definition. Although
neither prediction is accurate, the autosoliton theory is 30% closer to the numerically
obtained width than the soliton theory. Thisindicatesthat thereis certainly adistinction

to be made between these two types of solitonsin fiber lasers.
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Figure 5.12: Temporal profile of the numerically simulated pulse (solid black) and the predicted
autosoliton (dotted red).

Further investigation shows that the poor agreement between autosoliton theory and
numerical modeling can be attributed to the high intracavity losses in our laser, which
makes the use of the average model questionable. To model alaser with lower intracav-
ity losses, the fraction of the power re-entering the fiber in the HR2 arm was increased
from 4% to 60% and the gain was decreased to gg = 1.2 m™1, in order to maintain the
same power level. Using these parameters the full model gives atemporal pulse width
of T = 0.8578 psand achirp parameter g = 0.0027, whereas the autosoliton theory pre-
dicts a pulse width of T = 0.8412 ps, and a pulse chirp parameter q = 0.0172. Figure
5.12 compares the pulse shape obtained from the full model to the pulse predicted by
autosoliton theory using these values. Although excellent agreement is obtained for the
pulse width and temporal shape (as seen in Fig. 5.12), the chirp parameters are once
again in poor agreement.

Our results suggest that the existence of a dispersion map is at the root of the poor
agreement for the chirp parameter q; after all the dispersion map causes g to vary within
the cavity. We verified this statement by eliminating the grating pair and adjusting the

dispersion such that it is constant inside the laser in the numerical model of section 5.3.
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Under such conditions, the predictions of autosoliton theory agree with the numerical
model within a few percent. Although perfect agreement is not expected due to the
effects of third-order dispersion (which is primarily responsible for the deviation be-
tween pulse shapes seen in Fig. 5.12) and the mode locker, which were both ignored in
assuming the autosoliton pulse shape, we conclude that the mode-locked pul ses emitted
by our laser are essentialy in the form of autosolitons. Despite the autosoliton solu-
tion, alaser will not form mode-locked pulses on its own; a mode-locking element is
always required. However, the active fiber will always try to impose the autosoliton
shape on any pulse circulating within the cavity. Therefore, if the effect of the mode-
locking element on the field is weaker than this active fiber shaping mechanism, asis
frequently the casein FM mode locking, this shaping mechanism will dominate and we

will essentialy end up with autosolitons.

5.7 Simplified Model of our Passively Mode-Locked Laser

In this section, we provide the results of asimplified model of NLPR based mode |ock-
ing. Thistreatment uses Eq. (4.101) to model the effect of the fast saturable absorption
experienced by the pulses in NLPR. Although the coupled differential equations that
govern the evolution of the two polarizations may be numerically solved for this laser
[see Ref. 80 and the references therein], such a model requires many extra parameters
and should yield similar results in many cases. Moreover, since we did not fully char-
acterize thislaser, it does not make sense to use such an involved model that would only
present us with alarger parameter space.

In order to model the laser depicted in Fig. 2.1, we used the parameter values listed
intable 5.2 supplemented by the associated repetition rate, either 12.7 MHz or 8.4 MHz.
The length of the passive fiber in the cavity was given by Lsvr = ¢/(1.5Fep) — Lerbium:

where Frep isthe repetition rate of the laser and we have assumed that the refractive in-
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Table 5.2: Parameter Values Used in our Passive Mode L ocking Simulations

SMF: Bo=—-213x10*f/m P3=0fs’/m «a=92x10°%m1 y=0.0013W 1/m
erbium: Bo=323x10*f/m  B3=0fs’/m «a=92x10%m1 y=0.0013W 1/m
E=09 lsat = 1500 W Ao =1560 "M L (erpiym) =6.5m Power Loss= 15 %
go=152m1 Awy/27 =3.08 THz Pt = 1.0mwW

dex of thefiber is1.5. Themodeling of thefiber in thislaser cavity was accomplished in
the same manner described in section 5.3 and in appendix C. After propagating through
the gain fiber, a lumped loss, identified as Power Loss in table 5.2, was introduced to
represent the loss experienced due to the output port and any splice losses in the cav-
ity. Upon propagation through the passive fiber the effect of the polarization rotation
and the large polarization-dependent loss of the isolator was approximated by using
Eqg. (4.101). As a consequence of the long cavity length and the parameters chosen
for the various effects,* we find that the mechanism for pulse splitting in this cavity is
the interplay between dispersion and nonlinearity. Such a conclusion may be reached
by noting that the peak powers of the pulses never surpass the saturation intensity in
Eq. (4.101). Therefore, the exact form we choose to model the NLPR mechanism will
have only a small effect on the actual pulse shape obtained.

The time-domain results of this model are shown in Fig. 5.13 where the mode-
locked pulse if formed rapidly. In this case the peak power is such that the noise in-
cluded in this model is not even visible in the figure. The main point of these results
isto demonstrate that when one changes the length of the passive fiber, as done exper-
imentally, and repeats the computer simulation many pulses are obtained; albeit with a

change of the polarization controller. Thisresult isfound in Fig. 5.14, where a contour-

*Since this laser was not fully characterized, these parameters certainly depart from the actual values
and so we do not expect a 1:1 correspondence between our numerical results and the experimental results.
Moreover, it is more than likely that the pump was completely absorbed in the erbium-doped fiber,
essentialy reducing the effect of the gain by introducing reabsorption at the signal wavelength. This
computer simulation was only included to give an ideafor the types of results one would expect to obtain

in this mode-locking regimeit is by no way extensive.



145

300

-
o
o

Pulse Intensity (in Watts)
N
o
o

N
o
o

Round Trip Number
Time (ps)

Figure 5.13: Pulse buildup from noise in the NLPR mode-locked laser with the 12.7 MHz repetition
rate.

type plot verifies the formation of multiple pulses and indicates in this case that they
are subject to large fluctuations and collisions. This behavior is to be expected in all
but the most optimized systems due to the lack of any temporal gating from an active
mode locker.

Onething immediately revealed using this simplified model isthat the mode-locked
pulse is subject to an extreme amount of breathing. During a single round trip a pulse
experiences large fluctuations in width and peak power. These large changes in pulse
parameters cause the pulse to shed energy in the form of dispersive waves and are re-
sponsiblefor thelarge Kelly sidebandsvisible in Fig. 2.5 when the extra section of fiber

was placed in the cavity.
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Figure 5.14: Pulse buildup from noise in the NLPR mode-locked laser with the 8.4 MHz repetition

rate. Here we find the formation of multiple pulsesin the cavity.

5.8 Conclusion

In conclusion, this chapter examined a high-repetition-rate, harmonically, FM-mode-
locked, ytterbium fiber laser experimentally, numerically, and analytically. Pulse sta-
bility was investigated and the role of third-order dispersion and the unstable modula-
tor extremum on abrupt phase jumps in an FM mode-locked laser was investigated for
what we believe to be the first time. The short cavity length and low peak powers al-
lowed us to approximate the pul se dynamics with an average model given by amodified
Ginzberg—L andau equation. The averaged equation was then analytically investigated
assuming the laser is mode locked with an autosoliton. The results of this analytic the-
ory were compared to the numerical results and found to be in good agreement in a
lower-loss laser cavity. Such atreatment of the laser also shows that the effect of the
FM modulator on the field is much weaker than the active fiber and thus appears only

as a small perturbation. This fact reveals that active-fiber based pulse shaping is the
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overriding pulse shaping mechanism in this laser.

Strictly speaking, this type of laser is expected to have a pulse consistent with an
autosoliton, as opposed to a standard soliton. In fact any deviation from the autosoli-
ton shape may be attributed to the fact that this laser does, in reality, have a dispersion
map with finite third-order dispersion, an FM modulator, and discreet losses. Although
the distinction between these two types of solitons is subtle for actively mode-locked
lasers producing picosecond pulses, we believe that it should be more pronounced at
higher modulation frequencies which are able to produce shorter pulses that will expe-
rience stronger spectral filtering, resulting in alarger gain/lossimbalance, and hence an
increased chirp.
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6 Rate Equations for Mode-Locked

Lasers

Although we have already used the long-standing theory’s of Siegman? and Haus'®
in chapter 4 to obtain analytic solutions for the expected pulses in active and passive
mode-locked lasers, we wish to extend their results if at all possible. For example,
in the theory developed for saturable absorption based mode locking it was possible
to incorporate most of the important effects, yet, TOD had to be ignored. Moreover,
the theory isonly valid if the pulse power is much less than the saturation power of the
device and the Taylor expansion of the saturable absorber’s effectisvalid. Additionally,
the theory developed for the active mode locking ignores the effects of both TOD and
SPM.

6.1 The Moment Method

In an effort to obtain more accurate results, we have applied the moment method*®
to the equations governing pulse propagation in al three types of mode-locked lasers.
The moment method allows usto develop ordinary differential equationsthat governthe
evolution of the pulse parameters rather than the electric field. Moreover, this approach

can take into account al of the termsin Eq. (4.92), thereby lifting the restriction on the
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parameter space.

If we ignore the phase kT + ¢g in Egs. (5.6) and (4.107), a mode-locked pulse is
fully quantified by five parameters: energy E, temporal shift &, frequency shift Q,
chirp g, and width 7. Following the moment method, these parameters are defined in

terms of integrals over the temporal pulse profile vial46: 147

E(T) :/i]A(T,t)\Zdt, 6.1)
E(T) = é/wt]A(T,t)\zdt, 6.2)
Q(T) = o2 {A*%—?—A(?A*} dt 6.3)
o(T) = E/w(t—é [A*‘;—’?—Aaaﬂ . (6.4)
2 = 2 [ - eam o (65)

where the constant Cz, defined later in this section, converts the root-mean-square width
into pulse width 7. In order to obtain analytic results, the pulse shape must be an
analytic function which is differentiable everywhere as well as square integrable.* To
investigate how the five pul se parameters evol ve during propagation under the influence
of a governing equation, we differentiate Eqgs. (6.1)—6.5) with respect to the course-

grained time T and obtain'#

35 - / {A*aA %ﬂdt (6.6)
R TR
3%:_%35 ZE/ [aT( at)_aiT(Aaa/? )10“ (68)
S [a g () (e e
rg—;: 21535 2+% o —&)? {A*g—TA+A‘ZAT*}dt. (6.10)

*This restricts the application of this technique to investigating similaritons since they posses akink.
Nevertheless, the possibility of removing the kink does exist although such an approach is likely to

provide a complicated analytic result.
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To continue from here, we must restrict our focus to a specific governing equation.
In our case, we areinterested in mode-locked lasers and wish to investigate the changes
in the pulse parameters under the influence of the master equation of mode locking
[Eqg. (4.92)]. Unfortunately, we cannot develop a generic treatment for this problem
since it depends on the mode-locking mechanism denoted by M(At). However, we
point out that the resulting equations we obtain will al contain certain core terms due
to the common effects found in Eq. (4.82) regardless of the mode-locking mechanism.

In the rest of this chapter, we apply the moment method to the equation that all of
our mode-locking processes have in common: the Ginzburg—-Landau equation (GLE).
The results obtained in this chapter will be appended to the results found in the fol-
lowing chapters for each specific mode-locking mechanism to obtain a complete rate-

eguation approach for the various mode-locking techniques.

6.2 Application to the GLE

In this section, we start by substituting the GLE into Egs. (6.6)—<6.10) for one pulse
parameter at atime. Integration-by-parts' is then used to simplify the integrals.

6.2.1 Evolution of Pulse Energy

To determine how the energy changeswith propagation, weinsert the GLE into Eq. (6.6).

To simplify the appearance of the math we split our result into two pieces:

*

OT 2T o2 2 Tr o2 " 6 Tx  ot3

g—a) L .
+ (9 )—R|A\2+|y|A|4, (6.11)
2 T

OA _ iBplr, 0°A GTFLR,.0°A  Pslr,. 0°A

TSee appendix D.1 for acomplete list of the simplifications provided by using integration by parts.
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and
A" iBoLr,0%A"  gTZLRr AaZA* BsLr , O3AF
oT 2 Tr ot2 2 TR oJt2 6T ot3
g— o) L .
I A2 —iy|Al%, (6.12)
2 Tr

Combining these results and using Eg. (6.6), wefind
2 2 p% 2 2 7%
Tth Iﬁz/" {Afa A 8 A ]dt gE {Afa A Aa A ]dt

LgdT = 2 o2 at2 2 at2 ot2
Bg LO°A J3A* — / 2
s | NS tASE | dt @) [ (AP (6.13)

Now, by using our integration-by-parts relations, Egs. (D.2), (D.11), and (D.14), this
result is ssimplified to become

Tr dE = |9A|?

i (gT—&)E—g_Tzz/m = et (6.14)

6.2.2 Evolution of Pulse Center

Following the same approach as above, we substitute Eq. (4.82) into Eq. (6.7). Since
we already found the terms in the bracketed expression inside the integral, by adding
Egs. (6.11) and (6.12), we can immediately write

TrdE gT2 _|[32 LOPA a2A*
LrdT — (9- 5/ dt A o2 8t2 dt
grs *aZA aZA* [33 L33A 93A
+ S8 t{A 57 tAS | dth e | “t|a 53 A5 |t
+ g_Ta/ t|A[2dt. (6.15)

Next, Eg. (6.1) isused in conjunction with our integration-by-partsrelations Egs. (D.15)—
(D.19) to obtain:

Tr do / dt —& /
A2

-
D = B2
dt. (6.16)

LrdT
B3

_|__

at
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6.2.3 Evolution of Spectral Shift

To find the change in carrier frequency, it is helpful to use the chain rule to obtain the

following result:

d (.. 0A . 0°A  OA*9A
aT (A at) ATa T aT ot (617)
Then using Eq. (4.82) we can write
L 0°A B2 LRA*83A gT? Lr LA BsLr LO%A
oTot ~ 2 TR ot3 2 TR o3 ' 6 TR o4
(g Ot) LR *8A ia R 28|A| * 2
+ T —A 5t |yTR|A| A \A| . (6.18)
We also find
IR OA i Lrd*A OA  GTFLRO°A A fsLrd*A" OA
OT dt 2 Tr dt2 9t 2 Tr Jt2 Jt 6 Tr It3 ot
(G- Lr —A*a—A—' BA*|A]zaA (6.19)

2 ot T

Putting these two results together we obtain

9 A*(?_A _iBLR A*&‘__azA*a_A g_l22L_R A*&_‘__&zA*&_A
oT \" ot 2 Tr| 93 92 ot 2 Tr| 93" 92 ot
Bslr [\ 0*A  PAOA] o~ Lr,.0A
6T |\ ot T ot ot TOTHTA G
\Ayza‘A’ : (6.20)

By taking the complex conjugate of this, we find

9 (pOA _iBolr A83A*_82A8A* g5 LR A<93A*+82A8A*
aT ot | 2 Tr| ot3 0ot2 ot 2 Tr| Ot3 = 0t? ot
Bslr OAA*  F3AIA* L
6 TR o T oe o | 9T OTAG

— i |A|28 |A| - (6.21)
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Therefore,

d (.. 0A d (OAN]  ifoLr[,.0°A  93A]
{8_T(A ﬁ)‘a?(’* ot )] = o RN Ao

iBaLg [0A 9°A  0AJ?A* gT2 Lr [ .,03A  93A*]
2 TR[at ERrTy 8t2] 2 | o "o
_gTfLr [8A* d%A aAaZA*] Bslr [ A A Aa4A*‘
2 Tr| 0t 9t2 ot ot?

6 Tr| ot ot4 |
BsLr [aA*a3A aAa3A*] G- _LR[ 0A  OA*]

6 Tr| Ot I3 It It3 ) AE_Aat_
LR 20 |A)?
tAr AP (622)

Substituting the preceding term into Eq. (6.8) gives us

@ LR gT2 Lr [32 Lr d3A  93AF

S S TRQ/ 4ETR/ AoE HAge |
* 2 2 Ak 3 3 A%

ﬁzLR/ [8A8A aAaAldt |gT2LR/ [A*aA aA}dt

T TR/ .| ot o T ot o2 AE Tx FrElaTe:
_@5/” OA" QA OAIPATT o ﬂs/ PRI
4E Tr ot ot2 ot ot2 12E TR /- ot4 ot4

iBs Lr / {8A* I3A  JAIPA

}dt+(g—&);—sg

12E Tr ot ot3 It ot3
_YLr /"" 28|A|
ET, 700|A| : (6.23)

Amazingly, this messy result may be overwhelmingly simplified by using Egs. (D.20)—
(D.27) to

dt

2' ¥ 02 2 Ak
TRAQ T} [_/ FA&A aAaA} Q/ .

LrdT E ot Jt2 ot ot2

6.2.4 Evolution of Chirp

The change in chirp, which is given by Eg. (6.9), may be simplified by noting that
we aready found the bracketed terms in the integral of Eq. (6.22). Therefore, we can
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immediately write

Trdgq _
LndT —(0—«a q+—Q /
B2 *83A 83A*
+E ( a§)A8t3 Aat3 dt
A" 82A 0A 92A* it
ot at2 ot ot2

|gT2 LO3A 83A*
= IK @[ 5~ |
igT?

OA* 2A A J°A*
2B _w( =5 { ot dt2 It ot2 }d
iB3 LOMA 9O
= ( 5)[A o4 Aaﬁ}

B3 °°<t_§){aA*a3A aAa3A*]

6E ot I3 It It3
A OA"
+ ( E/ (t—& [A AT }d
_ % / |A|28|A| dt. (6.25)

By this point, the reader will not be surprised to learn that this result may also be
simplified by using Egs. (D.28)—D.38) to

o= | [0 5 | et [
P [of i [0 [R5 228 a).
6.2.5 Evolution of Pulse Width
Finally, the change in the pulse width may be found by starting with Eq. (6.10)
13—; —%3—5%% w(t—&) [A*§¢+ %’ﬂdt (6.27)
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and then using Egs. (6.11) and (6.12) to obtain the following result:

Tr_dz  (0-a) grz , 0A|?
RdaTr -~ 2 TTEY ) %
iB2Cs *82A 02A*
o-—J IRy s I
gT2Cs L0°A 82A*
ae | -8 A g AT

dt

B3Cs *83A 03A*
+ 6E Hx,( 5) at3 tAGE ot3 dt
+ @72. (6.28)

Once again, by using Eq. (6.5) and Egs. (D.39)—D.44), thisresult may be simplified to

Trdt  Ba0Cs | BsCs [~ . . |9Af
T A S P
gT3 /°°3_A2 2EC; 2C3 [~ . ,.2|0Af
T E [T o) A (=8 5| dt|. (629)

6.2.6 Analytic Results

The results obtained above al include integrals that can only be done if one assumes a
specific shape for the mode-locked pulses. The fact that a pul se shape must be assumed,
which may depart from the actual pulse shape, isone of the drawbacks of this approach.
Nevertheless, the results predicted from this method are in excellent agreement with
full numerical ssimulations. Thus we assume that the pulse shape can take one of the

following two commonly-assumed forms:. either a perturbed Gaussian
2 2 1+iqg . . .
A=a{exp[—(t—&)°/(219)]} " x exp[—iQ(t— &) +ixT +igo], (6.30)
or a perturbed autosoliton

A(T,t) = ag {sech[(t — &) /7]}*79 x exp[—iQ(t — &) +ixT +igo]. (6.31)
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We now substitute these two shapes into Egs. (6.14), (6.16), (6.26), (6.24), and (6.29).
By using the derivatives and integrals found in Appendices D.2 and D.3, we are able to

get the following ordinary differential equations for the various pul se parameters:

TrdE _ gT?
Lar - @9 — 5 [Co(1+0°) +20°7°] E, (6.32)
Trd
LE d$ — BQ— gT2 Q-+, ﬁ‘* 5 [Co (1+0P) + 20277, (6.33)
LedT — _Co (1+q) (6.34)
Trdg _ f2
LT = —2[ Co (1+0?) +2Q°77]

2

gt Zq[ L (14 Q) + 2027
E  BQ 3 2 2.2
+ C, 2m+ 2 | (1+q ) +Q717], (6.35)

Trdz Bz B3
L_Rd_T = C3— q-|—C3 C]Q-I-Coc (C4 C]) (6.36)

where the constants C,, (n = 0 to 4) are introduced such that they all equal 1 for a Gaus-
sian pulse. In the case of an autosoliton, Co = 2/3,Cy = 1/3,C, = /21/3,C3 = 6/72,
andCy = 2.

To demonstrate the utility of our results, we solve Egs. (6.32)—(6.36) using the
fourth-order Runge—Kutta scheme. It is important to point out that although we have
ignored the presence of both noise and the mode locker, we can still investigate these
eguations numerically since the GLE does admit the so-called autosoliton solution in
the anomal ous dispersion regime. Therefore, using the parameters found in Table 5.1%,
we obtain the results shown in Fig. 6.1 where we seeded our code with the values
E=05pW,q=0.0,7=0.5ps, Q=0.0Hz, and £ = 0.0 s. The fact that this system
converges to a steady state is due to the presence of the autosoliton solution. However,
the autosoliton potential was found to be weak when compared with that of the mode-

locking mechanisms investigated in later chapters. To qualify this claim, we point out

*NOTE: in determining the saturated gain, we have multiplied the average power by a factor of 2in
order to model a Fabry—Perot laser cavity.
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Figure 6.1: Convergence of Egs. (6.32)—(6.36) to their steady-state values: (a) demonstrates the con-
vergence of the pulse energy, (b) isaphase plot of q with respect to T which corkscrews down to asingle
point revealing a single steady state, and (c) shows the non-convergence of & on a steady state. This
initially counterintuitive result is not alarming since it converges to a linear function with afixed slope.
It is aphysical ramification of the presence of third-order dispersion, which temporally shifts the pulse
arrival time [see Eq. (6.33) where Q = 0Q]. Finaly, plot (d) reveals that the pul se experiences no spectral
shift.

that the convergence of our solution strongly depends on the initial values chosen. This
indicates that this regime is not likely to exist by itself. For example, in later chap-
ters where the effect of a mode locker is added to the equations obtained here, we find
a more robust region of convergence where a steady state is found for a much wider
range of initial parameters and will form from noise.

In this case our method predicts the following steady state pulse parameters. g =
0.17018 m~%, E = 2.7899 pJ, g = 0.018048, 7 = 0.83683 ps, and Q = 0 Hz. However,
& does not approach a single value; rather it approaches a constant value of 0.28562 fs

for the delay experienced by the pulse per round trip — this effect accrues over multiple
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round trips.

6.3 Comparison with Theory

Since we are in essence solving Eqg. (4.82), which has an analytic solution, it isim-
portant that we compare our result to the result predicted by theory. In fact, if we use
our perturbed autosoliton ansatz, we should obtain complete agreement between our
perturbation approach and the analytic result. Using the value obtained for the satu-
rated gain® in Eqgs. (5.7)—(5.10), we find the errors between the method presented in
this chapter and the analytically predicted results: Eerror = 0.122 %, Eerror = 100 %,
Qerror = 0.00 %, Qerror = 0.830 %, and Taror = 0.001 %. The small discrepancy be-
tween these different values is due to how long we alow the numerical simulation to
continue’ and the presence of third-order dispersion in our approach. Also, recall that
third-order dispersion is not included in the analytic theory. Thisis why we found an

error of 100 % for the pulse location.

6.4 Comparison with Numerical Simulations

Of course afull numerical ssmulation of EQ. (4.82) must also produce the same results
if our approach is accurate. The pulse formed as a result of this ssimulation had the
following values: g = 0.17018 m~1, E = 2.7899 pJ, T = 0.8406 ps, g = 0.0175, and
Q = —5.967 GHz. These parameters agree with the results obtained above within afew

percent except for ashift in the carrier frequency. The carrier frequency shift originates

SAll analytic solutions require a priori knowledge of the saturated gain, a value which may only be

obtained by solving the full problem. In our treatment here, however, this value is accurately obtained.
Note: the simulation approaches the steady-state values with an accuracy related to how long the

simulations are allowed to continue.
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Figure 6.2: Numerical solution of Eq. (4.82) in the anomalous-dispersion regime in the absence of

noise. Although seeded by a pulse, adistinct solution is found — the so-called autosoliton.

from pulse asymmetry due to third-order dispersion. Unfortunately, it would not be
practical to incorporate pulse asymmetry into our model. However, the overall agree-
ment validates our numerical simulations used throughout this work.

Before parting, we point out that in order to obtain the autosoliton showninFig. 6.2,
we had to seed our simulation with a pulse with parameters close to those of the au-
tosoliton. Since the autosoliton solution is not robust, seeding from a similar pulse is
required. Moreover, the autosoliton will not persist indefinitely in the presence of noise
without an external cleanup mechanism. To demonstrate this point, we allow the sim-
ulation performed above to continue over more round trips and plot both the spectral
evolution [in Fig. 6.3(a)] and the temporal evolution [in Fig. 6.3(b)]. In this case, what
appears to be noise on the spectrum is due to a growing cw background that creeps
into the simulation due to numerical error. This is why lasers, which have noise due
to spontaneous emission, require a mode-locking mechanism to form trains of stable
pulses. Moreover, this figure demonstrates that the autosoliton is not a robust solu-

tion. However, despite the noise clearly visible on the spectrum, the time-domain pulse
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Figure 6.3: Spectrum of the pulse solution found by solving Eq. (4.82) in the anomal ous-dispersion
regimein the absence of noise. Figure (a) shows that the pulse starts to develop a cw background despite

the fact that figure (b) appears to have converged to a specific solution.

shownin Fig. 6.3(b) still appearsto maintain its shape over the simulation range; it will

eventually disperse.

6.5 Application to Mode-Locked Lasers

Equations (6.32)—6.36) describe the propagation of a Gaussian pulse or an autosoliton
under the influence of the GLE. Since this equation is common to the master equation
of mode locking, which can be used to describe all of the mode-locking mechanisms
studied as part of this thesis work, the terms in Egs. (6.32)—6.36) are common to the
rate-equation approach we develop for mode locking in the subsequent chapters. By
concatenating the results obtained in the following chapters with the results found here,
we will arrive at our so-called mode-locking rate equations. Of course, if we focus
on steady-state mode locking, we can simplify the system of five coupled differential
equations into a system of five algebraic equations by noting that the derivative terms
must vanish (or equal aconstant for & under passive mode locking). Thisisrequired if

a steady-state exists, since the pul se properties should remain fixed from one round trip
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to the next. Under active mode locking, all of the derivatives vanish, but in the presence

of third-order dispersion, & will change from one round trip to the next.

6.6 Conclusion

In this short chapter, the moment method was applied to a modified Ginzberg—Landau
equation, which included third-order dispersion, for two well-known pulse shapes.
Good agreement was found when the results of our approach were compared with the
analytic results expected in the anomalous-dispersion regime in the absence of third-
order dispersion. The agreement between the two results verifies the accuracy of our
approach and indicates that by including the effects of the various mode-locking mech-
anisms in our treatment we should be able to incorporate the effect the mode locker
has on the steady-state pulse parameters. The next three chapters use this approach to
explore saturable absorption based mode locking, AM mode locking, and FM mode
locking respectively. The use of this approach results in the development of a more

comprehensive analytic theory than was previously available.
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[/ Saturable Absorption Rate

Equations

This chapter has been temporarily omitted from my thesis because it contains work
that has not yet been submitted for publication. Should the reader be interested in this
material they are encouraged to check “http://www.optics.rochester.edu/ workgroups/
agrawal/publications/ thesigUsechak.pdf” in the future since an updated version will
be posted there within a year.

Thank you.
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8 AM Rate Equations

In Chapter 7 we applied the moment method to a saturable-absorption-based mode-
locked laser. In this chapter, we follow the same approach, but consider an AM mode-
locked laser. Once again, we concatenate the results obtained in this chapter, for the
effect an AM mode locker has on a pulse, with those of chapter 6. This approach gives

us our so-called AM mode-locking rate equations.

8.1 Application to AM Mode Locking

Theeffect of asinusoidally driven AM modulator on an optical field may be represented

by

TRg—_'l‘i\ = —Aam {B—cos|[om (t —ts)] }A(T, 1), (8.1)

where B > 1 accounts for biasing and device losses, Aav IS the modulation depth, om
is the modulation frequency (assumed to be identical to that of the mode-locked pulse
train in thiswork,* i.e. wm = 2rFep), andts = Ts(T) accounts for any delay between

the center of the modulation cycle and the temporal window in which the pulses are

*If the driving frequency is not a harmonic of the cavity’s fundamental repetition rate, the moment

method begins to break down since no pulse may even exist. This is another, perhaps more subtle,



164

viewed.

By re-defining the averaged cavity loss as o = o + 2AamB/Lgr, we can simplify
our treatment. Thus, by comparing Egs. (4.92) and (8.1), we note that for AM mode
locking we can identify M(At) = Aam COS[@m (t —tm)] A(T,t).

8.1.1 Evolution of Pulse Energy

To determine how the energy changes with propagation, we use Eqg. (6.6) in conjunction

with Eg. (8.1). Once again, we split the termsinto

A 8_T = T_R COS[(Dm(t _ts)] |A| (82)
and
O BAM ot — to)] A2 (83)
oT  Tr mes ' '

By combining these results and using Eg. (6.6), we find

TRAE  2Apy
LrdT  Lgr

/ " cos[@m(t —ts)] | A2, (8.4)

Obvioudly, an AM modulator directly changes the energy of the field which passes
through it, after all that iswhat the deviceis designed to do. Asalready noted, thereisa
bias component to the modulator that must also be included. In this work, we included

the bias term by re-defining the loss o in Eq. (6.32).

limitation of the moment method. However, for detunings where pulses are still formed, the moment

method will still predict their behavior albeit with a decreasing accuracy.
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8.1.2 Evolution of Pulse Center

The changein pulse location isfound in the same fashion by substituting Egs. (8.2) and
(8.3) into Eq. (6.7), which resultsin:

d 0
I_Ed_? T ZI_ARAI;/| {é/_mcos[wm(t—ts)] A% dt
_ /w t cos|[m(t —ts)] ]A\zdt} : (8.5)

We have also shown that an AM modulator changes the central location (with respect to
time) of a pulse. We point out that this occurs because of the device's time-dependent

loss carves out atempora window that permits pulse formation.

8.1.3 Evolution of Spectral Shift

To find the change in carrier frequency, we once again use the relation

o (A5 ) =A + . (8.6)

9 (A OPA OAOA
oTot '~ aT ot

Then using Eqg. (4.82), we can write

. 3°A Aam LOA
m = T—RCOS[(J)m(t —ts)]A ﬁ
A )
_%“’m Sin[om (t —t)] A2 (8.7)
R
We aso find that

JdA* 0A B Aam *8A
8_TE = T—RCOS[(Dm(t—ts)]A E (88)

Putting the previous two results together through Eg. (8.6) we obtain

0 (L OAY  2Aaw LOA
7 (A5 ) = St cmsion -1 55
A .
— DAMOm G T om (t — to)] A, (8.9)

TR
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By taking the complex conjugate of this, we skip alot of redundant math and find

0 [ OA\  2Aaw aA*
8_T< 8t>_ T COS[wm (t—ts)]A
A
_ A¥“’m N[ (t —ts)] [A2. (8.10)
R
Therefore,
o (oA 9 (,OA\] 2Aam A oA
{8_T<A ﬁ)‘a—T(AW)]— T Coslom(t=1)] [AE—AW]-
(8.11)

Substituting this result into Eq. (6.8) gives us

TR dQ A/_\M
o =T {29 / coS[m(t — ts)] [AI2dt
s AR
— |/wcos[a)m( ts)] {A >t 8t }dt} (8.12)

This result reveals that an AM modulator will place atime varying shift in the carrier
frequency of the field passing through it if it is not aligned with the minimum loss

location.

8.1.4 Evolution of Chirp

The change in chirp, which is given by Eq. (6.9), may be smplified by using Eq. (8.11)

to
Trdg _ 2Aam = B 2
e {q / ~ cos{om (t —ts)] At
_ i/w (t— &) cos(@m]t —td)) [A*%—?—Aa;\}dt}. (8.13)

The AM modulator can also change the pulse chirp if the pulse is not aligned with the

minimum loss location.
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8.1.5 Evolution of Pulse Width

Finally, the change in the pulse width may be found by starting with Eq. (6.10); it is

given by
TRAT _ Aam [ (7 1A
LT = Lk {1‘ /_ ~ cos{on(t —ts)] At
2C3 [ 2 2
- 2 | (t—&) cosfam(t —ts)] APt (8.14)

Although the results were obtained in this section via the moment method, one can
confirm them by operating on a pulse with a given analytic shape and then asking how
the various pul se parameters change as it passes through such adevice. Anintermediate
treatment similar to this approach is provided in Ref. 149 for an AM mode-locked laser
using the moment method. If the results of both approaches are Taylor-expanded and
detuning isignored, we obtain full agrement between the two approaches. This verifies

our approach and the applicability of the moment method in this application.

8.2 Analytic Results

If our two pulse ansatz [Egs. (6.30) and (6.31)] are used in Egs. (8.4), (8.5), (8.12),
(8.13), and (8.14), we end up with the effect an AM mode locker has on thefield inside
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alaser cavity:
TRdE _ gT? 5 >
ar = (g—a’)E—Z—TZZ[Co(Hq ) +2Q%T°| E
2A
+ LAM%cos[wm(g—ts)]E, (8.15)
R
Trd& Bs
gt = B — gT7aQ + 4 [Co (1+7) +20%?]
ApmT .

- ’C“; ¥1sin[om(E —ts)], (8.16)
LedT — Co3 (1+9%) Q- 3 CAMEM g sinfom( —ts)], (8.17)
Tr dq l32 gr?

Loar — 22 [Co(1+a ?) +2077% — Z2q[Cy (1+ ) +20%7
vE [339 3 2 2 2
e 2nt | 2 |2C (L+d)+e
A .

- /CM W1 {qk cos[wm(& —ts)] + 2Qsin[om(& —ts)]}, (8.18)
TR dt ﬁz ﬁg 2
Loar — Cop d+Ce™-aQ+CoCs 2 2 (Ca—0P)

— 2L “\ cos[om (& —t5)], (8.19)

R

where the constants C, (n = 0 to 4) areidentical to those defined in chapter 6. In these

equations, we have also introduced

Yo = exp(—wit?/4), (8.20)
Y1 = omtVo, (8.21)
¥, = 0i1?¥y, (8.22)
for the Gaussian pulse and
Yo = (romt/2) csch(romt/2), (8.23)
Y1 = [rcoth(rwmt/2) — 2/(wmt)]Vo, (8.24)

¥, = {2+ 3csch? (momt/2) [3+ cosh(romT)

— 4/(romt)sinh(romt)] } Yo, (8.25)
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for the autosoliton.

Equations (8.15)—8.19) are analogous to the traditional rate equations used for cw
lasers and we refer to them as the AM mode-locking rate equations. They were numer-
ically solved in afraction of the time required to solve the original equation [Eqg. (4.92)
with M given by Eq. (8.1)] by using the fourth-order Runge-Kutta method and the pa-
rameters found in Table 5.1.7 Figure 8.1 displays how pulse energy E, width 7, and
chirp g change from one round trip to the next when seeded with the initial values
E(0) =11J, £(0) =0fs, Q(0) = 0 GHz, 7(0) = 0.5 ps, and q(0) = 0. The plots for
7(T) and q(T) were combined into one phase-space plot by plotting q as a function of
7. Asseen in part (a) of Fig. 8.1, pulse energy increases from 1 fJto ~ 2.74 pJin less
than 200 round trips and converges rapidly to its steady-state value. Only ~ 2000 round
trips are necessary before the pulse parameters converge to their steady-state values.

Equations (8.15)—8.19) are analogous to the rate equations used for continuous-
wave lasers in the sense that they describe how the pulse parametersE, &, Q, g, and 7
change from one round trip to the next. For example, Eq. (8.15) shows that the energy
is enhanced by the gain (first term) but reduced by both the gain filtering (second term)
and the AM mode locker (third term). Similarly, Eq. (8.19) shows that the modulator
shortens optical pulses as they passthrough it (last term).

To illustrate pulse dynamics, we solve Egs. (8.15)—8.19) for a Fabry—Perot fiber
laser using realistic parameter values. More specifically, we use B_z = 4+0.014 ps?/m,
y=0.012W1m, go=055m1, a =017 m™1, T, = 47 forad, Py = 12.5 mW,
Frep = 10 GHz, Lr =4 m, Tr = 40 ns, and Aav = 0.3. Figure 8.1 shows the approach

TOur solution assumes a Fabry—Perot laser cavity. Therefore, the mode-locked pulse passes through
the gain media twice during a single round trip and so the power, which saturates the gain media, must
be determined by taking the counter-propagating pulses into account. In the averaged cavities we are
considering in these sections, a steady-state mode-locked pulse will have the same power everywhere
in the cavity. This allows us to simply divide the saturation power by 2 in these sections. In athrough
model, the counter-propagating pulses should be taken into account; see chapter 5 for a discussion of

such an approach.
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Figure 8.1: Evolution of pulse energy E, width 7, and chirp g over multiple round trips in the case of

anomalous (bottom row) and normal (top row) dispersion.

to steady state in both the normal- and anomal ous-dispersion regimes. It revealsthat the
pulse converges quickly in the normal-dispersion region but takes > 1000 round trips
before converging in the anomalous-dispersion region. Although the rate of conver-
gence depends on the initial conditionsused (E = 11J,q= 0, and T = 0.5 ps), thistype
of behavior is expected since the nonlinear effects are weaker in the normal-dispersion
region. In the normal-dispersion regime, the nonlinear effects add to the effect of dis-
persion and broaden the pulse to 7 = 3.73 ps, thus reducing its peak power and the
role played by nonlinearity. In the anomal ous-dispersion regime, the interplay between
dispersion and nonlinearity prolongs the convergence. We also point out the robustness
of our approach since the initial energy used is more than 2500 times smaller than the
steady-state value obtained.

To quantify the accuracy of our rate-equation model, we solved Eq. (4.92) nu-

merically with the above parameter values and a 1 photon/mode strength, complex,
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Gaussian-distributed noise seed. We found that the approach to steady state follows a
pattern that is quite close to that seen in Fig. 8.1. The final steady-state value of pulse
width agrees within 2.5% in the case of anomalous dispersion. The agreement is not as
good in the case of normal dispersion although it iswithin 9%. Thisisaconsequence of
the pulse shape, which deviates from the Gaussian shape assumed due to nonlinearity,
especially for small modulation depths Aap .

Figure 8.1 also reveals the mode-locked pulse in the normal-dispersion regime is
chirped (q ~ 2), whereas the chirp is nearly zero (q =~ 0) in the anomalous-dispersion
regime. This behavior is a consequence of the interplay between dispersion and non-
linearity. In the anomalous regime, the two effects produce chirps with opposite signs,
which partialy cancel one another, whereas, the chirps add in the normal-dispersion

regime.1%8

8.3 Comparison with Numerical Simulations

Asseenin Fig. 8.1, all pulse parameters converge toward a constant value after a suf-
ficiently large number of round trips. Under steady-state conditions, the derivatives in
Egs. (8.15)—(8.19) can be set to zero. If a steady-state has been reached and we assume
the effects of third-order dispersion are small, we can ignore the & and Q equations by
setting those two terms to zero. This allows us to obtain the following set of coupled

algebraic equations for the saturated gain, pulse width, and chirp:
-1

— — AAM a)zfé T22 2
Oss = (Oﬂ + m 1- Es (1+ q$s) ) (8.26)
~1/4 o _ 1/4
Tss = (CaAam®/LR) / [(2B2/C1) s+ Co0ss T2 (C3 — %) | s (8.27)
_ — 1/2
s — —d+ [dz—l—Cg—f—Ce’)/E’L'ss/ (c5/32\/2n)} , (8.28)
where the dimensionless parameter d is defined as
1 — Cl C4 AAM (1)2’[4
d=—|(1+C T2+<———)¢S : 8.29
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Figure 8.2: Steady-state pulsewidth and chirp as functions of B (Ieft column) and nonlinear parameter
y (right column). Dispersion is normal for the top row and anomalous for the bottom row. The discrete

markers come from solving Eqg. (4.92) while the solid lines come from solving Egs. (8.26)—8.28).

Equation (8.26) reveals that the saturated gain is determined by the cavity losses, the
modulator, and the mode-locked pulse spectrum. Equations (8.28) and (8.29) show
how the chirp is affected by changing the cavity losses, nonlinearity, or the modulation
depth. For example, if the nonlinear parameter is set to zero, pulses remain chirped;
however, if dispersionisalso set to zero, d — - and gss = O isthe only physically valid
solution. Of course, we should use the Gaussian pulse shape under such conditions
following Refs. 2 and 4. Setting C, = 1in Eq. (8.27), wefind that the steady state pulse
width in the absence of dispersive and nonlinear effectsis given by

N\ 1/4
gLR) T,
Ts= | —— —. 8.30
. ( Sa) (8.30)

Thisequation isidentical to the result first found by Kuizengaand Siegman asit should
be.?

The most powerful feature of Eqgs. (8.26)—(8.28) isthat they can be used to instantly*

*Our theoretical results shown in Fig. 8.2 took < 0.1 second to generate
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predict the impact of fiber dispersion and nonlinearity as well as modulation depth and
frequency on the mode-locked pulses. Figure 8.2 shows the results obtained as [?2 and
y are varied. Plots (a) and (b) investigate the case where dispersion is normal ([;2 > 0);
they also reveal adiscrepancy between our theory and the full model [i.e. the solution to
Eq. (4.92)]. Thiserror, which is <15%, is again due to the pulse shape which deviates
from the assumed Gaussian shape. Plots (c) and (d), both made assuming anomalous
dispersion, exhibit excellent agreement between our theory and the full model. The
agrement persists even over the large parameter space explored demonstrating the ro-
bustness of our theory in this case. By comparing Figs. 8.2(a) and (c), it is found that
as the magnitude of dispersion is decreased, pulse width is reduced but chirp increases.
Qualitatively, this behavior isthe same in both regions. Comparing Figs. 8.2(b) and (d),
however, we observe an interesting feature. Increasing the nonlinearity in the normal-
dispersion region resultsin a large increase in both pulse width and chirp. However, in
the anomal ous-dispersion regime, an increase in nonlinearity reduces the pulse width
while the chirp increases only slightly. For example, pulse width s is reduced below
1 ps for y > 0.012 W~/m while chirp is nearly zero. If the nonlinearity is increased
to vy = 0.028 W~1/m, the theory predicts pulses with 7ss = 0.36 ps indicating a pulse
3 times smaller than those predicted by the Kuizenga-Siegman limit.? This result was
also verified by the full model.

This demonstrates that femtosecond pul ses can be realized in actively mode-locked
lasers by incorporating elements with large values of y into the cavity. Photonic-crystal
fibers or tapered fibers can be used for this purpose. Since chirp can be nearly elimi-
nated in the anomal ous-dispersion regime, optimized actively mode-locked fiber lasers

should produce near transform-limited femtosecond pul ses.
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8.4 Conclusion

In this chapter, we investigated AM mode locking viaour rate-equation approach. This
allowed usto incorporate the effect of the modulator depth aswell as second- and third-
order dispersion. We find that in the presence of second-order dispersion the pulses
become chirped while third-order dispersion pushes the pulses avay from the extrema

of the modulation cycle where they would otherwise form.
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9 FM Rate Equations

In this chapter we apply the moment method to mode locking viafrequency modul ation
or FM mode locking. By concatenating the results obtained in this chapter with those
of chapter 6 we arrive at our so-called FM rate-equations for mode locking. Before
proceeding we point out that FM mode locking is essentially an indirect mode-locking
mechanism. The differential loss required to suppress cw lasing and initiate pulse for-
mation is obtained as a consequence of spectral filtering which becomes important be-
cause the FM modulator chirpsthe light in the cavity to such an extent that the cw light

acquires alarge bandwidth.

9.1 Application to FM Mode Locking
The effect of asinusoidally driven FM modulator on an optical field may be represented
by

JA .
TR<9_T = IApm COS[m(t +1ts)] A, 9.1
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where Ary is the modulation depth, ap, is the modulation frequency (assumed to be
identical to that of the mode-locked pulse train in this work,” i.e. wm = 27nFep), and
ts accounts for any delay between the center of the modulation cycle and the temporal
window in which the pulses are viewed. By comparing Egs. (4.92) and (9.1) we note

that for FM mode locking M(A,t) = iAgm coS[@m(t +ts)] A.

9.1.1 Evolution of Pulse Energy

To determine how the energy changes with propagation we use Eq. (6.6) to operate on

thisterm. To keep things simple we do this by splitting it into pieces:

and
JA* B IAEM 2
5T = _I_—Rcos[com(t—ts)] |Al“. (9.3)

Combining these results and using Eg. (6.6) we find

TRdE

gt = (9.4)

Therefore, an FM modulator does not directly change the energy of apulse, however, it
should be noted that passive losses associated with the device have been ignored here.
Theloss associated with apractical device, which can not beignored, issimply factored

into the determination of the averaged passive losses, o/, appearing in Eq. (4.92).

*If the driving frequency is not a harmonic of the cavity’s fundamenta repetition rate the moment
method breaks down since the existence of a pulse is not expected; thisis the other, perhaps more subtle,

limitation of the moment method. See the commentsin chapter 8.
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The change in pulse location is found in the same fashion by substituting Egs. (9.2) and

(9.3) into Eq. (6.7) which gives us:

TRde _
LrdT

Thistells usthat FM modulators do not directly change pulse location.

9.1.3 Evolution of Spectral Shift

(9.5)

To find the change in carrier frequency imparted on afield due to an FM modulator we

once again start with the relation

Aot T oT ot

Jd (. .0A . 0°A  IA*9A
a—T(Aﬁ) A

Then using Eq. (4.82) we can write

., 0%A : 1. 2
Tot —1AgMm (DmT—Rsm[wm (t—ts)] |A|
. 1 L OA
+ |AFMT—Rcos[a)m(t—ts)]A 5
We aso find
JA* A ) 1 LOA

Putting these two results together we obtain

0 LOAN 1 . 2
T (A E) = —IAFMa)mﬁSIn[wm(t_tsﬂ A7

By taking the complex conjugate of thiswe skip alot of redundant math to get

0 IAT . 1 . 2
ﬁ<A e ) ~ iBeman - sinfon(t—t5)] A%

(9.6)

(9.7)

(9.8)

(9.9)

(9.10)
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Therefore,
d LOA 2, IR\ ] ., 1 . 2
Substituting this result into Eq. (6.8) gives us
TRAQ _ Armtm [~ sin[om (t —ts)] |A2dt. (9.12)

LrdT ~ LrE J-w
Thisresult reveals perhaps the most important effect of an FM modulator: an FM mod-
ulator places a time-varying shift in the carrier frequency of the field passing through
it. By changing the carrier frequency of light in the presence of filtering (or again me-
diawith afinite bandwidth) FM mode locking acquires the loss mechanism necessary
for pulse formation and background suppression. Moreover, we should point out that
because an FM modulator can change the carrier frequency of the light propagating
through it FM modulators indirectly change the arrival time of light propagating in a
dispersive media. This fact has been exploited by groups making adjustable optical

delay lines, most notably by van Howe and co-workers, 150152

9.1.4 Evolution of Chirp

The change in chirp, which is given by Eq. (6.9), may be immediately written by using
Eq. (9.11)

Trdq _ 2ArmOm [
LrdT LrRE /-«

This result indicates that the FM modulator also changes the pulse chirp as one might

(t—&)sin[om(t—ts)] |A%dt (9.13)

expect.

9.1.5 Evolution of Pulse Width

Finally, the change in the pulse width may be found by starting with Eq. (6.10)

TR dr
Lot = © (9.14)
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Although the results were obtained in this section via the moment method they can
also be confirmed by operating on a pulse with a given analytic shape and then asking
how the various pulse parameters change. If the results are Taylor expanded we get full

agrement. This acts as a sanity check.

9.2 Analytic Results

If our two pulse ansatz are used in Egs. (9.4)—<9.14) we end up with the effect a syn-

chronously driven FM mode locker has on the field inside a laser cavity:

TRdE . _ _ dTF 2 2.2
LodT = (G- )E-23 [Co(1+0°) +2Q°7°] E, (9.15)
Trd
LR d$ = BQ— g1} Q-+, ﬁ3 5 [Co (1+0P) + 20277, (9.16)
R
TrdQ gr? AFM ®m B
LdT = Co 2 (1+97)Q Yosin[om (€ —ts)], (9.17)
Tr dq ﬁz g_TZ
Loar — 2 [Co (1+q_)+29212] —=2q[C1 (1+ %) + 2077
YE B[ 3 2 2.2
+C + 1+0%) +Q
2\/%7: 72 2Co( q) T
1 BEMON ) s (£ 1), (9189
Trdt
RZ- Cgéq—}—Cg@QQ—}—Cng (C4—q ) (9.19)

LrdT

where the constants C, (n = 0 to 4) areidentical to those defined in chapter 6, however,

Yo = exp (—wit?/4) (9.20)

Y1 = omtVo (9.21)
for the Gaussian pulse. For the autosoliton,

Yo = (romt/2) csch(romt/2), (9.22)
¥, = [rcoth(momt/2) —2/(wmT)]Po. (9.23)
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Figure 9.1: Evolution of pulse energy E, width 7, and chirp g over multiple round trips in the case of

anomalous (top row) and normal (bottom row) dispersion.

Equations (9.15)—9.19) are analogous to the traditional rate equations used for cw
lasers and we refer to them as the FM mode-locking rate equations. They were numeri-
cally solved in afraction of the time required to solve the original equation [EQ. (4.92)]
by using the fourth-order Runge—K utta method and the parameters found in Table 5.1."
Figure 9.1 displays how pulse energy E, width 7, and chirp q change from one round
trip to the next when seeded with the initial valuesE(0) = 1fJ, £(0) =0fs, Q(0) =0
GHz, 7(0) = 0.5 ps, and q(0) = 0. The plots for 7(T) and q(T) were combined into
one phase-space plot by plotting q as a function of 7. As seen in the first column of
Fig. 9.1, pulse energy increases from 1 fJto ~ 2.8 pJ in less than 100 round trips but
then exhibits damped oscillations as it evolves over thousands of round trips. In fact,
more than 4000 round trips are necessary before the pulse parameters converge to their

steady-state values (a situation similar to that found when performing the numerical

TAs in chapters 6-8, our solution once again assumes a Fabry—Perot laser cavity. Therefore, the
mode-locked pulse passes through the gain media twice during a single round trip and the saturation
term must be doubled.
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simulationsto create Figs. 5.4 and 5.5 in the chapter 5). Note that in the case of hormal
dispersion [Fig. 9.1(d)] the pulse has not reached a final steady state even after 4000
round trips. In general, the approach to steady state takes longer when the residual
cavity dispersionisnormal since the modulator’s compression effect must balance both
dispersive and nonlinear broadening. In fact, it has even been reported that a train of
well-separated mode-locked pulses could not be experimentally realized at a high rep-
etition rate in this regime.* % Of course, this result depends on the laser parameters: in
the presence of nonlinearity, it indicates that stronger modulation depths are required

to obtain mode locking in the normal -dispersion regime.

9.3 Comparison with Numerical Simulations

In the preceding section, the evolution of pulse parameters toward their steady-state
values was studied by solving the mode-locking rate equations numerically. Although
good agreement was obtained, the true strength of our approach lies in predicting the
steady-state values for mode-locked pulses. Assuming that the mode-locked laser has
reached a steady state, the pulse parameters may be determined quasi-analytically by
setting the derivatives to zero in Egs. (9.15)—9.19). The resulting system of nonlinear
agebraic equations is easily solved using the Newton—Raphson technique.¥ Since this
scheme converges quickly, given areasonable initial guess, parametric studies may be
performed effortlessly.

Figure 9.2 demonstrates the strength of our approach by studying the effect of mod-
ulation depth on pulse width. To put thiswork in perspective, our results are presented,
along with those based on previous theories, in both anomalous and normal dispersion
regimes. In both cases, we consider a linear nondispersive cavity (squares), a linear

dispersive cavity (triangles), and a cavity with both nonlinearity and dispersion (cir-

*See Appendix E for an introduction to this technique.
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Figure 9.2: Pulsewidth predicted by our theory as afunction of modulation depth in the anomal ous (a)
and normal (b) dispersion regimes. In each case, we compare our predictions with numerical simulations

and with the theories given in Refs. 2 and 3 (when 52 < 0), and 4.

cles). Data points marked with symbols were obtained using the full numerical model
[EQ. (4.92)] wheresas the solid lines were generated using the corresponding analytic
treatment in each case. The theory developed by Kuizenga and Siegman? predicts the
pulse width when dispersion and nonlinearity are neglected. With the inclusion of dis-
persion, an extended version of this theory used by Tamura and Nakazawa®* predicts
the pulse width. Haus and Silberberg’s theory predicts the pul se parameters when both
nonlinearity and anomalous dispersion are included; yet, failsto include TOD or modu-
lation depth and isinvalid in the normal dispersion regime.3 Asaresult, only the theory
developed in this work is found to be in good agreement with the numerical resultsin
the presence of both nonlinearity and dispersion. Moreover, our theory reproduces all
of the prior results in the appropriate limits.

A noteworthy feature of Fig. 9.2(a) is that for modulation depths Apy < 0.9 the
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Figure 9.3: Steady-state pulse width 7, chirp g, (Ieft column) temporal shift £, and frequency shift Q

(right column) in the anomalous (top row) and normal (bottom row) dispersion regimes.

mode-locked pul se experiences soliton pul se compression® 30-31.39,153,154 gince the pul se
width becomes shorter than that predicted by the simplified theory of Ref. 2. For
Apnm > 0.9, the modulator plays an increasingly dominant role. Nevertheless, excellent
agreement is obtained between the smulations and our theory even for large modu-
lation depths (1.3% error for Apy = 0.25, 7% error for Ary = 10). Conversely, the
agreement in Fig. 9.2(b) is seen to increase with the modulation depth (15% error for
Apm = —0.25, 7% error for Apy = —10). This behavior can be understood by noting
that the modulator’s preferred shape is a Gaussian.>* As a result, our accuracy im-
proves with modulation depth in the normal dispersion regime but deteriorates in the
anomal ous dispersion regime.

Animportant question we can answer with our semi-analytic approach [Egs. (9.15)—
(9.19)] ishow theresidual cavity dispersion [3_2 and the nonlinear parameter y affect the
final steady-state pulses. Figure 9.3 shows how the pulse parameters 7, g, £, and Q vary
with 52 in the anomalous (top row) and normal (bottom row) dispersion regimes. The

shortest pulses are obtained in the case of anomal ous dispersion for small values of \52\ :
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Figure 9.4: Same as Fig. 9.3 except the pulse parameters are plotted as a function of the nonlinear

parameter.

pulse FWHM reduces to below 1 ps for \Ez| < 0.01 ps’/m. In contrast, pulse FWHM
exceeds 4 ps in the normal dispersion case and increases as [3_2 increases. Notice that
when \[3_2\ < 0.01 ps?/m, the pulse position shifts because TOD plays an increasing role
in the laser (especialy in the anomalous dispersion regime where the pulse spectrum
is broader). Figure 9.4 shows the effect on the pulse parameters when the nonlinear
parameter v is varied for a fixed value of [3_2; dispersion is anomalous for the top row
and normal for the bottom row. In the case of anomalous dispersion, the pul se becomes
shorter for larger values of y. The situation is opposite in the case of normal dispersion.

Figure 9.4 also reveals the interesting result that chirp, g, is essentially independent of
Y.

9.4 Steady-State Pulse Parameters

In an effort to obtain an “analytic” result, we turn our attention to the case where the

effect of TOD is negligible, as is frequently the case for actively mode-locked lasers.
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Under such conditions, both & and Q = 0 in the steady state, and Egs. (9.15)—(9.19)
reduce to a set of three equations for E, q, and 7. After alarge number of round trips,

we can set the derivatives to zero and obtain

o - Gma- S - 629
Lot - ﬁzco 1+ @) - EPa (1+ )

+C \/);S;SS + MLGF:stslpl =0, (929
IF; g; — CaPass+CoCa gSZTZZ (Ca—ag) =0, 620

If we go one step further and assume that gss and Eg are known quantities, as
assumed in previous analytic studies, > we are able to obtain, for what we believe to
be the first time, afully analytic description of FM mode-locked lasers in the presence
of dispersion, nonlinearity, and modulation depth. Equation (9.26) can be written as
q? — 2dg — C4 = 0, where d = f32/(CogssT2) is a dimensionless dispersion parameter.
The steady-state chirp parameter is then given by

Gs = d++/d2+Cs (9.27)

and the pulse width is found by solving Eq. (9.25) for 7s. It is imperative to point
out that Eq. (9.25) predicts multiple solutions are possible, in principle, for a given set
of laser parameters. The stability of these solutions is discussed in detail in the next
section. Here we point out that only one solution dominates in practice, and we focus
on it for thetime being. Interestingly, EQ. (9.27) shows that chirp is independent of the
nonlinear parameter . It isalso independent of the modulation parameters, asomewhat
surprising feature for FM modulation, which affects the optical phase directly. Despite
the fact that TOD was ignored, this finding agrees with Fig. 9.4 where all effects were
included yet chirp was essentially independent of .

Equation (9.24) predicts the extent to which the mode-locking threshold exceeds
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the cw value o.. More specifically,

Os = O |1— -2 (1+0%)

(1+0%) . (9.28)

Since \/1+ g2,/ 7ss is related to pulse spectral width, this equation has a smple inter-
pretation: the threshold gain for an FM mode-locked laser exceeds the total cavity loss
by an amount that depends on the fraction of the gain spectrum occupied by the mode-
locked pulse spectrum. A similar result is obtained for AM mode locking, although
modulator loss isimportant in that case.14°

As noted in the previous section, our theory reproduces previously known resultsin
the appropriate limits. If the effect of the modulator isignored, by setting Agppm = O, our
results collapse to those of Ref. 3 in the anomalous dispersion regime. If nonlinearity
isignored, by setting y = 0, we obtain the results of Ref. 4. If we go one step further
and also neglect second-order dispersion and TOD, we should recover the results of
Ref. 2. Under such conditions d = 0 and gss = +1/C4. Of course, in the absence of
nonlinearity, we expect a chirped Gaussian pulse and C4 = 1, yielding gss = +1. The
tempora FWHM (after Taylor expanding the W4 term) of the Gaussian pulse is then
simply given by

Tewhm = 21/ V2In(2) ( gssLR) v (E) 1/2. (9.29)
Arm m
Thisequation isidentical to the result obtained in Ref. 2.

Equations (9.27) and (9.28) are coupled, however, in most practical cases gg €x-
ceeds o by < 0.5%. Using the parameter values of Table 5.1 and solving Egs. (9.25)—
(9.27), we find that gss = ot + 2.02 x 10~* m~1 confirming that this is indeed true
here. Therefore, to facilitate a fully analytic approach, we assume gss ~ o« which only
introduces a slight penalty in accuracy. Under this assumption, our rate-equation ap-
proach predicts a steady-state chirp of gss = 0.0179 and a pulse width of 7 = 0.787

ps (FWHM = 1.761s). These values agree well with those found by directly solving
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Eqg. (4.92) (1s = 0.798 ps, gss = 0.0174). The good agreement found here justifies
the gss ~ o approximation as well as the simplified approach of ignoring the & and Q
equations adopted in this section.

The mode-locking rate equations can also provide information on the approach to
steady-state which frequently involves relaxation oscillations as seen in Figs. 5.5 and
9.1. We have performed alinear stability analysis on Egs. (9.25) and (9.26) to obtain
the following expression for the relaxation-oscillation frequency associated with small

perturbations:

= . VEC- D2, (9.30)
where
8 — = [B2—CogTas. (9:31)
c- ng_f + 4AFC“2‘L"§T§’S, (9.32)
D=5 - [2B2Co0ss — GTZC1 (1+36%)] - (9.33)

However, to obtain these results in a compact form it was necessary to Taylor-expand
Y to first order about T = 1. Equation (9.30) predicts an oscillation frequency of
230 kHz using the parameters of Table 1 and gss ~ . This result agrees well with the
235 kHz value obtained through numerically solving Eq. (4.92), again justifying the
use of the approximations made. Figure shows these results on the same plot; clearly
the computational result has more structure including other frequency components at
300 and 370 kHz. This figure also reveals that there appears to be some components
a al of the frequencies present, however, thisis related to the noise background and

applying the fast Fourier transform to afinite number of data points.
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Figure 9.5: Numerically predicted relaxation oscillation frequency (solid) and that predicted by our
theory (dashed).

9.5 Stability of Steady-State Solutions

It iswell known that FM mode-locked lasers can operate with pulses at either modula-
tor extremum.? 1630 These two possible operating states correspond to wm(t —ts) = 0
and on(t —ts) = m; they aso make FM mode-locked lasers prone to a switching in-
stability.2416:66 Our theory predicts pulse formation at both of these locations, as it
should. For example, pulse chirp q in Eq. (9.27) has two possible steady-state values.
In alinear nondispersive cavity, a single pulse width 7 is associated with each value of
chirp 9.2 However, the presence of dispersive and nonlinear termsin Eq. (9.25) allows
multiple solutions for 7 for each value of g.

Figure 9.6 shows how the two solutions for g vary with the residual cavity disper-
sion [3_2 [viaEq. (9.27)]. The curve labeled Arp > O represents the chirp imposed on
the pulse located at the wm(t —ts) = 0 modulator extremum while the curve labeled
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Apm < 0O represents the chirp imposed on the pulse at the other extremum. In alin-
ear nondispersive cavity g = +1. However, Fig. 9.6 shows that by introducing residual
second-order dispersion into the cavity the pulse chirp in FM mode-locked lasers can be
reduced significantly to g ~ 0. This result, which could be inferred from Figs. 9.3 and
9.4, isalso in agreement with the experimental findings of many groups.* 30:31.66,139,155
Another interesting feature to note is that the two states are temporally separated from
one another: as cavity dispersion isincreased from anomalous to normal, a pulse must
temporally shift to align itself with the modulator’s other extrema. Two shifting mecha-
nisms have previously been identified through numerical simulations: shifting initiated
through noise (or growth from pulse wings) and shifting initiated by TOD.%8

In section 5, we focused on the App > 0 case in the anomalous dispersion regime
(characterized by 7 = 0.787 psand g = 0.0179). In this section, we start with the phys-

ical explanation as to why one state dominates in an FM mode-locked laser; we then
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use the moment method to map out the stable/unstable points of operation in a visu-
aly intuitive fashion. Focusing again on the anomal ous dispersion regime and the laser
whose parameters are given in Table 1, we find that the chip parameter can be either
very small (g = 0.0179) or very large (Q = —111.73). When Agpm = 0.45, we find a
solution (7 = 0.787 ps) only for the g = 0.0179 case. The situation is much more com-
plicated for Apy = —0.45 [i.e. om(t —ts) = m]. We now find five possible solutions;
each with a different pulse width. For g = 0.0179, three solutions are found: 7 = 0.94,
1.5, and 149 ps. When q= —111.73 two solutionsarefound: 7 = 16.2 and 93.3 ps. Al-
though these results were obtained using Egs. (9.25) and (9.27), they were also verified
by solving the full system of Egs. (9.15)—9.19) in the steady-state. Only one among
these five potential solutions for Apy = —0.45 islikely to be stable. Indeed, a stability
analysis revedls that all three states found for g = 0.0179 are unstable (A simple way
to perform such an analysis is discussed later in this section). Among the remaining
two states, the solution with T = 93.3 psis not physical at our 10.3-GHz repetition rate
since these pulses extend outside the pulse slot. Therefore, we are only left with one
stable solution when Apy = —0.45: 7= 16.2psand q= —111.73.

Having found a unique solution for positive and negative values of Agy, we now
investigate their relative stability. The pulse spectra are quite different for these two
solutions. Indeed, the spectral FWHM is 0.23 THz when Agym = 0.45 but broadens to
2.17 THz when Appm = —0.45. Pulses with narrower spectrawill clearly incur lessloss
due to the finite gain bandwidth [see Eq. (9.28)] and any other wavel ength-dependent
loss in the cavity; they are therefore favored by the laser. For this reason, we call
this solution “dominant” and the other, higher loss, solution *secondary.” The domi-
nant mode-locked pulses always form under modulator cycles satisfying the condition
A,:M[B_z < 0. This behavior, first aluded to by Kuizenga and Siegman,? was investi-
gated in a series of papers by Nakazawa et al.*66:139.155 in the mid 1990’s. Further-
more, Tamura and Nakazawa's argument that the switching tendency is suppressed in

the presence of strong dispersion® is verified by Fig. 9.6 if one recalls that the pulse
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spectrais proportional to \/qu /7 and then applies the spectral filtering argument.

We now turn our attention to the effects of dispersion on pulse stability, as predicted
by the moment method. Equations (9.15)—(9.19) reveal that changesin £ and Q do not
have a strong effect on the other pulse parameters so long as 2Q1 < Cy. Figures 9.3
and 9.4 show that Q7 < 102 over a broad range of operating conditions. SinceCp < 1
we can assume pulse energy, width, and chirp are approximately independent of Q and
. Doing so allows usto solve Eq. (9.17) analytically and obtain

- AEM a)mrz
CoLrgTZ (1+0P)
CoLrgTs (1+°)
TZTR

Q(T)

Fosin[om (S —ts)]

+ Cexp

T!, (9.34)

where C is an integration constant. Noting the second term vanishes for T > Tg,
Eq. (9.34) is substituted into Eq. (9.16) to give us the following equation for Trd& /dT,
a quantity we refer to as the temporal shift per round trip of the pulse relative to the

modulation cycle:

d(: o p — 2 A,:M(omrz
Togr = telP =GR o gz )
20¢ 0 T° 2 62
Y5sn®|w —t . 9.35

By varying the detuning between the pulse location and modulator extrema, & —ts, the
magnitude of this shift is mapped out, along with arrows indicating its direction, in
Fig. 9.7, where four different regimes are shown for the dominant mode-locked solu-
tion (7 = 0.787 psand g = 0.0179). In Fig. 9.7, the stable and unstable locations are
identified with a square and a circle, respectively, and they occur at pul se-modulator
detunings where the pul se does not experience atemporal shift. The stable points occur
at locations where a slight perturbation results in atemporal shift that restores the ini-
tial state. Unstable states, on the other hand, are identified where a dlight perturbation
sends the pulse to a different state. TOD manifests itself by making the magnitude of
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Figure 9.7: Temporal shift per round trip asafunction of pulse-modulator detuning using the dominant
pulse parameters (t = 0.787 ps, g = 0.0179). These figures identify the stable (square) and unstable
(circle) operating locations as well as the strength and direction of the pulse velocity for the following
cases: () Bo<0& B3=0,(0) fo<0& B3>0,(c) fpo<0& Bz<0,(d) fo>08& Bs>0. The
imaginary part of the modulator’s signal is plotted by the dashed line to aid in location identification for
a fixed modulation depth of Agy = 0.45.

d& /dT asymmetric about the stable/unstable points depending on its sign as seen by
comparing Figs. 9.7(a)—(c). InFig. 9.7(a), where B_:g, = 0, the magnitude of the temporal
shift experienced by the pulse is symmetric about the stable/unstable operating points.
In contrast, pulse shift becomes asymmetric in Figs. 9.7(b) and (c) where [?3 #0. De-
pending on the sign of B_g pulses temporally shift faster in one direction; this intuitive
result was previously reported through numerical simulations.?®

Equation (9.35) also provides a simple way to investigate the stability of the pulse
solutions by using the values obtained for 7 and q in this equation and plotting the re-
sults. These plots immediately reveal that the three Apy < 0 and g = 0.0179 solutions
(previously noted) are unstable; full numerical simulations of Eq. (4.92) were also used
to verify this claim.

To demonstrate what happens in the normal dispersion regime, Fig. 9.7(d) shows



193

the case [?z > 0. Asseeninthefigure, the App < 0 extremum of the modulation cycle
represents the stable location for pulse formation. We point out that this result agrees
with the simple rule Ag v [;2 < 0 and has been confirmed numerically.

Using the Gaussian ansatz, temporal shift per round trip can also be plotted for
a nondispersive linear cavity, by setting [3_2 = 53 =y =0and using Eq. (9.35). In
this case, pulse width and chirp are found to be T = 0.7432 ps and q = +1 by using
Egs. (9.27) and (9.29). The absence of dispersion and nonlinearity has caused the dom-
inant and secondary solutions to collapse into one solution differing only in the sign
of the chirp. As a consequence, neither solution dominates and we expect pulsesto Si-
multaneously exist under both modulator extrema. Experimentally, however, the laser
randomly switches through noise-induced perturbations between the two states; they
have not been found to coexist.'®

If the parameters of the secondary pulse (7 = 16.2 psand g = —111.73) are used
instead of those of the dominant pulse, the results shown in Fig. 9.8 are obtained. Fig-
ures 9.8(a,b) show that the secondary pulses exist at the opposite modulator extrema
as that of the dominant pulses, as expected. By comparing Figs. 9.8(a,b) to 9.7(a,b),
we find the temporal shifts experienced by the pulses during a single round trip are
much stronger for dominant pulses than those experienced by secondary pulses. That
is, our theory shows dominant pulses are bound more tightly to their stable operating
points than secondary pulses. Thisis expected on physical grounds and isadirect con-
sequence of second-order dispersion and spectral filtering.

Once again we see that TOD has added an asymmetry to the strength of the pulse
shift by comparing Figs. 9.8(a) and (b). Since the laser needs a finite amount of time
to switch between states, it becomes possible to observe the secondary state, at least
through numerical ssimulations. Despite the fact that this state is not dominant, numeri-
cal evidence for its transient existence has been confirmed by considering the effect of
an abrupt half clock cycle phase shift in the driving electronics on the dominant pulse.28

It was found that the pulse shifts under the influence of the TOD, re-synchronizing with
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Figure 9.8: Temporal shift per round trip asafunction of pulse-modulator detuning using the secondary
pulse parameters (1o = 16.2 ps, gop = —111.73). These figures identify the stable (square) and unstable
(circle) operating locations as well as the strength and direction of the pulse velocity for the following
cases: (a) [3_2 <0& [3_3 =0, (b [3_2 <0& [3_3 > 0, (c) result of large TOD on stable pulses. The imaginary
part of the modulator’s signal is plotted by the dashed line to aid in location identification for a fixed
modul ation depth of Agp = 0.45.

the stable modulation extrema, while essentially retaining its shape. If the TOD is
weak, or the pulse is unable to survive the perturbation intact, it broadens instead of
shifting. In Ref. [28] the pulse broadened but then become trapped in alocal potential
until it was destabilized by the re-formation of the dominant pulse, which was seeded
by the pulse wings and noise. The transient state found in that work is just what we
have referred to as the secondary state here.

According to the current work, it follows from Fig. 9.7(b) that if the pulse survives
the modulator-induced perturbation and retains its width and chirp, its center would
be subject to the temporal shift identified in that figure. To clarify our meaning, con-
sider what happensif a steady-state mode-locked pulse located at a & —ts = —48 psis
subjected to a & phase shift through the driving electronics. According to Fig. 9.7(b),
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the pulse would physically shift to relocate itself under the correct modulation cycle
(& —ts=0ps). If, however, the pulse can not survive the perturbation, it will broaden
while remaining centered on £ —ts = —48 ps. Instead of broadening unabated, it will
become trapped in alocal potential associated with the secondary state [t = 16.2 psand
g= —111.73 see Fig. 9.8(b)]. At this point, the pulseislocally stable. The laser will
only return to its dominant steady-state mode-locked pulse when the secondary state is
destabilized by the laser’s choice to operate in the lower loss state located at & —ts =0
ps (in this case, the stable pulse grows from noise). By increasing pulse energy the
pulse may remain intact through solitonic shaping, despite the modulator-induced per-
turbation. Such a pulse would then switch out of the shallow secondary-state potential .
Comparing Figs. 9.7(b) and (c) we further expect that the direction of pulse-center shift
should depend on the sign of the TOD. All of these effects were numerically observed
and explored in Ref. [28].

Finally Fig. 9.8(c) answers the question asto what happens when TOD isincreased.
In this case, TOD was increased by afactor of 10 to ﬁ_g =300 x 10* fs3/m and we find
that mode-locked operation is no longer possible since the shifting effect of the TOD is

stronger than the modulator’s ability to synchronize the pulses.

9.6 Conclusion

By applying our rate-equation approach to FM mode locking we obtained a system
of five equations which govern the evolution of the important pulse parameters. This
allowed us to incorporate the effect of the modulator depth as well as second- and
third-order dispersion on the pulse parameters. By comparing the results predicted by
our rate-equation approach with those of full numerical simulations we found that our
approach provides more accurate results than those obtained by using other analytic

approaches.
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Our approach also allowed usto solvefor al of the steady-state pulse solutionsin an
FM mode-locked laser. Using simple physical arguments we were able to identify the
steady-state pulse parameters. The rate-equation approach also allowed us to predict
the relaxation oscillation frequency expected for such a laser. Finaly, an investiga-
tion of the effect pulse-modulator detuning has on the mode-locked pulses provided an
analytic framework able to describe the pulse-pulse switching which was numerically

investigated in section 5.5.
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10 Conclusion

In this thesis, we presented a detailed study of mode-locked lasers. Experimental
investigations provided a starting point for numerical simulations and explored high-
repetition rate mode-locked fiber lasers. Our experimental investigations also supple-
mented and directed our analytic work and served as the source for al of the numerical
values used in both numerical and analytic investigations.

A general analytic tool was developed which allowed us to recover the results of
al prior theories in the appropriate limits. Additionally, this theory alowed us to go
beyond prior resultsin certain cases, for example, in the mapping out of stability in FM
mode-locked |asers.

A short list of future directions, related to the work presented in this thesis, that
could be explored in the future include: an experimental verification of the FM mode-
locking stability issue using an electronically controllable phase-delay line and an FM
mode-locked laser or the application of the Moment Method to stretched-pulse fiber
lasers (although the complexity of the results obtained will likely outdo their useful-
ness). An application of our rate-equation treatment to a similariton mode-locked fiber
laser would also be interesting. Unfortunately, such an application would require a
nontrivial pulse-shape stitching to insure the derivative of the similarition pulse was a

continuous function. The demonstration of passive mode locking at a high harmonic
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in this thesis, through pulse splitting, identifies the need for a technique able to stabi-
lize large pulse trains in passively mode-locked lasers. Another obvious question that
this work raises is whether noise can be included in our Moment Method treatment of
a mode-locked laser. In this case, issues with cavity lifetime must now be artificialy
incorporated into the treatment to limit the extent to which noise can grow. It is be-
cause this limitation would have to be artificially introduced that these results were not
presented in thisthesis. Finally, our rate equation formalism could be applied to a laser
mode locked with a SESAM using amore accurate model that incorporated its recovery
time etc..

In conclusion, the field of mode-locked lasers still holds more undiscovered effects;
however, while in graduate school, | believe | watched much of the field shift from a
research area to an engineering area. In the near future, theoretical developments will
continue to be made, but | expect more effort will be put into suppressing deleterious
effects such as Q-switching while insuring reliable self-starting and reducing ampli-
tude and timing jitter. Moreover, it is highly probable that the pursuit of the shortest
pulses possible from all-fiber lasers, common in the 1990’s, will be all but abandoned
in the next ten years as scientists and laser companies set their sights on high-power
applications. As the field shifts focus, new theoretical problems will be encountered
ranging from heat dissipation issues to novel fiber structures which support multiple
modes and/or include dispersion tailoring to the effects of gain media under intense
pump powers. Thiswill require more detailed gain modeling.

Finally, although passive schemes are the most highly valued for their simplicity, |
expect alot more to be done with opto-electronics and electronics, particularly phase-
locked loops. Since e ectronic feedback systems can be built to regulate long-term drift
issues and make lasers transition from laboratory devices to devices that are used as
the building blocks for a broader and broader range of devices for the medical com-
munity, micro-machining, forensics, etc., such atransition will most likely require the

miniaturization of these technologies and laser systems. Along with the integration
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of electronics and feedback loops into laser systems, computer interfaces should also

become commonplace among all commercial fiber lasers within the next five years.
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This appendix focuses on the time and frequency representations of hyperbolic secant

and Gaussian pulsesincluding their associated FWHM'’s and time-bandwidth products.

A.1 Hyperbolic Secant Pulses

Starting with a hyperbolic secant pulse in time, we have

9(t) = Ao sech (Tlo) |

(A.1)

The FWHM istrivially found by considering |¢ (t = 3 Tewnm)|? = 3|6 (t = 0)|2 which

gives.
TrwHM = 2 In(\/§+ l)To ~ 1.763T0.

Now we find the spectrum by simply Fourier transforming the field:

ﬂQTo)

¢(Q) = AnTosech (

The FWHM of the spectrum is given by

4in(v2+1) 1122
7'CTO - To )

QrwHM =

(A.2)

(A.3)

(A.4)
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If we can assume that our pulse has a narrow spectrum, we find:

~ T2CToAL 27nC
|¢(A)y% yA|2n2T023ech2( lg ) (12 ) (A.5)
0 0

2In(v2+1)A2
7'L'2CT0

)VZ
AEWHM ~ —5.958 x 10—10?3, (A.6)

where we introduced AA = ApwHm /2. On the other hand, if our pulse spectrum is not

nTo [ 2nC  2nC 2nc
2(%‘%)](12) A

to describe the spectrum. In order to obtain the above relation for the spectral width,

narrow, we should use

6(1)]* = |2 ?T¢sech?

we used the fact that Q = o — wp = 2 — %3 since we removed the carrier frequency
from this measurement. As a consequence, A+ = Ao £ Arwnm/2, and we find that
AFWHM = 240 — 2A_ = —2Ap+ ZAJF. Therefore,

_In(v2+1) (240 — Arwrim) Ao
To = 26 e . (A.8)

Finally, the time-bandwidth product (TBP) for a hyperbolic secant pulseis given by:

2
. 8|In(v2+1
TBP = JFWHM - QFwhm [ < >] — 0.314833. (A.9)
21 272
A.2 Gaussian Pulses
Starting with a Gaussian field in time,
o(t) = Ae /210 (A.10)

The FWHM istrivially found by considering |¢ (t = 3 Tewnm)|? = 3|6 (t = 0)|2 which
gives.
TewHM = 2+/ |I’l(2)To = 1.665Tp. (A.ll)
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Now we find the spectrum by simply Fourier transforming the field:
$(Q) = AV2rToe ¥T0/2, (A.12)

The FWHM of this spectrum is given by

2,/In(2
QrwHM = = ( )~ (A.13)
0
Under the assumption that our spectrum is narrow, we find:
2
|0(A)|” ~ |A|“2nT5 exp [— (TgAl) T0] (Tg) : (A.14)
This gives the FWHM as
VIn(2)A2
~NL— A.l
AFWHM " (A.15)
If we cannot assume a narrow spectrum, then
2
~ (2 2 2 2nc  2nc o| (2mC
[0(4)|" = |Al“27Tg exp [— (T - K) To] (7) : (A.16)
Once again we used the fact that Q = o — wy = 2 — % We also define 1. = g+
Arwnm /2, and then find that Apwnm = 240 — 24— = —2Ap+ 21 Therefore,
In(2 -
Y N(2) (240 — ArwHm) Ao (A7)

2nc AFWHM

Finally, the time-bandwidth product for a Gaussian is given by:

Trwhm - QFwHm _ 4In(2)

TBP=
2% 2T

— 0.4412712. (A.18)
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B Measurement Limitations

A brief but important topic which is essential in any experiment is to have an under-
standing of what isreally being measured. Of course, when using acomputer or theoret-
ical model to predict the experimental performance of a system, thistopic also becomes
important. In order to facilitate accurate comparisons between any model and exper-
iment, the non-ideal performance of the experimental equipment must be accounted
for. In this section, we simply note the performance limitations of the most common

devices used to characterize mode-locked lasers.

B.1 Optical Spectrum Analyzers

In the field of mode-locked lasers, the Optical Spectrum Analyzer (OSA) is frequently
used to observe the spectrum of a mode-locked pulse train. Naively, one would expect
that this device provides the scientist with a spectrum of a mode-locked pulse. In actu-
ality, these devices have both finite response times and finite spectral resolutions. The
ramification of the finite spectral resolution is that low-frequency modulation (kHz -
GHZ2) of the optical signal is not detectable. Among other things, this includes the fact

that OSA’s are unable to resolve the longitudinal modes of the laser cavity that man-
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ifest themselves as §-function like peaks in the optical spectrum of a pulse train. In
effect the optical spectrum of a mode-locked laser has a sinusoidal modulation related
to the repetition rate of the laser which cannot be seen on an OSA unless the laser is
mode locked at a frequency in the GHz range (the actual value depends on the carrier
frequency and the device resolution).

As a conseguence of the finite response time, the OSA will aso temporally average
the spectrum so that only slow changes or trends (on a ms time scale) can be resolved
using this device. When comparing computer simulations to experimental results ob-
tained using an OSA, we may need to take these limitations into account as in the case
of FM oscillation.

If we assume that the intensity spectrum to be measured by an OSA is given by

Y(A,T), we can write the response of the OSA as:

#oiNts A 1 T
OSAN) ~Tep 3 / lT— / ‘P()L,T)dT} dz, (B.1)
n=1 An int JO

where reg is related to both the detector efficiency and any loss of the device. In
addition, Apr1 — An > AA, where AA is the finite resolution of the OSA (frequently
0.05nm). In writing this result, we have assumed we have a spectrum y(A) which can
change on a slow time scale T. We have also assumed that A represents a continuous
frequency range whereas A represents a discrete number of points used by the device
to reconstruct the actual spectrum. This result shows us that the device has a finite
response time that is usually limited by the sweep rate of the OSA and usually ~1
ms/nm. Physically, this result indicates that OSAs perform some time averaging over
the spectrum since they require afinite amount of time to scan over the spectrum. Asa
consequence of the finite filtering, the OSA attributes al of the power within a specific
frequency range (or bin) to asingle point.

Before parting, we note that, although grating based spectrometers do not have the
same sweep issue as OSAS, their detectors still have a response time associated with

them. Additionally, their resolution islimited by the size of the detector’s pixels and the
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frequency range over which they are configured to operate. As aresult, these devices

may also be modeled by the above equation, although the values may be quite different.

B.2 Oscilloscopes

An Oscilloscope displays voltage verses time of an electrical signal. The basic limita-
tion of these devices is that they have a finite bandwidth and thus low-pass filter high-
frequency input signals. For example, the state of the art in sampling oscilloscopes® is
currently around 100 GHz (LeCroy WaveExpert 9000 and SDA 100G); however, real-
time oscilloscopes' can only operate at frequencies < 10 GHz at the present time. In
terms of optics, the optical field must first be detected and converted to a current (or
voltage) using a photodiode (and transimpedance amplifier) before an oscilloscope can
even be used; currently, the fastest this can be done is ~ 80 GHz.%® In what follows,
we assume an ideal square-law detector* is directly connected to an oscilloscope. We

can then write the output signal expected on the oscilloscope as:®

#points .7, oo )
V(T) ~ res ; /T [/M|A(‘L')| h(t — 7)dt | dt, (B.2)

where h(T) incorporates the finite bandwidth of the detector and oscill oscope combina-

tion and regp accounts for the responsivity of the detector. Moreover, we have assumed

*Sampling oscilloscopes assume a waveform is constant. By repeatedly sampling a waveform at a
lower repetition rate but at temporally shifted locations, a higher (apparent) bandwidth may be achieved
than possible using a real-time oscilloscope by temporally interleaving all of the data collected over a
few acquisitions.

TReal-time oscilloscopes acquire a wave form using a single trigger and are always preferred over

sampling oscilloscopes if one can isworking with frequencies where they are available.
*Anideal square-law detector has aresponsethat isdirectly proportional to theintensity of any optical

field incident uponit.
SStrictly speaking, these devices should be modeled using the Wiener—K hintchine theorem,6 but

our interest isin band-limited signals from computer simulations. Therefore, we ignore this fact to keep

the explanation in this section simple.
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that the detector has a built in transimpedence amplifier and a 50Q2 output resistance.
Both detectors and oscilloscopes are bandwidth-limited due to their finite response

times, which makes them look like low-pass filters. In general, one of the two filters

dominates and we can approximate the response of the system as that of the limiting

low-pass filter, which can take the generic form

1
 p_o@p(—iw/wp)"
where ay is related to the 3dB bandwidth by wp = 27 f3gg and ap, are the coefficients

h(w) (B.3)

for a Butterworth filter of order n and ag = a, = 1.7 By using Eq. (B.3) in Eq. (B.2), we
obtain the response of the detector-oscilloscope combination to the optical field A(T).
Of course, it isalso quite ssimple to incorporate the finite response time of both devices.

Because of thefiltering, when we apply this treatment to amode-locked pulsetrain,
we lose information about the individual pulses. To make this fact visual, consider a
noisy pulse train as depicted in Fig. B.1. In an actual oscilloscope, we frequently see
ringing in response to short pulses whose rise time is faster than the oscilloscope can
accurately measure. This is a consequence of the filtering and/or the sin(x) /x interpo-
lation used by the oscilloscope to connect the various samples. In our treatment above,
we have ignored the interpolation and assumed that the oscilloscope is dominated by a
single-pole, low-pass filter and so our results do not include this feature.

Figure B.1 immediately reveals an interesting result that all experimentalists should

be aware of; since the high-frequency components of the signal have been filtered, we

Tolder oscilloscopes use chains of amplifiers to drive their CRT displays; this results in a Gaussian
filter response. Newer digital oscilloscopes have responses that seek to be maximally flat from DC to
their 3dB frequency and look more like higher-order butterworth filters with their phase corrected to be
linear. The responses of these oscilloscopes fall off more quickly after their 3dB frequency than their
older analog counterparts, which leads to excessive ringing for signals that exceed the bandwidth of the
oscilloscope. In our work, however, we assume the filtering is simply limited by a standard low-pass
filter dominated by a single-pole as shown in Eq. (B.3) when n= 1. For critical applications, where
the bandwidth of the signal is close to the bandwidth of the oscilloscope, the transfer function of the

oscilloscope is required to deconvol ve the reported oscill oscope trace. 17
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Figure B.1: A noisy pulse train (solid) containing 1.5-ps pulses at a 10.3 GHz repetition rate and the
response expected from a 25-GHz bandwidth oscilloscope (dashed and shifted by 50 ps for easy visua

inspection).

have lost most of the information about the pulse-pulse variation. To illustrate this,
compare the relative magnitudes of the pulses located at O and 100 ps. Before filtering,
a change from 3.6 to 1.8 V is observed, whereas after filtering the change has been
suppressed such that it is now only 0.78 to 0.65 V. This demonstrates the reason os-
cilloscopes and electronics are unable to characterize high-frequency timing jitter and

cross-correlation is required as noted in 3.4.

B.3 Microwave Spectrum Analyzers

A microwave spectrum analyzer (M SA) measures the microwave spectrum (from 100Hz

to ~80 GHz) of an electrical signal. The effect of this device on an optical pulse train



225

can approximately be written as'

2

MSA(f) ~ |resph(27f) / A2 dt| | (B.4)

—oo

where h(2zf) = h(w) is the filter response. For a single-pole, passive, low-pass fil-
ter, the response is once again given by Eq. (B.3) above, where n = 1. It is impor-
tant to note that microwave spectrum analyzer’s have very good resolution bandwidths,
usually as good a 1 Hz. Because of the number of points required to obtain such an
accuracy numerically, the results from Eq. (B.4) will aimost always be limited by the
computational grid, and experimenta results will have a better accuracy. Moreover,
the resolution bandwidth must be taken into account when comparting experimental
results to the computational ones. In the case of the OSA, the resolution obtained by
the numerics exceeded that which can be provided by the OSA. In the case of aMSA
however, the resolution is limited by the numerics. Therefore, to compare experimental
results with computer simulations, the experimental data must be processed using an
averaging similar to what was used for the OSA and oscilloscope.
size
EXPlow—res(N) ~ nZlData(m), (B.5)
where“size” isgiven by the numerical resolution bandwidth (Af) divided by the exper-
imental resolution bandwidth after the quantity has been rounded down to the nearest
integer.
For an ideal optical pulse train, the electrical spectrum is the Fourier transform of
the optical pulse envelope multiplied by the filter response and a series of ¢ functions
(spaced by therepetition rate of the laser). Non-ideal pulsetrainsweretreated in greater

detail in section 3.4.

IPlease see the discussion regarding the use of the Wiener—K hintchine theorem in 3.4 before using
this. Since we are considering a signal of finite extent we do not have an infinite power issue and we
have simplified our treatment by ignoring the Wiener—K hintchine theorem here. Strictly speaking thisis
mathematically flawed, however, for our purposes hereit provides approximate results that were adequate

for our work.
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Figure B.2: The expected microwave spectrum from a 25-GHz spectrum analyzer in response to a

noisy ~ 1.5 picosecond pulse train consisting of 256 pulses.

The noise floor seen in Fig. B.2 is limited by the spectral resolution used to cre-
ate the pulse train. In this case, our pulse train was obtained by modeling 256 pulses
in an FM mode-locked laser over a thousand round trips (well before the laser cavity
converged to a steady-state solution). Therefore, the pulse train has not yet converged
and acts as a noisy signal. Because of the number of pulses simulated, we had to use
131,072 pointsto represent the pulse train and the simul ation time increased such that it
took ~ 1 min to perform asingle round trip on a3 GHz pentium with 1 Gbyte of RAM.
We point out that ~ 4,000 round trips are usually required to achieve stable mode lock-
ing when only asingle pulse is simulated.

Figure B.2 clearly shows that the laser is mode locked at 10.3 GHz and that the DC
contribution to the spectrumisvery d-function like in agreement with our analytic work
in 3.4. It is, however, important to note that this figure does not conform to the cartoon
depicted in Fig. 3.9 since fluctuations among 256 neighboring pulses correspond to
high-frequency variations and the treatment detailed in Section 3.4 was developed for
low-frequency fluctuations. Finally, we point out that the resolution of this figure is

40 MHz, far worse than the 1-Hz resolution used to acquire the experimental resultsin
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chapter 2.
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C Numerical Modeling

Computer ssmulations play a pivotal role in the field of mode-locked lasers since the
pul se shapes produced by these lasers generally cannot be described analytically. When
performing studies or seeking to benchmark a new analytic treatment, the solutions to
the full problem are required for comparison; these may only be obtained by solving
the governing nonlinear partial differential equation(s). As a consequence, the ability
to solve these equations is vital. In this section we introduce the most commonly used
approach as well as afew of its variants. Two alternative approaches are subsequently
presented since they posses some advantages and could increase in popularity in the

future.

C.1 The Split-Step Method

The split-step method is readily identifiable as the workhorse of nonlinear fiber optics
asitisused amost exclusively in the field. Not only does this method have an intuitive
“derivation,” but it iseasy to implement and is not proneto diverging. To explain the ba-

sic idea behind this method, consider the master equation of mode locking, Eq. (4.92),
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which we rewrite here for convenience:

TRIOA 0 ,~ 5 d?°A 1-09°A
Lrot 2P T0%) G~ ghogm
— 1 _ _
= |y|A|2A—|—é(g—a)A-l—M(A,t)—i—N(t). (C.1)

Before attempting to solve this equation, we point out that a numerical evaluation of
the higher-order derivatives in the time domain has the tendency to become unwieldy;
thisis particularly the case for pulses with steep features. To circumvent this pitfall, the
split-step method makes use of the following fundamental property of Fourier trans-
forms:

d"A(t,2)
dtn

FT { 1 — (—io)"Ao,2), (C2)
where FT denotes the Fourier transform as defined in chapter 4 and A is the Fourier
transformed field. The split-step technique takes advantage of this property by treat-
ing the terms involving derivatives in Fourier space while accounting for the nonlinear
terms in the time domain. The use of both domains to achieve a solution to the equa-
tionis, in fact, how the technigque got its name since asingle step is split into two steps
where the dispersive and nonlinear effects are treated separately. In other words, the
step is split between two different types of effects, one treated in the time domain and
the other treated in the frequency domain.

To solve the master equation using this technique, it isinstructive to writeit as

Tr dA A e -
LaoT — (D+N)A+PC (C.3)
where the dispersive terms are given by
o | . L= 82 1_ 83
D= 5 (B2+idT5) preR 6ﬁ3at3 (C.4)

and the nonlinear term is given by

N =iy]A~. (C.5)
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The other terms are labeled PC (for Personal choice) since their effects may beincluded

in either domain. For the master equation of mode locking they are given by

FC = %(g_— &) A+MAL) +N(t). (CH)
The effects of the PC terms were not included in either D or N since the choice of
how to treat them is up to the scientist. Of course PC must be handled in at |east one
of the two domains, although these effects can also be split between both domains to
potentially obtain better results. In the rest of this section, however, the PC terms are
ignored since their treatment will coincide with that of either/both the D or N terms.

To solve the master equation, we note that the dispersive part of Eqg. (C.3) may
be written in the frequency domain by Fourier transforming the equation and using
Eq. (C.2) to obtain

TRaA_ 1 S L= D 2 1_ 3| x

This equation is then easily solved by
A :A@(p{i% E (B2+igT2) wz%ﬁgaﬁ] Ag}, (C.8)
where A’ signifies the solution, in frequency space, advanced by one step of size AE.
After the field is advanced, under the effects of dispersion, it is inverse Fourier trans-
formed back into the time domain to give A'.
The nonlinear term in Eq. (C.3) is approximately solved in an analogous fashion
yielding
A" ~ A exp [i_l}—':ﬂA’FAé]. (C.9)
In Eq. (C.9), we point out that it was assumed that the values of A” and A’ are similar
enough that the approximate solution is essentially an exact solution. Thisis one lo-
cation where error is introduced into the split-step scheme; however, variations on this

simple-minded approximation exist, which increase its accuracy. One such variation

uses a trapezoidal approximation to gain an increased accuracy. However, if an issue
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with accuracy arises in practice, it is common to reduce the step size as opposed to
searching for a more accurate technique.

The split-step method, as presented above, is only globally accurate to first-order
due to the way in which its operators are applied in a single step (ND or DN). To
examine the accuracy of this technique, consider the question as to whether there is a
difference between ND, DN, or some other variation in the order in which the opera-
tors are applied. Since the operators N and D do not commute, we must look at their
commutation relation to gain insight on what our accuracy is and/or how to increase it
if possible. Since these operators appear in the exponential function, their commutation
relationship is given by the Campbell-Baker-Hausdorff (BCH) theorem: 16

el :exp{mm%[@,mi ([6,6,N]+[N,N,ﬁ])+---}. (€10)

It is more instructive, however, to look at

+ 5(m+ n)[N,[N,D]H---} (C.11)

which can be derived from the basic BCH theorem. In Eq. (C.11) we have allowed
for a more complex variation than the simple form of either ND or DN. In this equa-
tion, we point out that m and n are free parameters that need only satisfy the condition
m+n = 1. To increase the accuracy of the split-step scheme, however, we note that
by symmetrizing the way in which it is applied (i.e. by setting m= n = 1/2) the global
accuracy of the split-step isincreased to second-order, since the limiting error term now
goes as A& as opposed to the AE2 error term of the basic split-step (either n=1,m=0
or n=0,m=1). The resulting variation of the split-step is known as the symmetric
split-step and is (supposedly) the most widely used form.

It is aso worthy to note that other variants of the split-step have been used to fur-

ther increase the accuracy beyond second order, most notably the so-called higher-
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order split-step of Blow and Wood.12> Their scheme increases the global accuracy of
the split-step to fourth-order by taking four forward steps of size AE followed by one
backward step of size 2A¢ and ending with four more forward steps of size AE. This
prescription cancels the next higher-order term in the BCH expansion increasing the
accuracy. However, nine steps are required to propagate the distance of only six and so
it has an overhead cost associated with it. Due to the overhead and the increased com-
plexity of implementing such higher-order schemes, they are rarely used in practice.
As already noted, if a problem is encountered in a numerical simulation, researchers
usually opt to reduce the step size as opposed to using a more sophisticated scheme.
In parting, we note that the split-step relies heavily on the fast Fourier transform (FFT)
to trangdlate the field between the time and frequency domains. The FFT agorithm is

well-known and requires nin(n) operations and so, asits name implies, it is fast.

C.2 Finite Difference Methods

The master equation can also be solved using a direct integration technique,'® such as
forth-order Runge-Kutta or the more accurate Runge-K utta-Felberg scheme. 1> When
using such an approach, however, the split-step scheme is till used to alternate be-
tween the time domain (to handle the nonlinearity) and the frequency domain (to handle
dispersion). Unfortunately, this approach is prone to diverging, whereas the standard
split-step is not. Still there are applications where its use could be beneficial, such as
in the study of supercontinuum generation since it allows one to easily incorporate the
spectral dependence of the nonlinearities.1>°

The Runge-Kutta-Fehlberg method has been used in the past asiit is a specific adap-
tation of the well known Runge-Kutta method which is accurate to fifth-order. It gives

solutions to an equation of the formy = f(x,y) by finding intermediate val ues accord-
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ing to

F1=hf(Xa,Yn) where X, =xg+nh, X,:1=Xo+(n+1)h

F=hf(xy) where x=x,+1h, y=ya+1F

Fs=hf(xy) where x=X+3h, y=ya+5F+5FP

by where xR y= 3o+ B TR+ R
Fs=hf(xy) where x=x1+h, y=yn+ 30k -8R+ X0 BoF
Fe=hf(x,y) where x=x,+3h, y=y,—2F+2F- 2565|:3+‘1£g£9‘|: ~Up

By using al of the F, intermediate values, the actual differential equation is solved to
fourth-order by:

(% 08 2107 1
=¥ 4104 475

4
216+ " 2565 3 T _F4——F5>+O(h) (C.12)

and to fifth-order by

16 6656 28561 2 c
Ynt1 = Yn+ (135F1+ 12875 3 T 5ea30™ F5+ 5—5F6) +0(h°).

One nice aspect of thistechnique isthat it provides an error estimate by subtracting the
fourth-order result from our fifth-order scheme; therefore, € ~ yn1 1 — €,1.1. Thismakes
iterative stepping (where the step size is adjusted) simple to implement.

To show the utility of this approach, we have shown the result of propagating a
fifth-order soliton over one soliton period in Fig. C.1. We have also used this technique
to model supercontinuum generation by solving the generalized nonlinear schrodinger
eguation in the frequency domain [Eq. (4.67)]. Theresult of thissimulation isshownin
Fig. C.2, where we note that after a SPM induced compression the pulse breaks apart
and then experiences the so-called soliton self-frequency shift asits spectrum red-shifts
and is temporaly delayed. In this case, the results obtained by using Runge-Kutta-
Felberg were identical to those found by using the split-step; however, asmall step size

was required to insure that divergence was not a problem. Because of the increased
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Figure C.1: Propagation of afifth-order soliton over one soliton period using the Runge-K utta-Felberg

technique.

complexity inherent in coding the Runge-Kutta-Felberg scheme and its divergence is-

sues, it was not used as a primary modeling tool in this work.

C.3 Wavelet Methods

There is clearly no smple way to handle the nonlinear term in Eq. (4.92) in the fre-
guency domain, but one may still wonder if there is any way to treat the dispersion
termsin thetime domain. Clearly thereis as derivatives may aways be evaluated in the
time domain; this leads us to wavel ets and spline methods.

Wavel ets are functions that, through scaling and shifting, can be used to decompose

asignal into basis functions. Since wavelets can be constructed to span a basis, they
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Figure C.2: Propagation of afifth-order soliton in a photonic crystal fiber whose parameters are given
in Ref. [5]. This figure shows the results using a spectrogram. See Appendix F for a discussion of this

technique and how to interpret this plot.

have the special property that reconstruction may be accomplished without any loss of
information. Since the wavelets themselves can be thought of as well known/behaved
functions, differentiation may be performed analytically on these shapes. This offers
another way to solve Eq. (4.92) and is referred to as the split-step wavelet method
(SSWM) or the split-step wavelet collocation method.1%° Asthereis an algorithm able
to quickly perform the wavelet decomposition, known as the fast wavelet transform
(FWT), itisrelatively easy to code this approach. A wavelet-based method offers three
distinct benefits when compared with the conventional split-step method as follows:
The FWT requires O(n) operations as opposed to the FFT which requires O(nlog(n))
operations, so it isfaster. Since wavelets constitute atime-frequency picture of asignal,
they naturally offer a superior visualization space. Finally, for simulations that require
short pulses, big temporal windows, and big spectral windows, the wavelet method

may offer a way to mitigate the Fourier-transform conundrum (the inverse scaling re-
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lationship between the two domains). This is particularly evident in supercontinuum
generation where octave spanning spectrum can be created by short pulses that are then
temporally delayed. Due to the time-frequency scaling of the FFT, one is limited with
what can be modeled as computation times drastically increase. This limit can be miti-
gated by using wavelets since the information can essentially be processed in the time
domain.

With all of these advantages it would seem everyone would use wavelets, however,
they are relatively new and they offer choices. Although having choices is generally
a good thing, it requires that one make decisions which can negatively impact the re-
sults. When working with wavelets, one must choose the mother wavelet which is used
to decompose the signal. Unlike the FFT, which offers no choices, a poor choice in
which mother wavel et to use will result in poor results. This adds a degree of difficulty
to this approach and also means that wavelets cannot be used as universal tools in the
way the Fourier transform is. Still, there have been a number of papers which have
demonstrated the utility of using wavelets for nonlinear optical pulse propagation, for

example see Refs. [160-162].

C.4 Spline Methods

A more simplistic, and purely time-domain, treatment of this problem may also be
achieved by locally fitting the field in the time domain to a polynomial. The polynomial
may then be analytically differentiated (in the time domain) and the dispersive effects
may easily be accounted for. Recent results using this approach have reported that it
also requiresonly O(n) operations and can run faster than either the spit-step or wavel et
based approaches,163



237

D Analytic Relations Used to Apply
the Moment Method

This chapter has been temporarily omitted from my thesis because it contains work
that has not yet been submitted for publication. Should the reader be interested in this
material they are encouraged to check “http://www.optics.rochester.edu/ workgroups/
agrawal/publications/ thesis/lUsechak.pdf” in the future since an updated version will
be posted there within a year.

Thank you.
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E Solving Systems of Nonlinear

Algebraic Equations

E.1 The Newton-Raphson Technique

In the course of our work it became necessary to solve systems of coupled equationsin
order to get the steady-state values predicted by the application of the moment method
to the mode-locked lasers in chapters 7, 8, and 9. Moreover, these equations were non-
linear and so, unfortunately, they could not be solved using the well-known approach
of Gaussian elimination. As a consequence, simple analytic solutions could not be ob-
tained and numerical techniques were required. The Newton-Raphson technique is the
most common approach one can use to solve such problems since it is easy to imple-
ment and converges quickly.

This approach is easily derived from the multivariate Taylor expansion, which is

given for afunction of many variables F (xg, X, X2, -+ , Xn)

8F S X1, 5 X aF S X1, X
F (Xo+ 80,X1 + 81, 1%+ &n) = (Xoaio )5 (anil 2)

L IF 00X, %) Sn-+H.O.T. (E)
dX%n

01
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It isinstructiveto apply the multivariate Taylor expansion, seenin Eq. (E.1), to asystem

of (presumably) coupled equations allowing usto write

0
0

0
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dfo

dafy

dfn

dfg
0Xn
dfy
IXn

oty
Xn

6n

(E2)

where f, represents the n coupled equation. Solutionsto the system are obtained by it-

eratively applying Eq. (E.2) after an initial guessis made for each parameter. Generally

a system of coupled equations can have more than one unique solution. Fortunately,

all possible solutions may be obtained through varying the initial conditions, but this

approach can diverge and will get stuck in local minima so one must apply it wisely.
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F Time Frequency Analysis

F.1 The Short-Time Fourier Transform

Although individually visualizing optical phenomenain both the time-domain and the
frequency-domain is probably still the most widely used approach, it does not provide
a comprehensive picture. Since the Fourier transform decomposes a function into an
infinite set of sines and cosines, it provides no tempora resolution when applied to
asigna of duration T. To be more exact, we know that the frequencies obtained by
the Fourier transform had to exist somewhere within the signal; so they are, in fact,
restricted to the timeinterval T.

The short-time Fourier transform (STFT) uses this restriction to its advantage to
create a spectrogram or atime-frequency map of a signal. Since the temporal window
over which the Fourier transform is applied localizes the frequencies contained therein
to its width, we can temporally split our signal into multiple sub-windows as depicted

by Eqg. (F.1)

STET(,T) :/M h(t, T)A)&dt, FD
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Figure F.1: A sample spectrogram showing the secondary solution for a FM mode-locked laser from

chapters 5 and 9.

where h(t, T) represents the windowing function. In this work a Gaussian windowing
function was used which had the form h(t, T) = exp[—(t — T)?/(2T¢)] where Ty rep-
resents the temporal width of the window. Although these windows must each have
a finite width, they act to temporally gate the original signal. By individually apply-
ing the Fourier transform to each of these gated sub-signals, we obtain a spectrum for
each window. Since each resulting spectra corresponds to a different time, we obtain a
time-frequency picture of our signal. Figure F.1 is a sample spectrogram that shows a
heavily chirped (and ultimately unstable) mode-locked pulse inside a FM mode-locked
laser. Note that the chirp manifestsitself by tilting the ellipse in thisfigure.

Another example which really illustrates the strength of the spectrogram comes
from the supercontinuum generation simulation from appendix C. This figure shows
the spectrogram of Fig. C.2; however this time we display the final “pulse”’ intensity in

the time and frequency domains along side the spectrogram.
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Figure F.2: Propagation of afifth-order soliton in a photonic crystal fiber whose parameters are given
in Ref. [5]. This figure shows the results using a spectrogram. See appendix C for a discussion of the

numerical technique used to solve this problem.

The arrows shown in Fig. F.2 show where the various temporal/spectral components
manifest themselves in the spectrogram. This figure also illuminates the point that nei-
ther a time-domain nor a frequency-domain plot of the field intensity provides a full
picture as to what is occurring. Moreover, even with both time-domain and frequency-
domain plots one is not able to determine what parts of the temporal pulse correspond
to what part of its spectrum. Because the STFT takes the Fourier transform of the full
field, both amplitude and phase, within arestricted temporal location, it is able to pro-
duce a spectrogram that provides more information than either of the two individually.

We should point out that if one compared four plots consisting of the temporal inten-
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sity and phase to the spectral intensity and phase it would also be possible to extract
thisinformation, however spectrograms provide a convenient and intuitive visualization

tool.

F.2 Wavelets

By construction, wavelets create a sort of time-frequency map although its interpreta-
tion is not as physical as that of the spectrogram. Since the wavelet transform works
by decomposing a signal into higher and higher frequency coefficients, the strengths
of these different coefficients provide information as to the frequency components of a
signal. If one considers the computer environment where a signal is represented in an
array it can contain no higher frequency content than that which correspondsto 1/2 the
number of cells. The wavelet transform decomposes a signal into its DC component
and then higher and higher frequency components, ultimately ending at the Nyquest

[imit.



