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Abstract:  We derive approximate analytic expressions for the effec-
tive susceptibility tensor of a nonlinear composite, consisting of silicon
nanocrystals embedded in fused silica. Two types of composites are consid-
ered: by assuming that (i) the crystallographic axes of different crystallites
are the same, or (ii) crystallites are oriented randomly. In the first case,
the tensor properties of the effective third-order susceptibility are shown
to coincide with those of the bulk silicon. In the second case, however,
the tensor properties of the susceptibility of the composite material are
found to be quite different due to drastic modification of light interaction
with optical phonons inside the composite. The newly derived expressions
should be useful for modeling nonlinear optical phenomena in silica fibers
and waveguides doped with silicon nanocrystals.
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1.

Introduction

Even though silicon was recognized as an important material for photonics technology more
than 25 years ago [1], the relevant theoretical concepts have begun to be put into practice
only recently [2, 3]. A number of breakthroughs in the field of silicon photonics have made
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possible the development of a variety of functional nonlinear devices, with both active and
passive silicon elements. These devices not only can generate and amplify optical signals[4,5]
but can also modulate and switch them—either all-optically or electro-optically—at speeds
approaching hundreds of gigabits per second [6, 7]. The redlization of such ultrafast silicon
photonic devices brings us closer to the moment when they will be combined with the micro-
electronics technology to build high-performance, low-cost, photonic integrated circuits [8].

A crucial step towards the development of silicon photonics was the discovery of unique
optical properties of low-dimensional silicon [9,10]. In particular, it was found that the ultrafast
Kerr effect in silicon nanocrystals (S NCs) may be, respectively, 10000 and 100 times stronger
than that in fused silica (SiO2) and bulk silicon. Much like silicon-on-insulator waveguides,
silica glass doped with Si NCs (Si-NCs/SiO, composite) enables tight confinement of optical
fields, while its refractive index may be tuned to any value between 1.45 and 2.2 by simply
changing the density of the Si NCs [11-13]. Furthermore, the optical response of Si NCs has
a pronounced dependence on their size, thus providing a flexibility in the engineering of their
nonlinear properties. These and other features guarantee that Si NCs can serve silicon photonics
by improving the performance of optical memories, wavelength converters, and modulators, as
well as by enabling power-efficient amplifiers and light sources [14].

Numerical modeling of light propagation through Si-NC-doped silica waveguides requires
a knowledge of the effective optical parameters of the Si-NCs/SiO, composite [11, 15]. The
reason is that it is impracticable to study the nonlinear effectsin Si NCs by solving Maxwell
equations for the whole composite while treating each NC individualy. To do so, one would
have to consider more than 100000 nanocrystals per micrometer of waveguide with a0.01-pm?
cross section, in which Si NCs of 2.5 nm diameter have avolume fraction as small as 10%. Itis
evident that it would be extremely challenging to solve numerically such a nonlinear problem.

To enable theoretical studies of the nonlinear optical phenomenain a Si-NCs/SiO, compos-
ite, we relate its effective susceptibility to the third-order susceptibility tensor of silicon and
linear permittivities of the composite’s constituents. We begin by considering the situation in
which all nanocrystals have the same orientation with respect to the macroscopic sample of the
composite. In our derivation we closely follow the effective-medium approach to the calcula-
tion of the nonlinear susceptibilities of granular matter [16]. It was initially applied by Zeng et
al. [17] to random composites featuring a weakly nonlinear relation between electric field and
electric displacement of theform D = (& + % |E[?) E, where y isascalar. Our derivation shows
that the values of all components of the effective susceptibility tensor are reduced (with respect
to those in silicon) by the same factor that depends on the volume fraction of Si NCs. We then
extend our analysis and calculate the effective susceptibility for a situation in which NCs are
randomly orientated in space with a uniform distribution. In this case, the anisotropy of the
nonlinear optical response of the whole composite is different from that of bulk silicon. In par-
ticular, the Raman response resulting from the vibrational subsystem of the NCs is modified
the most.

2. ldentically oriented nanocrystals

2.1. Linear effective permittivity of S-NC5S O, composite

The response of both Si NCs and fused silica to a weak optical field is essentially linear and
isotropic. In this instance, the space-averaged electric displacement % (k = Xx,y, z) and space-
averaged electric field

Si=y BN @
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Si-NCs/SiO2 composite

Ex &y & //“/

eff
Eeff» Xkimn

Xy (@) Xry (b)

Fig. 1. (a) Identically oriented Si NCs embedded in a SiO, matrix of permittivity ;.

Nanocrystals are characterized by permittivity &7, nonlinear susceptibility tensor xlﬁﬁin

and volume filling factor f; electric field (Eix, Eqy, E1;) inside Si NCs is assumed to be

uniform. (b) Homogeneous Si-NCs/SiO, composite and the space-averaged electric field

(&, &y, &) inside it; the composite is characterized by the effective parameters eqt and
eff

Xkmn-

inside the Si-NCs/SiO, composite are related simply through the linear effective permittivity
Eeff 8S Y = €aibi. | thelocal eectricfield E(r) = (Ex, Ey, E;) isknown everywhere inside the
composite, then the linear effective permittivity may be calculated using the definition [18]

= [e) (Eg))zow, @

where £2 = £2+ &7 + &7 and theintegration is eval uated over the entire volumeV of the com-
posite. The space-dependent permittivity e(r) = e191(r) + £2092(r) is expressed here through
the permittivity &; of silicon and permittivity &, of silica, aswell asthrough ¢ functions defined
as

©)

Since no analytical expression generally exists for the local field, one often resorts to the
mean-field approch in order to calculate e« [19, 20]. Specificaly, for the Si-NCs/SiO, com-
posite with the volume fraction f of the NCs, the effective-medium theory gives

(1) = 1 whenr isinside the jth medium;
N7 otherwise.

1
at(en,€2, f) = {u + (U?+ 8e182) 1/2} , (4

whereu = (3f — 1)e1 + (2 — 3f)ey. This equation assumes that Si NCs are spherical in shape
and their mean size is much smaller than the optical wavelength; this assumption is valid for
most practical situations of interest [6, 10].

2.2. Third-order effective susceptibility of S-NCs/SO, composite

To simplify the following calculation, we neglect the third-order susceptibility ¥(® of silica
completely in the following calculation. This assumption is justified in practice because y(®)
for silicon NCs is much larger than that for silica and is valid as long as the filling factor
of Si NCs exceeds, respectively, 0.001% and 0.1% when Raman scattering and Kerr effect
are considered. We also assume the average NC diameter to be larger than the exciton Bohr
radius in bulk silicon (which is about 5 nm) and neglect the effect of quantum confinement on
the third-order susceptibility of silicon. With these simplifications, we can define the effective
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susceptibility tensor of a Si-NCs/SiO, composite in away similar to Eqg. (2) [16, 17]:

B, (N)Em(r)En(r)
Xl?lfrnn V /%klmn é{)4 A d\/l7

where xlf%n(r) is the third-order susceptibility of silicon (which may be a function of coordi-
natesif the crystallographic axes of different nanocrystals do not coincide) and the integration
is over the nanocrystals' volume V; = fV. Without knowing the exact field distribution inside
Si NCs, however, it is more practical to introduce this susceptibility using averaged fields and

displacements,

Di = etk + X, A b (5)
Imn
and resort to the effective-medium theory [21]. If we assume that the crystallographic axes x,

y, and z of al Si NCs have the same spatial orientation, asin Fig. 1(a), then the components of
the electric displacement inside the nanocrystals is given by the expression

3 c e oa
Dy = €1E+ Z}C;i“anu EimEin = &1E1, (6)

Imn

wherethe nonlinear permittivity £, of Si NCsisimplicitly defined. Now xklmn may be expressed
through x( ) by invoking an approximate relation

klmn
Dk ~ eefi (€1, €2, T) &k, (7)

whichisvalid provided the nonlinear termsin Egs. (5) and (6) are small compared to the linear
ones[17].

Expanding the function e (€1, €2, f) in Taylor series about the linear permittivity of silicon,
yields

det (€1, €2, T)

Gk ~ et (€1, €2, T) i+ 5 (81— &1) &
€1

0&eit &k
= Eeff Sk + D1 En X|£|r)mE1I EimEin- (8)

Imn

The local field Ezx may be related to the averaged field & using an auxiliary effective permit-
tivity eaux, which satisfies the relation

eaux/Ek(r)dV - /e(r)Ek(r)dV

By differentiating both sides of this relation with respect to &1, we obtain

agaux .
881 /191 JEk(r)aV = f(Ew), )

where the angle brackets denote averaging over the volume of Si NCs. In a similar fashion,
Eq. (2) gives

deet . (ED _ (ED)? 1 [deax\’
881 =f 5’2 ~ cfz _? (981 ' (10)
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0.0001 L— / N

1 10 100
Filling factor of Si NCs, f (%)

Fig. 2. Ratios eg¢/€1 and £ are plotted as a function of filling factor f for Si-NCY/SiO,
(solid curves) and Si-NCs/Si3zNy4 (dashed curves) composites using €1 = 12 with e, = 2.1
for SIO; and e, = 4.1 for SigNy.

In deriving this result, we have assumed that electric field is amost uniform inside the
nanocrystals, i.e., Exx =~ (E1x). With this assumption and Egs. (8) to (10), we obtain

la&‘eﬁ
~ Eeff b+ = ——
D ~ it k-l-f e,

0 Eeff

3 .
Dey > Y& i

Imn

The comparison of this equality with Eg. (5) shows that

O Ecft

881

== 3 11
Xkimn fael ( )

klmn*

The effective susceptibility tensor is thus obtained via a multiplication of x&ﬁ%n by the scalar

attenuation factor, which according to Eq. (4) is given by

[(Bf — 1)egs +£2]2’

&= f(u?+8eyr€2)

This result is valid to the first order in xéﬁin Since electric field is constant inside a dielectric
sphere placed in an initialy uniform electric field [22], Eq. (11) becomes more accurate for
weakly interacting Si NCs, i.e., for a sample with asmaller filling factor. In the case of alarger
filling factor, an accurate relation between the third-order susceptibility of silicon and that of
Si-NCs/SiO; composite may be obtained numerically within the framework of the generalized
effective-medium approach developed by Stroud [23, 24].

The effective permittivity and attenuation factor of the Si-NCs/SIO, composite are plotted in
Fig. 2 as solid curves. It is seen that the components of the effective susceptibility tensor are
about 200 times smaller for a Si-NCs/SiO, composite than those of Si NCs for moderate filling
factors of about 10%. However, thanks to the strong optical nonlinearities of Si NCs, these may
still be comparable to, and even exceed, the nonlinear coefficientsin bulk silicon. For example,
the Kerr coefficient n, at awavelength of 1.55 um is approximately equal to 4 x 10~1* cm? /W
for bulk silicon and to 2.5 x 10~** cm? /W for the Si-NCs/SiO, composite in which Si NCs
with np = 2 x 10712 em? /W occupy 17% of the volume [6]. The value of n§" may beincreased
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“ B (a) (b)

Fig. 3. (d) Randomly oriented Si NCs embedded in SiO, matrix. Orientation of each
nanocrystal, with respect to the Cartesian axes o, 3, and v, is characterized by the respec-
tive directions of its crystallographic axes x, y, and z. (b) Rotation by an angle y € [0, 2x)
around a unit vector u (set by angles ¥ and o) brings crystallographic axes of Si NC into
coincidence with the axes o, 3, and .

by using a host medium with higher permittivity [25, 26]. For instance, if SigNg with e, = 4.1
is used instead of SiO; in the above example, we obtain n ~ 8.1 x 10714 cm?/W. For f < 1,
the attenuation factor for Si-NCs/SiO, may be approximated as & ~ 81f /(2+ £1/e2)* ~ 0.22f
[20,27].

It is interesting to note that Si-NCs/SiO, composite may exhibit dipolar second-harmonic
(SH) due to the effect of NC interfaces, despite the fact that bulk silicon is a centrosymmetric
medium and can generate SH only through the quadrupolar nonlinearity [28, 29]. The theories
of SH generation by a single centrosymmetric NC and a disordered composite of such NCs
were developed in Refs. [30, 31].

It is aso worth noting that Eq. (11) naturally generalizes the result of Zeng et al. [17] to the
case of identically oriented crystallites possessing a tensorial third-order susceptibility.

3. Randomly oriented nanocrystals

Consider now the situation where the crystall ographic axes of different Si NCshave all possible
orientations in space, as is shown schematically in Fig. 3(a). The effective nonlinear suscepti-
bility in this caseis till defined by Eq. (5), but the constitutive relation in Eqg. (6) is no longer
valid for an arbitrary nanocrystal. As aresult of this, each component of the effective suscepti-

bility tensor becomes dependent on several components of %éﬁln and its calculation requires a

knowledge of the exact tensorial form of the nonlinear optical susceptibility of silicon.

3.1. Nonlinear optical susceptibility of silicon
The third-order susceptibility of silicon may be represented as a sum of contributions from
bound electrons and optical phonons[32]

1
Xéﬁ;n(w; 01, 02, 03) = Yoo (@) Hirn + = [H (01 4+ 02) Ziarm + H (02 + 03) Zknm |, (12)

2
where y$.«(®) isacomplex constant, H(®) isthe Raman gain profile,
i = (P/3) (0 6m + Skmin + kndim) + (1 — p) 8kl OimOmn, (139)
Pxirn = OkmOin + &knOim — 26k 5|m8mna (13b)

P = 3Xayy/ Yo 1S the anisotropy factor, and & is the Kronecker delta. The first term in
Eg. (12) leads to the Kerr effect and two-photon absorption, and the remaining terms lead
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to stimulated Raman scattering [33, 34]. It is important to keep in mind that these effects not
only exhibit different tensorial properties but are also characterized by significantly different
response times.

3.2.  Susceptibility tensor averaging

Suppose that the crystallographic axes {x,y,z} of a certain sub-ensemble of the entire Si-NC
ensemble may be brought in to coincide with the reference frame { ¢, 3, v} of the macroscopic
sample via their rotation by angles from y to y + dy around radius vectors lying within the
infinitessimal solid angle dQ2 = sin’¥d®¥d¢ about the unit vector u, whose position in the refer-
ence frame is determined by polar angle © and azimuth ¢ [see Fig. 3(b)]. Then the transformed
susceptibility tensor characterizing the sub-ensemble can be written as

3 3
%r(du)/,tv = z RKKRMRﬂmR‘/anEIr‘)m7 (14)

kimn

where the rotation matrix is given by the Rodrigues’ formula[35]

cosy —cos¥siny singsindsiny
R(Y,p,v) = cosvsiny cosy —cospsindsiny
—singsindsiny  cospsnysiny cosy

copsin’y  cosgsingsin®®  cosgcosyY SinY
+(1—cosy) | cospsingsin’®  sn’@sin’®  singcosY¥sinyg (15)
cospcosysinyg  singcosy sind cos? ¥

As discussed in Section 2.2, the contribution of the sub-ensemble of almost identically ori-
ented Si NCs to the effective third-order susceptibility of the Si-NC/SiO, composite is given
by the expression
(9£eff

(981

Itsaveraging over auniform distribution of nanocrystal orientationsin space yieldsthe effective
susceptibility tensor of the entire composite,

— Jcelt (©)
%KMLV T €1

KAUV®

off 1 T 21 2n off
<xwv>=@/o Snﬁdﬂt/o d<P/0 dv Xicruy (0,9, ¥). (16)

This expression may be evaluated either directly [using Egs. (14) and (15)] or using a gen-
eral method based on finding the rotationally invariant part of the tensor in spherical coordi-
nates [36].

Equations (14)—(16) show that the effective susceptibility tensor of the Si-NCs/SiO, com-
posite that consists of randomly oriented nanocrystals may be conveniently split into electronic
and Raman parts, as is done in Eq. (12). The tensor properties of each part can be found by
averaging the respective tensors over the possible spacial orientations of the crystallites. This
procedure may be simplified by noticing that tensors 8y 6mn, km0in, and dndm arerotationaly
invariant. Applying the averaging procedure defined in Eq. (16) to thetriple product in Eq. (13),
we obtain

8 1
(O Gimbmn) = = (0K Smn + OkmOin + Sknim) + 9 Okl i mOmn-
Using the preceding result in Eq. (16), the averaged value of .7, ,, isfound to be

8+7 1-
() =~ (8 uv + Sy + 8w i) + =55 S (A7)
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Since the susceptibility tensor of an individual Si NC has only 21 nonzero components, this
tensor also has only 21 nonzero components. The numerical factors for these components from
Eq. (17) are found to be

29+ 16
aooo=PPRE=yyrry=—7— P ~11,
7
a0 PP = afop = apfo=...= 8275” ~0.375,

where we used p ~ 1.27 near the 1.55-um wavelength [32]. It is seen that the averaging of the
electronic part of the susceptibility tensor leads to about 10% increase in the values of diagonal
components and 13% increase in the values of off-diagonal components.

A similar calculation can be performed for the Raman part of the third-order susceptibility.
Wefind that (%, ) isgiven by

29 16 2
<%K1pv> = % (SK/J(SAV + 6KV5)LM) - E 5K16uv - § 51(161;1 5[Jv- (18)

We see that the averaging over NC orientations drastically modifies the interaction of an optical
field with phonons in the Si-NCs/SiO, composite from that in individual nanocrystals. Even
though the tensor % ,,, has only 12 nonzero components (equal to unity), the averaged tensor
<9?K,1 uv> is characterized by 21 nonzero components. The components anal ogous to those of
tensor Zmn have avalue that is reduced considerably from 1:

oPop = opPo=PrBy=... = .

However, this reduction leads to additional 9 components of the averaged tensor to become
nonzero with values

32
aooo=BRRR =yyyy= =

16
aoff=aayy=yypp=...= -7z

These results imply that the dynamics of Raman amplification in a Si-NCs/SiO, composite
will be different from that in a silicon-on-insulator waveguide [37]. It simply follows from
the fact that, unlike the crystallographic axes of individual nanocrystals, the reference axes
associated with the composite as a whole can be chosen arbitrarily. One consequence of this
featureisthat stimulated Raman scattering occursin Si-NCs/SiO, composites regardless of the
polarizations of pump and signal waves.

From apractical viewpoint, it isimportant to note that the averaging of the third-order suscep-
tibility over the orientations of Si NCs does not make the nonlinear response of the Si-NCs/SiO,
composite isotropic. This feature makes fused silica doped with randomly oriented Si NCs
an attractive medium for polarization-sensitive applications, such as optical switching [38] or
power equalization [39], that utilize nonlinear polarization rotation through cross-phase mod-
ulation. This statement does not apply to such nonlinear phenomena as thermo-optic effect [7]
and electrostriction [40], which are essentialy isotropic in individual Si NCs. Since such ef-
fects are often related to free carriers generated through two-photon absorption, they develop
on nanosecond time scales and may cause the nonlinear response of the composite to vary with
pulse width.

We emphasize that our theory is only applicable to those nonlinearities of silicon that can be
described by the third-order susceptibility tensor; it does not include such effects as free-carrier
absorption, which is essentialy afifth-order effect [32].

#177189 - $15.00 USD Received 1 Oct 2012; revised 27 Oct 2012; accepted 27 Oct 2012; published 6 Nov 2012
(C) 2012 OSA 19 November 2012 / Vol. 20, No. 24 / OPTICS EXPRESS 26283



4. Conclusions

We have derived approximate analytic expressions for the effective third-order susceptibility of
Si-NCg/SiO, composites consisting of nanocrystalswith either identically or randomly oriented
crystallographic axes. We showed that when the orientations of the crystallographic axes in
different crystallites are the same, the effective susceptibility of the composite may be simply
obtained via a multiplication of the susceptibility tensor of silicon by a constant factor. On the
other hand, if the crystallites are oriented in space randomly, then the effective susceptibility
has tensor properties which are significantly different from those of silicon susceptibility. In
the case of the Kerr nonlinearity, the values are enhanced by 10% or more depending on the
susceptibility component.

Much more dramatic changes occur in the case of Raman susceptibility due to a modifica-
tion of the interaction between the optical field and phononsinside the composite. In particular,
some components that vanish in bulk silicon or planar silicon waveguides acquire afinite value
in the case of Si-NCs/SIO, composites. The new form of Raman susceptibility has practical
conseguencesif Si NCs are used to make Raman amplifiers and lasersin place of silicon planar
waveguides. Results obtained in this paper should be useful for modeling nonlinear propaga-
tion through Si-NCs/SiO; fibers, which are promising candidates for realization of all-optical
functions on a photonic chip.
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