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We show that tunable frequency combs can be generated by launching two continuous-wave pumps at slightly
different wavelengths into a normally dispersive optical fiber. The dual-pump configuration allows the tuning of
comb spacing into the terahertz regime. Different pump powers and frequency separations are explored numerically to determine the effect of the input parameters on frequency comb generation. The relative power of the two
pumps is found to be a critical factor through its crucial effect on optical wave breaking. The pump powers and
fiber length are shown to have a significant effect on the comb width as well. Unlike in the case of supercontinuum
generation, Raman scattering is found to have a negligible or even a slightly detrimental effect. Our findings also
help bridge the gap between work done on the propagation of a single pulse and the evolution of dual-pump
signals in normally dispersive highly nonlinear fibers. © 2015 Optical Society of America
OCIS codes: (320.7140) Ultrafast processes in fibers; (190.4370) Nonlinear optics, fibers.
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1. INTRODUCTION
Frequency combs offer a direct link between optical and
microwave frequencies [1] and have applications in diverse
technological areas such as precision metrology [2,3], optical
communications [4], and pulse-train generation [5]. The spectrum of a mode-locked laser is an obvious example of what
could be considered a frequency comb, but such a spectrum
lacks both tunability and wavelength span. Modulating a continuous wave (CW) electronically offers a convenient way to
generate a tunable frequency comb, but the small spectral width
of the resulting comb is a clear drawback. Moreover, the upper
limit of comb spacing is limited to 40–50 GHz by the speed of
the electronics used.
Nonlinear optics is often employed to generate wider frequency combs. In 1984, Hasegawa suggested using induced
modulation instability (MI) to generate a train of short
optical pulses with tunable repetition rates and durations
[6]. Chernikov et al. advocated the use of two CW pumps
at slightly different wavelengths in the anomalous-dispersion
regime of optical fibers and generated a train of solitons with
a 114 GHz repetition rate [7]. High-repetition-rate pulse trains
have also been generated through rational harmonic mode locking [8] and pulse train multiplication [9]. Modulation instability inside a ring cavity was employed by Nakazawa et al. with
pulsed pumping [10]. In 2001, Coen and Haeltermann used a
CW pump for the same observation [11]. Ring cavities are
promising for producing pulse trains with rates exceeding
0740-3224/15/081705-07$15/0$15.00 © 2015 Optical Society of America

500 GHz [12]. More recently, numerous studies have demonstrated the potential of microring resonators for producing
frequency combs [13,14]. Although these results are impressive
and the methods to achieve them undeniably clever, some
applications outside of optical communications require even
higher comb spacings in the THz regime [15–17].
Photonic crystal fibers (PCFs) have been used in recent years
for supercontinuum generation by pumping them in the
anomalous-dispersion regime [18,19]. This technique does
not produce high-quality frequency combs because ultrashort
solitons undergo Raman-induced frequency shifts [20] that are
highly dependent on the duration of the solitons. The resulting
optical spectrum inherently blurs into a supercontinuum in an
uncontrollable manner because of Raman-induced cross talk
that is phase sensitive for ultrashort solitons [21]. The lack
of coherence in supercontinua generated through MI can be
attributed to the fact that the MI is seeded by noise in the case
of a narrow initial spectrum. This incoherence can be partially
overcome through a dual-pump input signal. This approach
avoids spontaneous MI and generates sidebands that are separated by the initial frequency difference of the two input CW
signals. Indeed, Fatome et al. demonstrated the generation of
pulse trains with repetition rates ranging from 1.5 THz to an
impressive 3.4 THz [22].
Even though anomalous dispersion is known to lead
to a wider supercontinuum, significant spectral broadening
from self-phase modulation (SPM) can be observed in the
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normal dispersion regime of an optical fiber as well. Indeed,
supecontinua have been produced using normally dispersive fibers [23,24]. The dual-pump configuration, with one pump in
the anomalous and the other in the normal dispersion regime,
has also been studied [25]. A detailed analytical and numerical
comparison of dual-pump dynamics in the normal and anomalous dispersion regimes using a simplified model has been provided by Trillo et al. [26]. A more recent theoretical and
experimental study by Fatome et al. focused on the timedomain effects of optical wave breaking in the dual-pumping
configuration with weak normal dispersion [27]. The study
used a model that neglects the third- and higher-order dispersive terms, the Raman effects, and the frequency-dependence
of the nonlinearity but provided excellent agreement between
experiments and numerical simulations, as care was taken to
ensure the validity of the model in the experimental setup.
Since most applications do not require the frequency comb
to be a train of solitons in the time domain, anomalous
dispersion has no clear advantage over normal dispersion, aside
from a possibly broader comb. On the other hand, the normal
dispersion regime offers increased robustness that is due to the
absence of Raman-shifted solitons and MI-amplified noise.
Furthermore, the normal dispersion regime has been shown
to have a beneficial impact on spectral flatness in the context
of supercontinuum generation [28]. The aim of this study is to
demonstrate that dual CW pumps can be used in the normal
dispersion regime of a PCF to generate tunable frequency
combs. We explore the parameter space through extensive
numerical simulations and determine the effect of different
input parameters on the comb width. Optical wave breaking
is shown to play a key role in producing spectral broadening
of the frequency comb. Raman effects, often ignored in most
studies of frequency combs, are included. We discuss the conditions under which their neglect is justified.
2. NUMERICAL MODEL
To study the generation of frequency combs inside an optical
fiber, we use the generalized nonlinear Schrödinger equation
that has been used extensively for studying supercontinuum
generation and shown to be accurate down to the few-cycle
regime [18]. It can be written in the form [19]
∂A α X i n1 ∂n A
β
 A−
n! n ∂T n
∂z 2
n≥2



Z ∞
∂
0
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RT jAz;T − T j dT ;
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−∞
(1)
where A is the complex amplitude of the electric field,
T  t − z∕v g is the retarded time in a frame moving with
the group velocity v g, α accounts for fiber losses, and γ is
the nonlinear parameter. Further, the sum is over dispersive
terms of second and higher orders whose impact is governed
by the parameters βn defined as βn  d n β∕d ωn  and evaluated at the central frequency of the incident optical signal.
The right side of Eq. (1) governs all the nonlinear effects.
The nonlinear response function, Rt  0.82δt0.18hR t,
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includes both the delayed Raman response hR and the instantaneous Kerr-type electronic response [19]. The Raman contribution is modeled through the full experimental Raman
spectrum of silica [29]. Self-steepening is governed by the shock
time scale τs .
In our numerical simulations, two CW input beams are
launched simultaneously into a PCF exhibiting normal
dispersion at both of the pump frequencies. Figure 1 shows
the dispersion curve for our fiber with its zero-dispersion wavelength at 1133 nm. Both pump wavelengths are chosen to be
shorter than this to ensure normal dispersion. Since the PCF
lengths in our studies are ∼10 m, we ignore fiber losses for
simplicity by setting α  0. We used γ  15 W∕km and
τs  0.563 fs in our simulations. The dispersion parameters
are found from the curve given in Fig. 1.
The dual-pump input comes from two CW lasers, one at the
frequency ν0  c∕λ0 with λ0  1060 nm and another at a
higher frequency ν0  νm. The two pump wavelengths were
chosen near 1060 nm because of the availability of powerful
lasers as well as normally dispersive highly nonlinear fibers
in this wavelength range. The dual-pump input field can be
written as
pﬃﬃﬃﬃﬃ h
i
pﬃﬃﬃ
P0
1  x exp−2iπνm T   an 0; T ;
A0; T   pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x
(2)
where P 0 is the total pump power, x is the ratio of the power at
the higher frequency CW pump to that of the lower frequency
CW pump, and an 0; T  is the input quantum noise that was
incorporated in the form of one noise photon per mode [30]. In
our simulations x is varied from 0 to 1, P 0 from 1 to 300 W,
and νm from 25 GHz to 1 THz. Different shot noise seeds were
tried for each sets of parameters, but the effect of the input
noise was found to be negligible on the resulting spectra. It
should be noted that, although our simulations have been done
for the CW initial conditions, the results are applicable to
pulses longer than 100 ps since the numerical time window
was 40 ps wide. Experimental verification of our results will
40
20
normal
0
β2 (ps2/km)

1706

anomalous
ZDW = 1133 nm

−20
−40
−60
−80
200

250
300
Frequency (THz)

350

Fig. 1. Dispersion parameter β2 as a function of optical frequency.
The circle denotes the lower frequency pump at 1060 nm. The zerodispersion wavelength (ZDW) of the PCF is 1133 nm.
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require such pulsed lasers to realize peak power levels
near 100 W.
3. ROLE OF OPTICAL WAVE BREAKING
We begin by considering the values P 0  200 W and x  1,
corresponding to two pumps with equal powers of 100 W, and
assume that the pumps are separated by νm  350 GHz.
Figure 2 shows the evolution of such a dual-pump signal over
a PCF length of 5 m by showing the optical spectra and temporal profile at certain locations in the fiber chosen to highlight
the importance of optical wave breaking (OWB) in the combformation process. Initially at z  0, the spectrum consists of
two spectral lines. In the time domain, we see a sinusoidal pattern resulting from beating of the two CW pumps. From
Eq. (2), these sinusoidal power variations have the form


pﬃﬃﬃ
2 x
cos2πνm T  ; (3)
P0; T   jA0; T j2 ≈ P 0 1 
1x
where the small shot noise
pﬃﬃﬃ terms have been left out. The modulation depth d m  2 x ∕1  x has its maximum value of 1
for x  1, the case shown in Fig. 2. We will see later that
reduced values of d m for x ≠ 1 affect the comb evolution
significantly.
The crucial role of OWB in separating two regimes of
evolution in the context of single-pulse supercontinuum
generation in normally dispersive fiber was pointed out by
Finot et al. [28]. More recently, Fatome et al. showed that a
double shock is formed in the dual-pumping configuration
at the initial modulation minima and that optical undular bores
can be observed after such a double shock [27]. Similar doubleshock formation can be seen in Fig. 2. At a distance of 3.5 m, a
frequency comb has been formed, but its −50 dB width is
limited to about 10 THz. The temporal trace shows that
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the double shock has not yet occurred at 3.5 m but has taken
place at a distance of 4 m, as evidenced by the sharp dips at the
location of intensity minima. At a distance of 4.25 m, intense
temporal peaks are formed at the shock positions because of the
simultaneous presence of multiple frequency components.
These components mix nonlinearly to produce new frequency
components, and this four-wave mixing then manifests itself as
the spectral side lobes that emerge after the double shock formation. As the spectrum before the shock formation is a comb,
the emerging side lobes consist of discrete frequencies that contribute to the width of the comb. This can clearly be seen in
Fig. 2 at a distance of 5 m, where the frequency comb has a
−50 dB bandwidth of about 25 THz. Since the whole comb
stays in the normal-dispersion regime of the fiber over its entire
length, neither soliton dynamics nor modulation instability
contributes to the comb formation or spectral broadening.
As the double-shock formation takes place at the initial
modulation minima of the dual-pump signal, the initial modulation depth d m could be expected to have an effect on the
shock formation and on the resulting frequency comb.
Figure 3 shows the evolution under conditions identical to that
of Fig. 2 except for unequal pump powers such that x  0.1
and d m  0.575. A direct comparison of the two figures shows
the drastic impact on the comb generation when the modulation depth is decreased even if the modulation remains very
significant. A comb is still produced through SPM, but its
−50 dB width is smaller by a factor of about 2. At a distance
of 3.75 m, modulation depth is somewhat reduced in the time
domain. For longer distances, OWB takes place, and the edges
of adjacent pulses collide with one another. However, the temporal intensity slope of the colliding edges is smaller, which
leads to both suppressed spectral broadening and smaller temporal peak powers for the forming intensity peaks. The resulting frequency comb at a distance of 5 m is significantly
narrower compared to the case of equal-power pumps shown
in Fig. 2. Clearly, deeper initial modulation helps create broader
frequency combs.
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Fig. 2. Spectral (left) and temporal (right) evolution of a dual-pump
signal in the normal dispersion regime over 5 m of PCF. The spectrum
scale is logarithmic over a 50-dB range. The dashed horizontal lines
show the −50 dB level for the spectra and the zero level for the temporal intensity plotted on a linear scale. Parameter values for the two
CW pumps are P 0  200 W, x  1, and νm  350 GHz.
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Fig. 3. Same as Fig. 2 but for unequal pump powers such that
x  0.1. The total pump power is the same in both cases.
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Figures 2 and 3 both show more and more spectral broadening with increasing propagation distance. One may ask
whether ultrawide frequency combs can be produced by simply
increasing the PCF length. The answer is negative for several
reasons. First, too long of a propagation distance will be detrimental because of the amplification of noise through four-wave
mixing. Second, Raman scattering may begin to impact the
quality of frequency combs. Third, fiber losses, although neglected here, could limit the performance for long fibers. To
study how the comb width depends on various input parameters, we have carried out a large number of numerical simulations. We used them to calculate the comb width defined as
the bandwidth containing 99.98% of the total spectral power
such that only 0.01% of the total power lies on each side of this
frequency band. We also checked that the spectra can indeed be
considered frequency combs and were not ordinary supercontinua by verifying that at least 99.99% of the total spectral
power was concentrated at the discrete comb frequencies.
This rather uncommon definition of the spectral width was
chosen over the more traditional measures (such as FWHM
or −10 dB bandwidth) because the latter work well only for
spectra of similar shapes. The spectra observed in this study
can be structurally different for different input parameters
(see the output spectra in Figs. 2 and 3). Furthermore, a simple
dB threshold width measure is unable to account for spectral
broadening happening below the threshold, and this broadening can be very significant. For example, in Fig. 2 the −10 dB
spectral width barely changes upon propagation from 350 to
500 cm, while the spectrum does in fact still evolve and
broaden quite drastically upon propagation.
Keeping in mind our definition of the comb bandwidth,
Fig. 4 shows the numerically calculated comb bandwidth as
a function of propagation distance and pump-power ratio x using P 0  200 W and νm  700 GHz. For a given value of x,
spectral broadening starts immediately and is fairly linear up to
a certain distance, after which intense broadening occurs over a
short distance. The initial linear broadening is consistent with
SPM-induced spectral broadening [19], and the abrupt sudden
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broadening can be explained in terms of OWB. The features
seen in the figure also bear considerable resemblance to the observations on spectral broadening of a single pulsed pump in
[28], in which abrupt spectral broadening was also explained
in terms of OWB. In our case, the ratio of the pump powers
plays a role analogous to that of the peak power of the pulse.
4. PUMP POWER AND PROPAGATION
DISTANCE
The total pump power is known to have a significant effect on
supercontinuum generation, where it sets the order of soliton
for pulses propagating in the anomalous dispersion regime of an
optical fiber. We thus expect the total pump power P 0 to
influence frequency comb generation in the normal dispersion
regime of our PCF. In the case of a single pulse, it is customary
to characterize the relative importance of dispersion and nonlinearity through the use of the dispersion length LD 
T 20 ∕jβ2 j and the nonlinear length LNL  1∕γP 0 , where
T 0 is a measure of pulse duration and P 0 is the pulse’s peak
power. In our dual-pumping configuration, total pump power
P 0 and the period of sinusoidal modulations T 0  1∕νm play
the role of the corresponding two parameters. For the input
parameters used in Figs. 2–4, the nonlinear length is always
smaller than the dispersion length, usually by orders of magnitude. Thus, the nonlinear effects dominate over the dispersive
effects, similar to the case of supercontinuum generation.
Furthermore, for a dual-pump input signal one might expect
dispersion to be less of an issue than for a single pulse, as every
frequency component of the electric field is present in every
time slot that has a duration of the input period, and the average power over a period stays almost constant throughout
propagation. One might then expect that nonlinear power
transfer between different frequencies can continue occurring
throughout the evolution of a dual-pump signal. Thus, instead
of exploring the evolution dynamics as a function of propagation distance in meters, it is more intuitive to normalize the
distance as ξ  z∕LNL using the nonlinear length.
Figure 5 shows the comb bandwidth as a function of ξ and
pump power P 0. The comb width increases quite monotonically with respect to both of these parameters. What is noteworthy is that, although a certain power level is required to
achieve a specific comb width, low initial powers cannot be
compensated for by making the fiber longer. Furthermore,
for low pump powers and longer propagation distances,
Raman scattering is able to transfer a significant portion of
the initial power at the pump frequencies to a continuum at
lower frequencies. Since low input powers create narrow
combs, higher-order dispersion plays no role in the comb formation, and other than the Raman-induced power transfer, the
evolution of a low-power dual-pump signal is very similar to
that observed in [26].
5. EFFECT OF RAMAN SCATTERING

Fig. 4. Comb bandwidth (color encoded) as a function of the ratio
of pump powers and propagation distance. The input parameters are
P 0  200 W and νm  700 GHz.

Not all nonlinear power-transfer mechanisms contribute to
the formation of a frequency comb. Spontaneous Raman scattering is responsible for transferring power from the pump
frequencies to a broader band of lower frequencies [19].
Such a transfer of power is obviously detrimental in the context
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Fig. 5. Comb bandwidth (color encoded) as a function of total
pump power and propagation distance. The input parameters are
x  1 and νm  700 GHz. Spectra that did not qualify as frequency
combs have been left out (lower right corner).

of frequency comb generation. The emergence of a continuum
decreases the contrast between the comb and the background.
Furthermore, because power is being transferred away from the
pump frequencies, the strength of beneficial nonlinear effects
decreases as well. Thus, Raman scattering could be detrimental
even when the comb spectrum is narrow enough such that the
peak of the Raman gain lies outside of the comb bandwidth.
To study the effect of Raman scattering on the comb formation, we performed simulations with the Raman contribution turned off by setting RT 0   δT 0  in Eq. (1). Figure 6
shows the evolution of a 5 W dual-pump signal over 100 m
both with (black) and without (red) the Raman effect. It is
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Fig. 6. Evolution of a dual-pump signal over 100 m with (black
lines) and without (red lines) including the Raman effect. Pump
parameters are P 0  5 W, x  1, and νm  300 GHz. The scale
for spectra is logarithmic, ranging from −60 to 0 dB. The effect of
Raman scattering is negligible in this case.
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Fig. 7. Same as Fig. 6 but with P 0  200 W, x  1, and
νm  700 GHz.

obvious that the effect of Raman scattering is negligible for this
specific set of pump parameters. In numerical simulations,
a Raman peak was observed when the Raman effect was
included, but its spectral power was below −70 dB at 13.2 THz
below the lower pump frequency. Similar behavior was observed for many other pump powers and frequency separations.
Only when the total pump power exceeded 200 W, Raman
scattering played a slightly more significant role. As an example,
Fig. 7 shows evolution over 5 m of PCF using the parameter
values P 0  200 W, x  1, and νm  700 GHz.
In this case, the maximum comb width is reached at a
propagation distance of 2.5 m, and before that the effect of
Raman scattering on the spectral and temporal evolution is almost completely negligible. For larger propagation distances,
the spectra and the temporal intensity profiles start to differ
more. In particular, the comb spectrum becomes asymmetric
with slightly more power at red-shifted frequencies. This is
expected since high-frequency components pump the lowfrequency components through stimulated Raman scattering.
The comb spectrum after 5 m of propagation also appears
slightly broader when Raman scattering is included. However,
it should be kept in mind that the spectra are normalized.
The apparent broadening is due to a Raman-induced power
transfer from the pump frequencies and nearby sidebands to
a continuum of frequencies. Even though the Raman-amplified
band stays well below the −70 dB level compared to the pump
frequencies, this power transfer is enough to lower the central
frequency peaks with respect to the peaks at the comb edge,
thus making the normalized spectrum appear wider. By examining the unnormalized spectra, we found that the spectrum
was actually broader when Raman scattering was not included.
We thus conclude that in the dual-pumping configuration in
the normal dispersion regime of a fiber the effect of Raman
scattering is either negligible or slightly detrimental. This is
a noteworthy difference between comb generation and supercontinuum generation. In the context of supercontinuum
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generation in normally dispersive fiber, Raman scattering is an
important physical phenomenon that helps extend the continuum toward lower frequencies. In comb generation, however, Raman scattering does not contribute to the comb
width even when the Raman gain band overlaps with the comb.

4.

5.

6. CONCLUSIONS
We have shown through numerical simulations that tunable
frequency combs can be generated by launching two CW
pumps at slightly different wavelengths into a normally
dispersive optical fiber. The numerical model is based on
the generalized nonlinear Schrödinger equation that has been
used extensively for studying supercontinuum generation. The
dual-pump configuration produces a periodic sinusoidal modulation and allows tuning of the comb spacing from tens of
gigahertz into the terahertz regime. Our results show that
the relative powers of the two pumps play a critical role,
and the widest frequency combs form when the two pumps
are launched with the same power. The reason behind this
is related to the phenomenon of optical wave breaking known
to occur in the case of normal dispersion.
In order to quantify the usefulness of the proposed scheme,
we studied the dependence of the comb bandwidth on several
important input parameters such as the total power, relative
powers, frequency separation of the two pumps, and the length
of the fiber employed. The depth of sinusoidal modulation produced by beating of the two pumps was shown to have a crucial
effect on comb width, with deeper modulation enabling
broader combs. This was interpreted and explained through
the crucial role of optical wave breaking in SPM-induced spectral broadening. Unlike the case of supercontinuum generation,
Raman scattering was found to have a negligible or even a
slightly detrimental effect on comb generation. This is in sharp
contrast to the case of supercontinuum generation where
Raman scattering plays an essential role.
Experimental verification of our results would require two
lasers whose wavelengths lie in the normal dispersion of the
fiber and are spaced apart by a few nanometers. The use of
CW lasers with power levels exceeding 100 W may prove
impractical. However, such power levels are easily attainable
if Q-switched lasers emitting nanosecond pulses are employed.
Our results apply to this situation. The use of semiconductor
lasers should allow the adjustment of the wavelength separation
through temperature tuning, resulting in the formation of
tunable frequency combs.
Funding. Fulbright Center Finland; Suomalainen
Tiedeakatemia (Finnish Academy of Science and Letters).
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