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Abstract: We observe unique dynamics of Raman soliton during
supercontinuum process when an input pulse experiences initially normal
group-velocity dispersion with a negative dispersion slope. In this situation,
the blue components of the spectrum form a Raman soliton that moves
faster than the input pulse and eventually decelerates because of Ramaninduced frequency downshifting. In the time domain, the soliton trajectory
bends and becomes vertical when the Raman shift ceases to occur as the
spectrum of Raman soliton approaches the zero dispersion point. Parts of
the red components of the pulse spectrum are captured by the Raman soliton
through cross-phase modulation and they travel with it. The influence of
soliton order, input chirp and dispersion slope on the dynamics of Raman
soliton is discussed thoroughly.
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1. Introduction
Supercontinuum (SC) generation in photonics crystal fibers (PCF) [1] has attracted
considerable attention in recent years because of its wide applications ranging from
spectroscopy and metrology [2] to telecommunications [3]. Extensive studies reveal that
several physical phenomena are involved in the process of SC generation [4,5] when an
ultrashort optical pulse experiences anomalous dispersion and undergoes enormous spectral
broadening during its propagation inside a PCF. Self-phase modulation (SPM), intrapulse
Raman scattering (IPRS) [4], four wave mixing [6], cross-phase modulation (XPM) [7],
modulation instability [4], and dispersive wave (DW) generation [8] are the major nonlinear
processes that take part actively during SC generation.
The interplay between the dispersion and nonlinearity of the waveguide produces optical
solitons whose dynamics play a pivotal role in the process of SC generation when an
ultrashort optical pulse is launched in the anomalous group-velocity dispersion (GVD)
domain. In particular, the ideal periodic evolution of a higher-order soliton is perturbed by
third- and higher-order dispersions (HOD) to the extent that it breaks into its fundamental
components, a phenomenon known as soliton fission [9]. These fundamental solitons
experience IPRS-induced red shifts, and this shift is largest for the shortest soliton with the
highest peak power, also called the Raman soliton [4,10]. During the fission process, HOD
terms lead to transfer of energy from the soliton to a narrowband resonant DW, also called
non-solitonic radiation [8,9,11]. This DW is emitted on the blue side of the original pulse
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spectrum for positive values of third-order dispersion and is of considerable practical
importance for generating blue-shifted radiation. The interaction between the soliton and the
DW turns out to be quite interesting and it has been studied extensively in recent years with an
analogy to gravity-like potential [12,13].
It is well known that dispersive properties of the PCF play a governing role in producing
the DW and controlling the SC generation [14]. Recent developments in PCF technology [15]
have made it possible to observe new regimes of nonlinear pulse propagation because such
fibers exhibit fascinating dispersion profiles with enhanced nonlinearities. An appropriate
design of a PCF not only shifts the zero dispersion (ZD) wavelength toward shorter
wavelengths but also produces dispersion profiles with multiple ZD points, features
unattainable with conventional fibers [16,17]. Unusual soliton dynamics are expected when an
ultrashort optical pulse is launched in the vicinity of a ZD point since the broadened pulse
spectrum experiences opposite types of dispersion across the ZD point. In this study, new
features are revealed when a femtosecond pulse is launched in the normal GVD region with a
monotonous dispersion slope, a situation not explored in detail previously. We first
qualitatively discuss soliton dynamics in the light of group delay curve when input pulse is
launched exactly at the ZD wavelength. Next, we change the launch condition by detuning the
pulse in the vicinity of the ZD point and explore pulse dynamics under both the positive and
negative dispersion slopes. For a negative value of third-order dispersion (TOD), the Raman
soliton is formed by the blue components of the pulse falling in the anomalous-GVD regime
and it exhibits unusual dynamics by pulling its counterpart in the red region of the spectrum.
In the case of a positive TOD, optical soliton is formed by the red components of the pulse
and is found to interact with its counterpart via XPM during propagation inside the PCF,
resulting in a spectral pushing. The influence of soliton order, input chirp, and dispersion
slope on the pulse dynamics is studied extensively with multiple numerical examples.
2. Theory
To capture the dynamics of SC generation in the vicinity of the ZD wavelength, we solve the
generalized nonlinear Schrödinger equation (GNLSE) written in its normalized form as [4]
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where the field amplitude U(ξ, τ) is normalized such that U(0, 0) = 1. The other dimensionless
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Here, P0 is the peak power of the ultrashort pulse launched into the fiber, T0 is related to its
width, LD  T02 /  2 is the dispersion length, v g is the group velocity,  is the nonlinear
1
parameter,  m is the mth order dispersion coefficient in normalized form, s  2 0T0  is

the self-steepening parameter at the carrier frequency  0 of the pulse, and R  is the
nonlinear response function in the form

R    1  f R      f R hR   ,

(3)

where f R = 0.245 and the first and the second terms correspond to the electronic and Raman
responses, respectively. As discussed in Ref. [18], the Raman response function can be
expressed in the form,
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hR     fa  fc  ha    fb hb   ,

(4)

where the functions ha   and hb   are defined as
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and the coefficients f a = 0.75, f b = 0.21, and f c = 0.04 quantify the relative contributions
of the isotropic and anisotropic parts of the Raman response. In Eq. (5),  1 ,  2 and  b have
values of 12, 32 and 96 fs, respectively. In our notation, they have been normalized by the
input pulse width T0.
3. Numerical results
We employ the standard split-step Fourier method [4] to solve the GNLSE numerically. Since
we work in normalized units, we do not need to specify the input wavelength. In the case of a
PCF with two widely separated ZD wavelengths, it can be applied near the either ZD point by
choosing the two dispersion parameters δ2 and δ3 appropriately. Note that in our notation δ2
has a fixed value of ± 0.5, depending on whether the input pulse wavelength lies in the normal
or anomalous GVD region. The parameter δ3 can also take positive or negative values. The
input pulse with the field U(0, t) = sech(t/T0) is assumed to have T0 = 50 fs (full width at half
maximum of about 88 fs). For a chirped pulse, the input field is of the
form U 0,   sech   exp  iC 2 , C being the normalized chirping parameter. The peak
power of the input pulse is chosen such that the soliton order N takes different values ranging
from 4 to 10, and the maximum fiber length corresponds to five dispersion lengths (ξ varies
from 0 to 5). Self-steepening effects are negligible in our simulations because s < 0.02 for T0 =
50 fs at a wavelength of 1550 nm. Thus, IPRS is the major higher-order nonlinear process
affecting the launched pulse in addition to the SPM. In our simulations we employ a constant
dispersion slope with all HOD terms set to zero. This amounts to assuming β2 = β3 (ω - ωzd)
over the entire SC range where ωzd is the zero dispersion frequency. Such a specific dispersion
profile can be realized with small core diameter of PCFs as discussed in Ref. [19].





3.1 Input pulse launched in the normal GVD region
Our objective is to investigate the role of dispersion slope or TOD on pulse dynamics under
different launch condition. Pulse evolution is significantly influenced by the numerical sign of
TOD coefficient. For  3  0 , a DW is generated on the blue side and it travels slower than the
Raman soliton. Exactly opposite happens for  3  0 , that is, the DW is generated on the red
side and travels faster than the Raman soliton [20]. The relative speeds of different spectral
components of the pulse, as compared to the input pulse speed, is governed by the frequencydependent group delay defined as

1 x  
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where x    0 T0 is the normalized frequency. In our case the series includes only m = 1
and m = 2 terms, and we have a simple parabolic relationship. In Eq. (6) shows that, all
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objects travel slower than the incident pulse for  3  0 when pulse is launched close to the ZD
point. Exactly opposite happens when the sign of  3 is changed.
Although SC generation in the case of anomalous GVD has been studied extensively,
much less attention has been paid to the case of normal GVD. In this section we consider the
case in which a femtosecond optical pulse is launched in the normal-dispersion region but
relatively close to the ZD point to ensure that the high and low frequency components of the
broadened pulse spectrum experience opposite types of dispersions during propagation. We
allow δ3 to take positive or negative values since its sign plays an important role.

Fig. 1. (a) Temporal and (b) spectral evolution of an optical pulse launched in the normal
dispersion (δ2 = 0.5) domain close to the ZD wavelength with N = 8 and δ3 = –0.05. The
vertical dotted line indicates the ZD point.

Consider first the case of negative TOD (δ3 < 0). Figure 1 shows the temporal and spectral
evolutions over 4 dispersion lengths using N = 8. . Soon after the pulse spectrum broadens
owing to SPM, the blue and red parts of the pulse see opposite types of GVDs. In the present
case, blue components of the pulse experience anomalous GVD, whereas red components lie
in the normal-GVD region. Thus, the blue part of the spectrum forms a higher order soliton
that undergoes the fission process near ξ = 0.5. After the fission, all spectral components of
the pulse travel faster than the original pulse, as seen clearly Fig. 1(a), including the DW
generated during fission process. This can be understood by noting that the group velocity
increases on both sides of the ZD point for δ3 < 0. An interesting feature seen in Fig. 1(a) is
the unusual trajectory of the Raman soliton. While the soliton is initially accelerated (a
negative delay), after a certain distance it starts to slow down and eventually moves at a
constant speed. This behavior is a consequence of IPRS-induced red shift of the soliton seen
in Fig. 1(b) and its eventual cancellation after ξ = 2. Notice how the dominant blue peak
associated with the Raman soliton gradually shifts to lower frequencies and then stops
shifting. This behavior is consistent with what was observed experimentally in Ref. [19].
Physically speaking, as the soliton shifts towards longer wavelengths because of IPRS [4], it
begins to slow down. This deceleration appears as a bending of its trajectory in the time
domain. After ξ = 2, it moves at a constant speed (close to that of the input pulse) because the
Raman shift is cancelled as the soliton approaches the ZD point. This spectral recoiling
phenomenon was first observed in a PCF with two ZD wavelengths when the input pulse
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launched near the shorter-wavelength ZD point created a SC broad enough to encompass the
longer-wavelength ZD point [21]. Our work shows that it can also happen when we launch the
input pulse in the normal GVD region near the second ZD point and does not require the
formation of a very wide SC.

Fig. 2. Temporal evolution for four different values of N ranging from 6 to 10. Other
parameters are identical to those used in Fig. 1.

Bending of the soliton trajectory depends considerably on the peak power of the input
pulse because it sets the order of the soliton that undergoes the fission process. Numerical
simulations shown in Fig. 2 reveal that bending of the temporal trajectory occurs earlier and
quicker with increasing values of N. This is expected because IPRS increases with the soliton
order, producing larger red shifts. The DW on the other hand accelerates rapidly with
increasing soliton order. Since DW never overlaps with the Raman soliton, it is not trapped by
this soliton. These features are clearly seen in Fig. 2 where we show temporal evolution for
values of N up to 10 with δ3 = –0.05.
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Fig. 3. Spectrograms of the pulse at four different lengths for parameter values identical to
those used in Fig. 1. The dotted curves represent the time delay (δ1 ξ).

The spectrograms shown in Fig. 3 at four different distances for N = 8 reveal a clearer
picture of the entire process. The dashed curve in each case shows the time delay. The
dominant soliton initially accelerates but its position stops shifting after ξ = 2. Although it
does not overlap with the DW, it captures other red spectral components that overlap with it in
the time domain. The XPM interaction between the two results in chirping, which shifts the
soliton spectrum toward red and the spectrum of the non-soliton part toward blue. The
spectrograms in Fig. 3 capture this spectral shifting process and reveal a kind of spectral
attraction between the soliton and the trapped part moving together as one unit.

Fig. 4. (a) Spectrogram at a distance ξ = 2 for N = 10 and δ3 = –0.05. The dotted curve
represents the delay. (b) Temporal evolution for N = 15 and δ3 = –0.05.
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With increasing soliton order, several Raman solitons may form during the soliton fission
process [4,9]. As an example, the spectrogram for the propagation of a 10th order soliton is
shown in Fig. 4(a) where we see three distinct solitons are generated. In the case of anomalous
GVD, for N = 10 one can expect the formation of 10 different solitons after the fission process
[4]. In the present case, the optical pulse is launched in the normal-GVD domain, and only a
fraction of pulse energy lies in the anomalous region because of spectral broadening. This
reduces the number of solitons that can be created during the fission process. It is interesting
to note that, among the three solitons, only the shortest soliton [soliton 1 in Fig. 4(a)] captures
the red components of the pulse and forces them to move with it. This is because this Raman
soliton shifts most toward red through IPRS. For still larger values of N, we expect that other
solitons will also trap red components of the pulse. As seen in Fig. 4(b) for N = 15, the
trajectory of several solitons bends as each one undergoes deceleration induced by IPRS. It
should be noticed that not only the number of DWs is increased with increasing N, but new
DWs are also generated because of the collision of solitons [22].

Fig. 5. (a) Temporal and (b) spectral evolution under conditions identical to those of Fig. 1
except that the sign of TOD is reversed (δ3 = 0.05).

Next, we consider the propagation near a ZD point with positive TOD. Except for
changing the sign of δ3, all other parameters are kept the same to facilitate comparison. In
contrast to the previous case, now optical soliton is generated by the low-frequency
components (red part) of the spectrum, as shown in Fig. 5. However, a significant amount of
pulse energy lies in the blue part falling in the normal-GVD domain. Figure 5 should be
compared with Fig. 1 because only difference between the two is the sign of δ3. The main
difference in the case of positive TOD is that the Raman soliton never approaches the ZD
point as its spectrum shifts toward the red. This difference is responsible for very different
temporal and spectral evolutions seen in the two cases. In particular, we can see Raman
soliton is delayed more and more with propagation as its spectra shifts toward the red side.
The DW is delayed even more and is not captured by this soliton. With increasing soliton
order, the fraction of input pulse energy falling in the AD domain increases. Figure 6 is
similar to Fig. 2 with the only difference that the sign of TOD is reversed. We can see
formation of multiple solitons for large N, and the temporal delay increases with increasing
soliton order.
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Fig. 6. Temporal evolution for four different values of N ranging from 6 to 10. Other
parameters are identical to those used in Fig. 5.

Fig. 7. Spectrograms of the pulse at four different lengths for parameter values identical to
those used in Fig. 5. The dotted curves represent the delay.

The spectrograms in Fig. 7 are the counterparts of those in Fig. 3. As shown in the Fig. 7,
the soliton generated by the red components of the pulse interacts with the radiation on the
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blue side that overlaps with it in the time domain via the XPM process, and new frequency
components are generated through chirping. As the soliton shifts toward red, it forces the nonsoliton part to shift toward blue so that the two can move at the same speed. In the
spectrogram representation, this event appears as a kind of spectral repulsion, exactly opposite
of what we observe in Fig. 3. This behavior is shown more clearly in Fig. 8 for N = 10. Two
solitons are captured in this figure, and both of them trap blue components and exhibit spectral
repulsion.

Fig. 8. Spectrogram at a distance ξ = 2 for N = 10 and δ3 = 0.05.The dotted curve represents the
delay.

We briefly consider the effect of input chirp on the SC process. Figure 9 shows the
temporal and spectral evolution of a 8th-order soliton for three values of the chirp parameter
ranging from –1 to 1. It is evident that input chirp has a significant effect on pulse dynamics.
With increasing chirp, bending of the Raman soliton in the time domain increases. This
feature is also reflected in the spectral evolution. The soliton spectrum on the blue side
belonging to the Raman soliton begins to turn more rapidly towards the red side with
increasing frequency chirp. As chirp increases, the pulse reaches the fission stage earlier and
earlier [23]. Because of this, the influence of IPRS increases for positive chirp and it bends the
pulse earlier in the time domain. Exactly opposite phenomenon happens for a negative input
chirp and we observe less bending.
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Fig. 9. Temporal (left column) and spectral (right column) evolution under conditions identical
to those used in Fig. 1 except that the chirp parameter takes values from –1 to 1 . The blue
dotted lines show δ2 as function of normalized frequency.

So far we have investigated the pulse dynamics for a fixed value of the TOD coefficient
(  3   0.05 ). As we saw, increasing the soliton order or a positive input chirp increases the
bending of the Raman soliton in the time domain. The numerical value of TOD is another
factor which influences this bending significantly. Figure 10 shows the temporal and spectral
evolutions of a 8th-order soliton for four negative values of δ3. As expected, the larger the
absolute value of δ3, the earlier the soliton trajectory bends. Figure 10(b) shows the
corresponding changes in pulse spectra. With increasing TOD coefficient, the rate of IPRS
increases and the soliton approaches the ZD point at a shorter distance along the fiber.

Fig. 10. (a) Temporal (two left columns) and (b) spectral (two right columns) evolution under
conditions identical to those used in Fig. 1 except that the TOD parameter takes four different
values ranging from –0.03 to –0.09. The blue dotted lines show δ2 as function of normalized
frequency.
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3.2 Input pulse launched at the anomalous GVD region
In this section we study the situation when an optical pulse is launched in the anomalousGVD domain (but very close to the ZD point) and allow positive and negative values of TOD.
The case of positive TOD has been explored extensively in the past [24–29]. In particular,
trapping of the DW by a Raman soliton has been studied extensively [27–29]. The case of
negative  3 has also been studied in the context of IPRS cancellation in PCFs having two ZD
wavelengths [21,30].

Fig. 11. (a) Temporal and (b) spectral evolution of an optical pulse launched in the normal
dispersion (δ2 = 0.5) domain close to the ZD wavelength with N = 4. The TOD parameter is
positive (δ3 = 0.05) for two left panes and negative (δ3 = –0.05) for two right panes. Blue dotted
lines show δ2 as a function of frequency.

Figure 11 shows the temporal and spectral evolutions for N = 4 in the cases of positive
(left) and negative  3 . The blue dotted lines show how  2 varies as a function of frequency.
For positive  3 , the DW moves slower than the Raman soliton and appears behind the Raman
soliton during propagation. However, because of the IPRS effect, the Raman soliton
decelerates considerably. As a result, DW now catches up with the soliton, and the collision
between them becomes unavoidable. This event is quite evident in Fig. 11(a). Because of
XPM, new frequencies are generated and the spectrum of DW extends further towards the
blue side, as seen in Fig. 11(a). The two spectrograms in Fig. 12 correspond to the two cases
shown in Fig. 11. Here we see clearly how XPM interaction between the Raman soliton and
DW creates new frequencies on the blue side. Physically, when Raman soliton is delayed
enough that it begins to overlap with the DW, it traps the DW through XPM and forces it to
move with it. As soliton is further red-shifted, a part of the DW shifts toward blue to ensure
that the two move at the same speed. The situation is entirely different when  3 changes its
sign to negative. In this case, the Raman soliton cannot shift toward the red side once its
spectrum comes close to the ZD point, and a recoiling radiation appears beyond the ZD point
in the normal-GVD domain. The temporal and spectral evolutions of the pulse shown in Fig.
11(b) present a clear evidence of a DW on the red side, as expected from theory [8,31]. From
the temporal evolution in Fig. 11(b) and the spectrogram in Fig. 12(b) it can be noticed that
Raman soliton hardly shifts from its original position in the time domain. The spectrogram
confirms that DW travels faster than all other spectral components of the pulse but Raman
soliton created by the blue component of the spectrum remain fixed in time domain. The
numeric value of  3 is found to be one governing factor of the Raman soliton dynamics under
these conditions.
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Fig. 12. (a) Spectrogram at a distance ξ = 2. for positive δ3 and N = 6. (b) Spectrogram at a
distance ξ = 4 under conditions of Fig. 11(b). The white dotted lines represent the delay.

4. Conclusions
In this paper we have focused on the supercontinuum process taking place when a femtoseond
pulse is launched close to the ZD wavelength of a fiber. We allow the TOD to take both
positive and negative values because both can occur in PCFs exhibiting two ZD wavelengths.
Unusual dynamics of the Raman soliton is observed when the pulse is launched in the normal
dispersion domain with a negative TOD. In this situation, the blue components of the pulse
form a Raman soliton that moves faster than the signal pulse. However, as it is red shifted
through IPRS, it gradually begins to decelerate. This deceleration stops when the soliton
spectrum approaches the ZD point because of a cancellation of the Raman-induced spectral
shift. In the time domain, the soliton trajectory bends and becomes vertical after the Raman
shift is cancelled. However, the Raman soliton captures through XPM a part of the pulse
spectrum on the red side that overlaps with it and force it to travel together. We have
discussed in detail the influence of soliton order, input chirp and dispersion slope on the
dynamics of Raman soliton.
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