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Abstract

We theoretically study the optical performance of a layered nanoparticle with a sandwiched gain
shell. Based on quasi-static analysis and full-wave numerical simulations, we show that it is
possible to achieve a very high scattering cross-section (over 4 orders) accompanied with a
negative absorption cross-section by changing the amount of gain in the sandwiched shell layer.
This suggests that the proposed conﬁguration can either be used for designing a spaser or as a
switchable nano scatterer whose scattering cross-section can be manipulated from an ultra-high
value to an ultra-low one. To provide more insight into the operation of this proposed
conﬁguration, we also study the near ﬁeld, which again conﬁrms a clear controllability of ﬁeld
enhancement through the sandwiched gain layer.
Keywords: nanoshell, gain, spaser
(Some ﬁgures may appear in colour only in the online journal)
1. Introduction

microscopy, data storage, and on-chip surface plasmon generation [10, 11].
Since Bergman and Stockman [1] theoretically proposed
the concept of spaser, various theoretical schemes and
experimental demonstrations have been carried out on the
ampliﬁcation of localized or propagating surface plasmons
using plasmonic conﬁgurations such as nanospheres [12],
nanorods [13], split-ring resonators [6], or metallic channel
[14]. Among various plasmonic nanoparticles, metallic
nanospheres or nanoshells are of particular interest owing to
their relatively simpler geometry and polarization insensitive
plasmonic properties [15, 16], and gain-assisted nanosphere
and nanoshell have been well demonstrated for surface plasmon ampliﬁcation [5, 12, 17].
Compared with nanospheres and nanoshells, metal–dielectric–metal core/shell/shell nanoparticles show more ﬂexible tunebility and more colorful plasmonic features, that have
been well studied in literature [18–20]. However, no spaser

During the last decade or so, considerable interest has been
focused on the surface plasmon ampliﬁcation by stimulated
emission of radiation, named spaser or plasmon laser [1–5]. A
spaser can be made by a plasmonic nanoparticle (or by an
array of such nanoparticles) containing a gain medium,
resulting in a conﬁguration similar to a resonant cavity of a
laser [6–9]. The energy of the gain medium in the spaser can
be transferred to the metallic component to completely
compensate the ohmic losses and thus results in an extreme
ampliﬁcation of surface plasmon resonance [1, 10]. Different
from semiconductor based lasers whose sizes remain on the
scale of micrometer or millimeter owing to the well-known
diffraction limit of optics, the physical size of a spaser can be
deeply subwavelength, i.e., on the scale of several nanometers. This opens up a wide range of applications of spasers, including nanoscale lithography, biosensing,
2040-8978/14/075003+06$33.00
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this assumption, the electrostatic potential Φi (r , θ , ϕ) in each
layer of the nanoparticle can be obtained by solving the
Laplace equation  2Φi = 0 in the spherical coordinate, from
which we are able to determine the electric ﬁeld, Ei⃗ = − Φi .
Here, the subscript i = 1, 2, 3, or 4 denotes each layer as
shown in ﬁgure 1. Due to the azimuthal symmetry of the
system, Φi is independent on ϕ, and its general solution is of
the form [25]
∞

∑ ⎡⎣ Ai,n r n + Bi,n

Φi (r , θ ) =

r n + 1⎤⎦ Pn (cos θ ),

(1)

n=0

where Pn (cos θ ) is the Legendre Polynomial of order n, θ is
the polar angle, and coefﬁcients Ai, n and Bi, n are constants.
When an x-polarized light with amplitude E0 incident from
the y direction, B1, n must vanish in order to keep the electric
ﬁeld ﬁnite at the centre of sphere. On another hand, the
electric ﬁeld amplitude in a position far away from the
nanoparticle (r → ∞) trends to the incident value E0 , such
that we get A4, n = − E0 δn,1 with δ being Kroneckerʼs delta.
The continuity of the the electric ﬁeldʼs tangential component and the equality of the displacement ﬁeldʼs normal
component at each interface (r = ri ) demand

Figure 1. Schematic of a gain-assisted metal–dielectric–metal

layered nanosphere conﬁguration. Gain medium doped in the
sandwiched dielectric layer.

has been reported based on this composite conﬁguration. In
this paper, we theoretically propose a gain-assisted core/shell/
shell nanoparticle which can be used for designing a spaser.
The surface plasmon ampliﬁcation features of this nanoparticle are investigated by quasi-static analysis and ﬁniteelement simulation. We demonstrate that a strongly ampliﬁed
scattering cross-section accompanied with a negative
absorption cross-section can be realized by introducing a
suitable amount of gain into the proposed nanoparticle.
However, without loss of generality, we do not identify a
speciﬁc gain mechanism for the gain medium. It could be
either optically pumped [21] or electrically injected [22]. The
near ﬁeld of the proposed conﬁguration is further studied,
which shows a clear controllability of ﬁeld enhancement
through modulating the optical gain in the dielectric medium.

∂Φi ∂θ = ∂Φi + 1 ∂θ,

(2a)

εi ∂Φi ∂r = εi + 1 ∂Φi ∂r ,

(2b)

where εi is the relative permittivity of the medium occupies in
the i-th layer, i.e., ε1 = ε3 = εm , ε2 = εd , and ε4 = 1. With the
boundary conditions as described in equation (2), the parameters in equation (1) can be solved in each layer,
27εm εd r23 r33
E0 δn,1,
ξ

(3a)

εm + 2εd
A1, n ,
3εd

(3b)

(εd − εm ) r13
A1, n ,
3εd

(3c)

2( εm − εd )2 r13
2εm + εd
A 2, n −
A1, n ,
3εm
9εm εd r23

(3d )

( εm + 2) r33 A3,n + 3r33 E0 δn,1 ,
2 ( εm − 1)

(3e)

A1, n =

2. Analysis and discussion
A 2, n =

In ﬁgure 1, we show the proposed conﬁguration composed of
metal–dielectric–metal layered concentric sphere structure
with a shell-shaped gain medium sandwiched by a metallic
core and an outer shell. It is assumed that the whole nano
particle is suspended in free space. The radii of the metal core,
dielectric shell, and metal shell are denoted as r1, r2 , and r3,
respectively. The dielectric shell is assumed to be made of
silica and the effective permittivity of the gain layer is characterized as εd = 2.04 − iε″, where the imaginary part
represents the level of optical gain. The metallic parts are gold
with
effective
Drude-model
permittivity
εm = ε∞ − ωp2 / ω2 + iωγ , where ω = 2πf is the angular
frequency, ε∞ = 9.5, and ωp = 1.36 × 1016 rad s−1 is the
plasmonic frequency [23, 24]. Since in our case the sizes of
the gold core and shell are less than the mean free path of
electrons, the electron surface scattering should be considered. For simplicity, we choose γ = 1.92 × 1014 rad s−1
which is twice of the bulk goldʼs collision frequency.
Assuming that the size of the proposed nanoparticle is
much smaller than the operating wavelength, quasi-static
theory and electrostatic potential can be employed for the
characterization of its electromagnetic performance. Under

(

B2, n =

A 3, n =

B3, n =

B4, n = ( A 3, n + E0 ) r33 + B3, n ,

)

(3f )

where

(

)

ξ = 2r26 − 2r13 r23 ( εm + 2εd ) ( εd − εm ) ( 1 − εm ) + η ( εm + 2),

and

(

)

η = 2r13 r33( εd − εm )2 − r23 r33 2εm2 + 5εm εd + 2εd2 .

The electrostatic potential in the region outside the
nanoparticle can be physically interpreted as the superposition
of the external ﬁeld E0⃗ and the scattering of an effective
2
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Figure 2. (a) Scattering cross-section and (b) absorption cross-section of the core/shell/shell nanoparticle without gain. Solid curves and

discrete dots refer to the results by quasi-static analysis and numerical simulations, respectively.

dipole p ⃗ = αE0⃗ located at the center of the nanoparticle,
p⃗ · r ⃗
Φ4 = − E0⃗ · r ⃗ +
,
4πε0 r 3

the far ﬁeld, Iinc is the incident irradiance Es⃗ and Hs⃗ are the
⃗ refer to
⃗ and Htot
scattered electric and magnetic ﬁelds, and Etot
the total electric and magnetic ﬁelds. The simulated scattering
and absorption cross-sections are also plotted in ﬁgure 2. We
see that these results are in excellent agreement with those of
quasi-static analysis, except for the slight red-shifts in both
curves, where the scattering peak moves towards 710 nm and
the absorption peak shifts towards 700 nm. This veriﬁes the
high accuracy of our quasi-static analysis for the proposed
nanoparticle model. It is worth noting that the accuracy of the
theoretical model is highly dependent on the nanoparticle
size. When the nanoparticle is signiﬁcantly small (e.g., less
than 5 nm), quantum size effects do play a signiﬁcant role and
must be accounted for. On the other extreme scenario where
the nanoparticle is signiﬁcantly large (e.g., more than 50 nm),
quasi-static approximation becomes less accurate because the
ﬁeld is not uniform everywhere in the particle.
Figure 3 shows the scattering cross-section of the proposed nanoparticle as a function of optical gain (ε″) and
wavelength (λ) using equation (6). Similar to a metallic
nanosphere or a nanoshell based spaser, the Csca peak in our
work increases rapidly when gain medium is introduced into
the dielectric layer and reaches its maximal value of
2.88 × 105 nm2 at λ = 695 nm and ε″ = 0.265. This value is
over 10 4 times larger than the peak Csca value of the nano
particle free of gain. In addition to this, we are surprised to see
that Csca around the dip frequency decreases signiﬁcantly as a
result of the optical gain and reaches its minimal value of
3.98 × 10−4 nm2 for the case of λ = 684 nm and ε″ = 0.248.
This value is smaller by 4 orders in magnitude of the scattering cross-sectionʼs dip value of the nanoparticle without
gain, which makes the nanoparticle difﬁcult to be detected by
external observers. The transition from the ultra-high scattering cross-section to the ultra-low one in the proposed core/
shell/shell scatter may ﬁnd applications in lab on chip type
setups.
In ﬁgures 4(a) and (b), we show the scattering and
absorption cross-section spectra at the critical gain,
ε″ = 0.265, which is most interesting for the performance as a
spaser. We see that the scattering curve exhibits a peak Csca of
2.88 × 105 nm2 at the resonant wavelength of λ = 695 nm.

(4)

with the polarizability α given by
α=

2πr33
( 2εm + 1 − 9εm η ξ ).
εm − 1

(5)

Once the polarizability is known, the scattering and absorption cross-sections can be obtained by the relations [25]
Csca = k 04 α 2 (6π ),

(6a)

Cabs = k 0 Im (α ),

(6b)

where k 0 is the wavevector in free space. We will show the
optical cross-sections of the proposed nanoparticle changes
signiﬁcantly when sandwiched gain layer strength is varied.
To illustrate this point, we consider the following model
conﬁguration. Consider a core/shell/shell nanoparticle with
radii r1 = 10 nm, r2 = 14 nm , and r3 = 20 nm . In ﬁgure 2 we
ﬁrst show the scattering and absorption cross-sections calculated by equation (6) in the case where gain is switched off
(ε″ = 0). We see that the scattering curve shows a peak at
704 nm and a dip at 654 nm. The quality factor, estimated by
the resonant wavelength over the spectral linewidth,
Q = λres /Δλ , is as low as 11 for the scattering peak. Meanwhile, the absorption curve shows a peak around 697 nm. It is
seen that the peak value of the scattering cross-section (15.4
nm2 ) is signiﬁcantly smaller than that of the absorption crosssection (1431 nm2 ), simply because Csca (∝ r36 ) scales much
faster than Cabs (∝ r33) as the size of the nanoparticle reduces.
The accuracy of the above quasi-static analysis is
examined by numerical simulations based on a ﬁnite elements
method. The scattering and absorption cross-sections can be
numerically calculated from the Poynting theorem [5],
Csca =

⎧
1
Re ⎨
2Iinc
⎩

∫∫

(E ⃗ × H⃗ *) · nˆdS⎬⎭,

⎫

Csca = −

⎧
1
Re ⎨
2Iinc
⎩

∫∫

(E⃗

S

S

s

tot

s

⎫
⃗ * · nˆdS ⎬ ,
× Htot
⎭

)

(7a)

(7b)

where S is a spherical surface surrounding the nanoparticle in
3
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except a slight shift of the critical optical gain and resonant
wavelength.
To illustrate further the dependency of optical crosssection on the gain layer, we plot in ﬁgures 5(a) and (b) the
scattering and absorption cross-sections at the resonant
wavelength as functions of ε″. When optical gain is increased
in the core/shell/shell system, the magnitude of Csca starts to
increase smoothly. When ε″ approaches a critical value, Csca
ﬁrst jumps up rapidly to its maximum value then fall down to
near zero as ε″ increases over the critical value. This critical
gain is similar to the threshold of a classical laser, which we
″ . Clearly, in the core/shell/shell
denote as threshold gain, εthre
″ reaches a reasonable value of 0.265 by quasisystem, εthre
static analysis, which is very little different from the simulated
value of 0.261. The absorption curve in ﬁgure 5(b) shows a
different feature. As the increasing of ε″, the absorption is ﬁrst
enhanced smoothly, then climbs to its maximum value when
approaching the threshold gain. Different to the scattering
feature, the absorption cross-section experiences a rapid
transition from positive (maximum) to negative (minimum) at
″ . When exceeding the critical gain, Cabs quickly move
ε″ = εthre
back to near zero.
The dependence of optical cross-section on the gain level
is closely related with the localized ﬁeld distribution of the
core/shell/shell nanoparticle. In ﬁgure 6, we examine the
dependence of the maximum amplitude of the localized
electric ﬁeld of the proposed conﬁguration on the optical gain
by numerical simulations. It reveals that the near ﬁeld
amplitude strongly relies on the optical gain. When compared
with ﬁgure 4(a), it is clearly seen that the near ﬁeld
enhancement follows the evolution trend of scattering crosssection and has a maximum value at ε″ = 0.261. The simulated electric ﬁeld amplitude distributions (normalized to
incident amplitude) of the nanoparticle at resonance (695 nm)
are plotted in the insert of ﬁgure 6, which shows an electric
dipole-like mode with localized electric ﬁeld as high as 3435
times of the incident ﬁeld. Such a high localized ﬁeld
enhancement directly results in the ampliﬁcation of surface
plasmon resonance and the scattering cross-section. Although
the maximum of the electrical ﬁeld is located inside the
dielectric part, the electrical ﬁeld outside the nanoparticle is
still several hundred times higher than the incident ﬁeld.

Figure 3. Quasi-static analysis of scattering cross-section of the gainassisted core/shell/shell nanoparticle as a function of optical gain and
wavelength.

Moreover, the linewidth of the scattering spectrum decreases
remarkably, resulting in a quality factor as high as 2317. At
the same wavelength, the absorption curve shows a dip Cabs of
− 2.56 × 105 nm2 . In our simulation, the critical gain slightly
moves to ε″ = 0.261, and the scattering curve shows a peak
Csca of 2.39 × 105 nm2 with the peak wavelength slightly
redshifting to 700 nm. Similarly, the absorption curve by
simulation shows a dip Cabs of − 2.40 × 105 nm2 at 700 nm. At
the resonant wavelength, the scattering due to the localized
surface plasmon resonance of the nanoparticle is enhanced by
more than 4 orders in magnitude and the ohmic loss in metal
is almost completely compensated by light ampliﬁcation from
the gain medium. That is, the energy stored through the stimulation of the gain medium can be transferred to the metal to
almost completely offset the dissipation of the nanoparticle by
means of plasmonic resonance. Our simulation results are in
good accordance with the results by quasi-static analysis,

Figure 4. (a) Scattering cross-section and (b) absorption cross-section spectra of a gain-assisted core/shell/shell nanoparticle; solid curves and
discrete dots refer to the results by quasi-static analysis (with ε″ = 0.265) and numerical simulations (with ε″ = 0.261) , respectively.
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Figure 5. (a) Scattering cross-section and (b) absorption cross-section of core/shell/shell nanoparticle at resonant wavelength as funtions of

optical gain; solid curves and discrete dots refer to the results by quasi-static analysis (λ = 695 nm) and numerical simulations (λ = 700 nm),
respectively.

optical switching, data storage, as well as on-chip plasmon
generation.
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