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Introduction

e Nonlinear optical effects have been studied since 1962 and have
found applications in many branches of optics.

e Nonlinear interaction length is limited in bulk materials because of
tight focusing and diffraction of optical beams.

e Much longer interaction lengths become feasible in optical wave-
guides, which confine light through total internal reflection.

e Optical fibers allow interaction lengths of meters and even > 1 km.,

e The advent of Nonlinear Fiber optics during the 1970s has led to
many advances, supercontinuum generation being a recent example.

e Even though most nonlinear phenomena are polarization dependent,
polarization effects are often ignored.
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Major Nonlinear Effects

e Self-Phase Modulation (SPM)
e Cross-Phase Modulation (XPM)
e Four-Wave Mixing (FWM)

e Stimulated Brillouin Scattering (SBS)

e Stimulated Raman Scattering (SRS)

Origin of nonlinearity in silica fibers
e Silica glass exhibits isotropic behavior (y? = 0).
e All nonlinear effects result from third-order susceptibility y .

e Imaginary part of ¥, responsible for two-photon absorption, is
negligible for silica fibers.
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Third-order Nonlinear Susceptibility

e Maxwell's equations leads to the wave equation

1 9°E 02p() 2P0

2 _——_— =
VE c? dt? Ho ot? +Ho ot?

e The general form of third-order nonlinear polarization is quite com-

plicated. lts ith component (i = 1,2,3 for x, y, z directions) is

PP)=gY /// X (11,02, 5)Ej(t — 1) Ex(t — 1)) Ei(t —13)dty dnd
Jik 7T

e Here x(3)(t1,t2,t3) is a fourth-rank tensor that vanishes for negative
values of its arguments to ensure causality.

e The tensorial nature of ¥® makes the situation quite complicated.

e |t can be simplified considerably when the nonlinear medium re-
sponds instantaneously. This limit is known as the Kerr nonlinearity.
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e Kerr nonlinearity refers to a fast-responding nonlinear medium.

e If the dominant nonlinear response comes from electrons that can
respond at sub-femtosecond time scales, we obtain

l _EOJZ:U;[Z:XUH l( )

e This form excludes stimulated Raman scattering that results from
the response of silica molecules to the incident pump.

e This form also neglects any frequency dependence of xi(j3k)l.

e If a single linearly polarized field is propagating inside the fiber, only
a single term survives in the triple sum:

PP (1) = €0l Ex() Ex(t) Ex(1).
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Kerr nonlinearity (cont.)

e The scalar form of Px(3)(t) is often used in practice.

o If we use E (1) = L[E(t)e "™ +c.c.], we obtain

2
PO = 2y |[E0 ™ +3IEWPE@We ™ +ec.]
o Using PV (1) = L[P(t)e ™™ + c.c.] with P(t) = goenLE(t) and ne-
glecting the third-harmonic terms, we obtain

3
ENL = Z%@AE(’)E-
e Using € = & +é&n = (n+ An)?, we obtain

A &L 3

n = M _8_I’l XXXX

e The Kerr coefficient n, plays an important role in nonlinear optics.

E()* = no] E(1)[*.
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Self-Phase Modulation

e Since the refractive index depends on the local intensity I(r) =
|E(t)]?, an optical pulse modulates its own phase with propagation.

UNIVERSITY of

& ROCHESTER

e This is the well-known phenomenon of self-phase modulation (SPM),
first observed in 1967 [F. Shimizu, PRL 19, 1097 (1967)].

e Using ¢ = ko(n+nol)L, with kg =27 /A, the nonlinear part of the
phase shift in a fiber of length L is given by

OnL(t) = (27 /A)nol (1)L = yP(t)L.

e The nonlinear parameter ¥ = 271n, /(AA.s), where Agg is the effec-
tive mode area, governs the extent of SPM.

e Time dependence of ¢y indicates that pulses become chirped inside
a nonlinear fiber, resulting in SPM-induced spectral broadening.
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Nonlinear Schrodinger Equation

e In the presence of dispersive effects, evolution of pulse envelope
along the fiber is governed by [E(z,t) = XA(z,t) exp(ifoz — iyt )]

A BPA L,

e Dispersive effects within the fiber included through the parameter
B, that takes negative values in the case of anomalous dispersion.

e If we ignore the dispersive effects, solution can be written as
A(L,t) =A(0,t)exp(ipnr), where ¢onp(f) = y\A(O,t)\zL.

e Nonlinear phase shift depends on the shape of input pulses.

e In the case of anomalous dispersion (3, < 0), SPM leads to the
formation of optical solitons.
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Polarization Effects

e When the incident field is elliptically polarized, we need to include
both the x and y components:

E(t) = 1(RE, + JE,)e '™ +c.c.
e Nonlinear polarization is again calculated using the vector relation
PO (1) = gy E(r)E(1)E(r).
e For an isotropic medium such as silica glass x(* has the form
Xi(]?}c)l = Xg;y 0;j Ok + Xgﬁy&ﬁ i+ )ng)x&l O

e Using it, we obtain P(r) = 3[(RP. + §P,)e "™ +c.c.] with

38() 3 % 3 * 3 *
P = e (X)Ex});yEiE BT+ X,Ey,ZyE JEE; +?C)gyy)xEjEjEi ) :
j=xy
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Polarization Effects (cont.)

e |t appears P, and P, depend on three different elements of 2.
(3) (3) 3) _1,03)

e For an isotropic medium, Xxiyy = Xayry = Xayyxr = 3 Xxonx-

e Using it, P, and P, are found to be

3 [ 2 1 |
P = Tgo o (|Ex|2+§’Ey|2) Ec+Z(ECE))E, |,

3
360 (3 | 2 DT
Pyzjlggx (‘Ey|2+§|Ex|2) Ey+§(EyEx)Ex :

o Writing P; = £¢"E; and using &; = €7 + &}~ = (n + An;)*, we
obtain the Kerr nonlinear response in the form

2 2
An, =ny (]Exlz—kg\Ey\z) : Any, =ny (|Ey|2+§]Ex]2> :
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e Nonlinear index change An, = ny(|E|* + 2|Ey|?) has, as expected,
a SPM-type contribution (first term).

e Second term indicates that An, has a contribution from the polar-
ization component in the y direction; An, = ny(|E,|* 4 %|E,|*) also
has a similar contribution.

e The second contribution leads to a nonlinear phenomenon called
cross-polarization modulation.

o If light is elliptically polarized such that P, # P,, the refractive in-
dices seen by the x and y polarized components are different.

e This is the well-known phenomenon of nonlinear birefringence.

e |t has many practical applications. For example, it can be used for
pulse shaping and to make mode-locked fiber lasers.
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Nonlinear Polarization Rotation

e Consider an elliptically polarized beam launched into an optical
fiber:

E(r,t) = F(x,y)[%A.(z,1)eP* +9A,(z,1) P e ",
e Two polarization components develop different nonlinear phase shifts:
2 2
oo=r(IAL+SP)L a=r(IAP+SIAP)L

e State of polarization rotates on the Pontcaré sphere if the relative
phase difference between the two components is finite:

|
Abne = 6= 0, = LA (A, ).

e This rotation is due to nonlinear birefringence and is known as the
Nonlinear Polarization Rotation (NPR).
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NPR-Induced Mode Locking
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Output Pump

Output WDM
Coupler Polarization Coupler
Controllers

Doped fiber

e A ring cavity with a polarizing isolator inside it is pumped to make
a mode-locked fiber laser.

e A polarization controller after isolator ensures elliptical polarization.

e NPR changes the state of polarization such that it is linear near
pulse center but remains elliptical in the wings.

e Pulse wings experience higher losses at the polarizing isolator.
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Coupled NLS Equations

e In the presence of dispersive effects, evolution of pulse envelope
along the fiber is governed by two coupled NLS equations:

0A, 0A, if0%A, «
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X _Ax
0z Pt o T3
_ 2 Iy . ,
ZIY(]AXIZ—Fg\Ay\z) Ax+§AxA§exp(—21Aﬁz),
dA, dA, ifrd%A, «

i ZA
8z+ﬁ1y8t+2 8t2+2 Y

) :
=iy (|Ay|2 + §|Ax|2> Ay + %/A;‘AjzC exp(2iABz).

e Here AB = Py, — Boy accounts for linear birefringence of the fiber.

e The B, terms govern polarization-mode dispersion (PMD) resulting
from slightly different speeds of the two polarization components.
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Cross-Phase Modulation (XPM)

e Situation becomes more complicated when two optical pulses of

different wavelengths and polarizations are launched simultaneously.
e When the two incident fields are arbitrarily polarized, we must use
E(t) =1[Eie " + E;e '] +c.c.,
PO (1) = 1[P1e™ 1 4 Pye™@] 4 c.c.
e In the case of the Kerr nonlinearity, Py and P, are found to be

ol (Ej-E)E;+2(E-E;)E;
+2(E;, -Em)Ej +2(E,, E])Efn +2(E;, E])Em] (j #m).

&
PJZZOX@

e If we employ the ket notation for Jones vectors, we can use

Ej(rvt) — Fj(x7y) ’Aj(zat» eXp(i[)’jZ)°
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Coupled NLS Equations

e In the case of two optical pulses of different wavelengths and po-

larizations, the coupled NLS equations become

8\A1> n 1 8\A1> I iB21 82|A1> el OC] . l’)/1 (
)

2(A1|A)

dz v, Ot 2 o1 2 T3
+2(A2]A2) +2|A2) (A2 + |AT) (AT] +2]|A5

8\A2> 1 8|A2> 1[)’2282|A2> 062 2
52 Tve ot T2 an T2MT3

T 20A1]A1) +20A 1) (A1] + |43) (43] + 2047 (A7]) 42).

(431) 41,

2(A;|As)

e Here v,; and v, are group velocities at the two wavelengths.

e These equations assume that fiber is without any linear birefrin-
gence. They can be generalized further to include it.
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Pump—-Probe Configuration

e If we neglect dispersion and assume that the probe pulse is much
weaker than the pump pulse, the coupled NLS equations become

d|A1) 1 d|Ay) N o
0z JrLW or 3 <2<A1‘A1>+‘A1><A1\)\A1>,

d|Az)  2ip
dz 3

e Introducing the normalized Stokes vectors for the pump and probe
fields as p = (A1|G|A1) /Py and s = (A;|G|A,) /Py, we obtain

ap dp 2
%‘Fﬂﬁ—gm X p,

(A1l +140) (1] + A7) A5 ) [42).

ﬁ—_él-_a)z( — )X
ag_ 3(01p P3 S.

e Here é = Z/LNL, Ln, = (’}/1P0)_1, and U= LNL/LW-
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Self-polarization Changes of Pump

e Pump equation is relatively easy to solve and has the solution
p(5,7) =exp[(26/3)p3(0,7— uc)x|p(0, 7 — pug).

e Stokes vector p rotates on the Poincaré sphere along the vertical
axis at a rate 2p3/3.

e This nonlinear polarization rotation is due to XPM-induced nonlin-
ear birefringence.

e If the pump is linearly or circularly polarized initially, its state of
polarization (SOP) does not change along the fiber.

e For an elliptically polarized pump, SOP changes as the pump pulse
propagates through the fiber.

e Since the rotation rate depends on the optical power, different parts
of a pump pulse acquire different SOPs.
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Pump-Induced Probe Polarization Changes

e Evolution of pump (solid) and probe (dashed) SOP on the Poincaré
sphere with time at a distance of 20Ly;..

e Parts (a) and (b) show the front and back of the Poincaré sphere.
e Both pulses are Gaussian in shape and have the same width.

e Pump is elliptically polarized but the probe is linearly polarized at
the input end.
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e (a) Shapes and (b) spectra at z =20Lyy for the x (dashed) and y
(dotted) components of the probe pulse. Total intensity is shown
by a solid line.




The Institute of _
OPTICS

Probe Polarization Dependence (cont.)

& ROCHESTER

e Probe pulse is linearly polarized at 45° and the pump pulse is ellip-
tically polarized at z = 0.

e Different spectral broadening is expected from different XPM-induced
phase shifts. They occur even for all input SOPs of the pump.

e Different shapes of the x and y components of the probe pulse occur
only for elliptically polarized pump pulses.

e They are related to changes in the SOP of the the pump pulse.

e As the pump SOP evolves, the probe SOP changes across the pulse
in a complex manner.

e These results show that the nonlinear interaction of two pulses of
different wavelengths exhibits quite complex polarization dynamics
inside optical fibers.
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Simple Application: Kerr Shutter
Puxmp Optical Fiber Pu;ﬂp Polarizer
Probe Detector
LT -
y Probe Ny

e A cross polarizer at the fiber output blocks probe transmission (po-
larized at 45°) in the absence of the pump beam.

e When pump is turned on, n, > n, for the probe because of pump-
induced cross-phase modulation.

e Probe transmissivity depends on the pump intensity and can be
controlled simply by changing it.

e In particular, a pulse of suitable energy at the pump wavelength
opens the Kerr shutter only during its passage through the fiber.
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Dispersion and Soliton Effects
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e In the case of anomalous dispersion, pump pulse forms an optical
soliton. Probe pulse is trapped by the pump and travels with it.

e Temporal shapes of pump (left) and probe (right) pulses at z =10
(dotted) and 50Lp for the x (solid) and y (dashed) components.

e Pump pulse is linearly polarized along the x axis, while the probe is

oriented at 45° with respect to it.
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Pulse Trapping and Compression
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e (a) copolarized and (b) orthogonally polarized components of a
probe pulse, polarized at 45° from a linearly polarized pump pulse.
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e A counter-propagating pump can pull probe polarization toward its

own SOP [review by Millot and Wabnitz (JOSA B, Nov. 2014)].

e Scrambled SOP of a 40-Gb/s signal became uniformly polarized in
the presence of a CW pump inside a 6.2 km long fiber.
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Polarization Pulling (cont.)
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e Signal can itself act as the pump if a part of the output is reflected

and amplified before sending it back into the fiber.

e Figure shows how the SOP of the signal changes in four cases (Millot

and Wabnitz, JOSA B, Nov. 2014).
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Four-Wave Mixing (FWM)

e FWM involves four waves such that @, + @, = @3+ @4. In the case
of a single pump, @ = ;.

e Total electric field and third-order polarization now have the form
4 4

E :Re[ZEjexp(—ia)jt)}, Pne :Re[ZPjexp(—ia)jt)].
j=1 j=1

e In the case of Kerr nonlinearity, Py and P, related to the two pumps
are found to be (assuming much weaker signal and idler)

80 * *
Pj(w;) =1 |(E; E)E;+2(E; E,))E,

+ 2(E:1‘Em)Ej+2(Em'Ej)E;:,l—i_Z(E;:,l‘Ej)Em] (j #m).

e First term governs SPM of the two pumps. The remaining terms
govern the interaction between two pump waves through XPM.




UNIVERSITY of

The Institute of _ mmm ROCHESTER

OPTICS
Four-Wave Mixing (cont.)

e Using the same procedure, P3 and P, are found to be

80 * * *
Pj(“’j)Zg%(?) ((E}-E\)E;+(E,-E;)E}+ (E|-E;)E,

+ (E3-E,)E;+ (E,-E)E;+ (E5-E))E,
+ (Ei,-E\)E,+ (E.,-E,)E, + (E, -E))E}).

e If we employ the ket notation for Jones vectors, the evolution of
signal and idler waves inside an optical fiber is governed by

d';? = 2%<<A1 A1) + A1) (AL + |AT) (AT + (A2]|A2) + |A2) (Ao | + |A3><A;|) A3)

2i .
+ S0 (M)Al + A A3+ (A7 12D ) Ay,
dlA 2i B £\ ) 4%
)22+ A0 AT (AT + (Aalda) + 1) (2] 1A 431 ) )
2i * * * *\ _—I
+ S (A2 (AT 140 (A3] + (AT1Aa) ) lAg)e 5.

e Here Ak=f(@3)+ B (@y) — B (@) — B (@) is the phase mismatch.
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Conservation of Angular Momentum

e In addition to the conservation of linear momentum (phase match-
ing), FWM also requires conservation of angular momentum.

e The LCP and RCP states represent photons with angular momenta
of +A and —h, respectively.

e To describe FWM among arbitrarily polarized optical fields, we de-
compose the Jones vector of each field as

Aj)) =X 1)+ 2l 1)-

e Creation of idler photons is then governed by the following two
equations (assuming perfect phase matching):
du, 4iy
dz 3
d Dy . 4i’}/
dz 3

DLW+ (U6 Ds+ DU T,

[@1 @2@; + (02/1@2 + @102/2)62/3*] .
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e Consider one of the two equations:
dz 3

e Three terms on the right represent three FWM processes that con-

[%1%2%* + U .@2@; + 91%2.@3*] .

serve angular momentum.

e First term: Both pumps and the signal are in % state and produce
the idler in the same state.

e Second and third terms: Two pump photons are orthogonally po-
larized % and & such that their total angular momentum is zero.

e To conserve this value, the signal and idlers must also be orthogo-
nally polarized.

e Thus, only signal photons in & state can produce % idler photons.
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e Conservation of angular momentum affects considerably the para-
metric gain and the efficiency of underlying FWM process.

e Consider again the generation of idler photons in the 7% state:
dz 3

e In the case of single-pump configuration, the two pump photons
have the same SOP as they are indistinguishable.

[%102/2%* + %1.@2.@3* + .@102/2.@3*] .

e If the pump is circularly polarized, only the first term can produce
idler photons.

e In the case of a linearly polarized pump, all terms can produce idler
photons as long as the selection rules are satisfied.

e |t is easy to conclude that the parametric gain for a single-pump
configuration is always polarization-dependent.
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Dual-Pump Configuration

e The use of two distinct pumps makes it possible to make a fiber-

optic parametric amplifier (FOPA) whose gain does not depend on
the signal’s SOP.

e In the dual-pump configuration, the two pumps photons are distin-
guishable and can be chosen to be orthogonally polarized.

e If the two pumps are in the LCP and RCP states, the FWM process
becomes independent of the signal’'s SOP.

e The FWM process does not depend on the signal's SOP when the
two pumps are linearly polarized with orthogonal SOPs.

e The important question to ask is which configuration produces a
better FOPA from the standpoint of practical applications.
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Dual-Pump Configuration

e Vector FWM theory can be used to answer this question..

e For two elliptically but orthogonally polarized pumps, we obtain

d|A 2i ;
’d 3) _ ;}/\ /PiPye”"**(cos 200, +2isin200p) |AL),
Z
d|A 2i ;
|d 4) = ;y\/Plee_’AkZ(cos 200, +2isin2600y)|A3).
z

e Here 0O is the ellipticity angle of the pump, 0y is a unit matrix, and
0, is one of the Pauli matrices.

e Assuming A4(0) = 0O initially, the parametric gain g is found to be

¢(8) = (27/3)y/ PiPs(1 4 35in26) — (30k/47)2.
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Polarization Dependence of Parametric Gain
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e Parametric gain versus 0 plotted for two elliptically polarized pumps
with orthogonal SOPs. It peaks for circularly polarized pumps.

e The maximum value used for normalization is g,, = 47\/P,P,/3.

e Solid curve assumes perfect phase matching.
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Linear versus Circular Polarization
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e Gain spectra for four different pumping schemes for a dual-pump
FOPA pumped with P, = P, = 0.5 W at 1535 and 1628 nm.

e Circularly polarized pumps provide 23-dB gain that does not depend
on signal’s SOP.
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Stimulated Raman Scattering

e Raman Scattering involves delayed molecular response EM fields.

e One must go beyond the instantaneous Kerr response to have a
suitable mathematical model of stimulated Raman scattering (SRS).

e The slowly varying part of third-order polarization now has the form
P (1) = @ZZZ SIE (1) t R(t — 1) Ef (1) E)(1) dt
i —4.kll,-jklj . 1) B \F1)E1\01 ) Gty -
J

e Nonlinear response function R(t) has the general form
R(1) = (1= fr)0(t) + faha(t) + fohs(1).
e fr = f.+ fp is the fractional contribution of delayed response.

e Functions h,(t) and hy(t) represent the isotropic and anisotropic
parts of this time-dependent response.
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e Time dependence of /,(t) and corresponding frequency dependence
of the Raman gain.
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Tensor Nature of Nonlinear Response

e For an isotropic medium such as silica glass 1(3) has the form

e Using this form and R(¢), we find [Hellwarth, PQE 5, 1, (1979)]
— /R

xi(]?k)lR(t) Xxxxx [ (5 5kl + 61k6]l + 5115]k)6( )
+ fa ( )6116kl + szhb( )( zk6]l + 6115]k)]

e In the case of SRS in fibers, total field and its response is of the
form

=
~—~

~
~—

I

Re[E ,exp(—iwyt) + Esexp(—imgt)],
P(3)(t) :Re[PpeXp(—iwp )—|—P GXP( L5t )]
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Coupled Pump and Stokes Equations

e Third-order polarization at pump and Stokes frequencies is
380 * *
P;= T%Qx [Co(Ej E;)Ej+c\(Ej-EjE;
+ 2B}, En)E;+ ¢5(Ep - EE}, + ci(E}, - E)En|

e Here ¢y to ¢4 depend on the two Raman response functions.

e Introducing Jones vectors |A,) and |A;), we obtain
d|Ap)
dz

(04 . *\ /A K
+ 22140 =i (cr(Apl4,) + cold}) (47

+ ea(AA) +eslA) (A + el 43N (A7) 14,),
d|Ay)
dz

Ol . * *
+ 7|As> = 1% (Cl <As|As> + CO|AS> <AS |

+ C2(AplAp) + cald,) (A, +calds) (45 Ay).
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Evolution of Stokes Vectors

e Polarization effects can be studied by using the Stokes vectors
P=(A)[clA,),  S§=(AolAy).

e Evolution of P and § on the Poincaré sphere is governed by

dP 0
—+a,P=——"
dz & 20
dS 1

d_Z+OCSS:§[( a+3gb)PpS+(ga+gb)PsP_2ngsP3]‘|‘Ws X S.

[(8a+38u) PP+ (g4 ‘|‘gb>PpS_ 2ngpS3] +W, X

e Here P, and P are the pump and Signal powers and

>
W, =L (P4 2(1+6,)85 - (2+6,+5,)8],
2%
W, = 2185 +2(1+ 8Py — (248, + 8)P].
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e For a linearly polarized pump (P; = 0), the signal evolves as

dsS 1
d_z + 0,8 = 5[(&1 + 3gb)PpS+ (ga +gb>PsP]°

e |f signal is also linear polarized, both P and S maintain their initial
SOPs with propagation.

e When the pump and signal are co-polarized, two gain terms add in
phase, and Raman gain is maximum with a value g = g, + 2g,.

e When the two are orthogonally polarized, two gain terms add out
of phase, and the Raman gain is minimum with the value g, = g;.

e In the case of circular polarization, gy = g, + g5 and g, = 2g,,.

e Raman gain clearly depends on the relative SOPs of the pump and
signal.
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Polarization Dependence of Raman Gain
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e Raman gain when the Stokes and the pump are co-polarized (blue
curve) and orthogonally polarized (red curve).

e Raman gain coefficient is highly polarization dependent for silica
fibers.
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e Suppercontinuum generation depends on the SOP of input pulses.

e Two examples of this behavior are shown in the figures above.

e Even at a given input SOP, output may exhibit complicated
polarization properties.
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Vector NLS Equation for isotropic Fibers

e This case was studied in 2004 [Lu et al., PRL 93, 183901 (2004)].

e Mathematically, we need to solve the vector NLS equation:

d|A) 1 Bm 9"A)
. + oc+z(x1 A) +Z e

~ G} + (7+m ) 0.1)
e Polarization dependent nonlinear effects are included through

10(2.0)) = 21— f) [{A414)]14) + 51 — fi) [(4"|4)]]4°)

+ frlA(z,1)) hg(t —t"){A(z,t)|A(z,1")) dr’.

[ee]
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Vector Nature of Soliton Fission
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e Propagation in ideal isotropic fiber (no birefringence).

Normalized Power

e Input SOP slightly elliptical (32 dB extinction ratio).
e A 150-fs pulse with N =~ 12 is launched into a tapered fiber.

e Different solitons exhibit different SOPs.
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e Nonlinear phenomena in optical fibers exhibit a rich variety of polariza-
tion-dependent effects.

e In the case of a single pulse, cross-polarization modulation leads to
nonlinear polarization rotation with a multitude of applications.

e In the case of two different wavelengths, cross-phase modulation
can be used to control polarization of one pulse using the other.

e XPM applications include polarization pulling, ultrafast optical switch-
ing, pump-induced probe compression, and soliton trapping.

e In the case of four-wave mixing, circularly polarized pumps can
provide larger polarization-independent parametric gain.

e Polarization effects play an important role during supercontinuum
generation inside optical fibers.
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