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Abstract: The efficient use of optical nonlinearities in silicon is crucial for the implementation
of silicon-based photonic devises. In this paper, we present an approximate analytical study
of nonlinear polarization rotation in silicon-on-insulator (SOI) waveguides; the rotation is
predominantly caused by the effects of self-phase modulation and cross-phase modulation,
stemming from the anisotropic Kerr nonlinearity. In the first part of the paper, we analyze the
transmittance of the Kerr shutter in the continuous-wave regime and address the problem of
its optimization. It is essential for the generality of our conclusions that both free-carrier
effects and two-photon absorption are properly accounted for in this study. We specifically
show that the signal transmittance may be optimized by adjusting the waveguide length, the
pump power, and the incident linear polarizations of pump and signal beams. In the second
part of the paper, we examine the problem of power equalization with SOI waveguides. We
validate the derived analytical solutions by comparing their predictions with the data from
numerical simulations and illustrate the solutions by the examples of practical interest. The
results of our work may prove useful for the design and optimization of SOI-based Kerr
shutters, all-optical switches, and power equalizers.

Index Terms: Silicon nanophotonics, nonlinear optical effects in silicon, nonlinear integrated
optics, Kerr effect, waveguide devices.

1. Introduction
Silicon is well known for its relatively large third-order phonon and electron nonlinearities [1]–[4],
which are responsible for a variety of optical effects beneficial for device applications [5]–[9]. Apart
from the pronounced nonlinear properties, two features of considerable practical value are that
silicon is nearly transparent within the telecommunication window extending from 1300 to 1600 nm,
and that it possesses a relatively high refractive index [3]. The latter feature enables tight
confinement of optical modes inside silicon-on-insulator (SOI) waveguides and allows for the
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achievement of large intensities at moderate input powers. This ensures that optical waves are
efficiently guided and can be modified nonlinearly even inside a micrometer-long SOI waveguide
with a lateral cross section less than 1 �m2 [5]–[7]. Being fully compatible with the mainstream
microelectronics, SOI technology is a promising candidate for on-chip integration of attractive
optical functionalities and is suited for the next generation of telecommunication networks.

It is common to distinguish six major nonlinear effects associated with propagation of an arbitrary
optical field through a silicon waveguide [3], [10]: the Kerr effect, two-photon absorption (TPA), free-
carrier absorption (FCA), free-carrier dispersion (FCD), thermo-optic effect (TOE), and stimulated
Raman scattering (SRS) (see Fig. 1). The Kerr effect is responsible for the nonlinear change in the
refractive index, polarization rotation, self-phase modulation (SPM), cross-phase modulation
(XPM), and four-wave mixing (FWM) processes; TPA leads to optical losses and generates free
carries, which cause further FCA and change in the refractive indexVboth directly through FCD and
mediated by TOE; finally, if the spectrum of the optical field is sufficiently broad, it is also subjected
to Raman scattering, which may lead to XPM, FWM, and energy transfer between different parts of
the field spectra. To appreciate the significance of these effects, one needs to take a closer look at
their utilization in different photonic devices. For example, the Kerr effect is used for super-
continuum generation [11]–[14], soliton formation [15], and phase modulation [16], [17]; TPA, free-
carrier effects, and TOE are employed for optical modulation [18], pulse compression [19], and
all-optical switching [20]–[22]; SRS is taken advantage of in Raman lasers [23]–[27], frequency
converters [28]–[32], optical amplifiers [33]–[37], and modulators [38]. There is no doubt that
demonstration of these functionalities, together with recent advances in fabrication of SOI wave-
guides [6]–[8], will revolutionize the current photonics technology.

Although precise investigation of optical field propagation through SOI waveguides requires
state-of-the-art experiments [39]–[43] and complicated numerical modeling [44]–[50], a number of
valuable approximate analytical solutions has been recently obtained within the framework of a
slowly varying envelope approximation [51]–[56]. Some of the analytical solutions and tools are
thoroughly reviewed in Ref. [10]. With the present paper, we continue our work on analytic
investigation of nonlinear optical phenomena in SOI waveguides, which proved to be useful for
gaining deeper insight into nonlinear optics of silicon and silicon-based device optimization. We
theoretically analyze nonlinear polarization rotation due to the Kerr-induced SPM and XPM, which
may be harnessed to equalize or switch optical powers. We derive analytical expressions for
transmittance of the Kerr shutter and power equalizer operating in the continuous-wave (CW)
regime and use them to optimize the transmittance.

Fig. 1. Schematic of the major nonlinear effects in silicon. The process of TPA is accompanied by the
absorption of a transverse optical phonon because silicon is an indirect-bandgap material.
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2. Coupled-Amplitude Propagation Equations
To study nonlinear polarization rotation in silicon waveguides, we consider two CW optical beams at
frequencies !A and !B . The electric field of the v th beam ðv ¼ A;BÞ, characterized by the lateral
mode profile F ðx ; yÞ, can be written in the form of complex expansion

Ev ðr; tÞ ¼ $F ðx ; yÞ
X
j¼x ;y

ej vjðzÞexp ið�vjz � !v tÞ
� �

þ c.c.;

where $ ¼ ð�0="0Þ1=4ðnx þ ny Þ�1=2; �0 and "0 are the permittivity and permeability of vacuum; nj
and ej are the linear refractive index and a unit vector in the j th direction; vjðzÞ is j th-component
amplitude of the v th field (in units of the square root of intensity); �vj ¼ kvnj ; kv ¼ !v=c0; and c0 is
the velocity of light. We assume for simplicity that the frequencies of the two beams are so close
to each other that the shape and the effective index of the mode are nearly the same for both
beams.

The evolution of amplitudes vjðzÞ ¼ fAx ;Ay ;Bx ;Byg inside the SOI waveguide of constant cross
section is governed by the coupled nonlinear differential equations [1], [3], [49]

1
Ax

dAx

dz
¼HðzÞ� �

2
�i�

� �
a jAx j2þ2jBx j2
� �

þc jAy j2þ2jBy j2
� �

þcA2
y
A�x
Ax

e�2i��Az
� 	

; (1a)

1
Ay

dAy

dz
¼HðzÞ� �

2
�i�

� �
b jAy j2þ2jBy j2
� �

þc jAx j2þ2jBx j2
� �

þcA2
x

A�y
Ay

e2i��Az
� 	

; (1b)

1
Bx

dBx

dz
¼HðzÞ� �

2
�i�

� �
a jBx j2þ2jAx j2
� �

þc jBy j2þ2jAy j2
� �

þcB2
y
B�x
Bx

e�2i��Bz
� 	

; (1c)

1
By

dBy

dz
¼HðzÞ� �

2
�i�

� �
b jBy j2þ2jAy j2
� �

þc jBx j2þ2jAx j2
� �

þcB2
x

B�y
By

e2i��Bz
� 	

; (1d)

where the function HðzÞ includes linear losses through the absorption coefficient �, and the free-
carrier effects through the coefficients �i and �r ,

HðzÞ ¼ ��
2
� �r

2
þ i�i

� �
jAx j2 þ jAy j2
� �2

þ jBx j2 þ jBy j2
� �2

þ 4 jAx j2 þ jAy j2
� �

jBx j2 þ jBy j2
� �� 	

:

In the second terms on the right-hand side of (1), the constant � accounts for TPA, while the
coefficient � ¼ kn2, with k ¼ !=c0, ! ¼ ð!A þ !BÞ=2, and n2 being the nonlinear Kerr parameter,
governs the Kerr effect. The parameters �r ¼ �r ðk0=kÞ2	c�=ð2�h!Þ and �i ¼ �iðk0=kÞ2	c�=ð2�hc0Þ
describe the effects of FCA and FCD, whose strength is determined by the effective free-carrier
lifetime 	c ; �r ¼ 1:45� 10�21 m2, �i ¼ 5:3� 10�27 m3, and 2
=k0 ¼ 1:55 �m [3].

The coefficients a, b, and c describe anisotropy of the Kerr effect and TPA; their values depend
on the orientation of the crystallographic axes in the SOI waveguide. If the waveguide is fabricated
along the [010] or [001] directions, then the electronic response is isotropic with a ¼ b ¼ 1, c ¼ �=3,
and � � 1:27. Anisotropy arises for SOI waveguides fabricated along the [0�11] direction; in this case
a ¼ 1, b ¼ ð1þ �Þ=2, and c ¼ �=3, for the same value of anisotropic factor � [53]. The wave vector
mismatch between field components vx and vy , ��v ¼ kv�n is proportional to the linear modal
birefringence of the waveguide, �n ¼ nx � ny . It should be also noted that, even though TOE
generally induces the highest nonlinear phase shifts [51], [52], it is neglected in our study because
of its isotropic nature. For the same reason, the effect of FCD also has nearly no impact on
polarization rotation.
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In order to distinguish between different polarizations, we can use an optical polarizer (analyzer).
If the orientation of the polarizer at the end of an SOI waveguide of length L is determined by the unit
vector ep ¼ excos� þ eysin�, the intensity of the transmitted beam v is given by

Iv ð�Þ ¼
!v

2


Z Z
dxdy

Z2
=!v

0

dt
Ev ðr; tÞ � ep

$

� �2






z¼L

¼ vx ðLÞj j2cos2� þ vy ðLÞ


 

2sin2� þ vx ðLÞvy ðLÞ



 

sin2�cos�
v ; (2)

where �
v ¼ kv�nLþ Arg½vx ðLÞ=vy ðLÞ� is the total phase shift between x - and y -electric-field
components of the v th wave, and we assume that the amplitudes are normalized according toRR

F 2ðx ; yÞdxdy ¼ 1=2.

3. Optical Switching
In many practical situations, one of two beams, called the signal, is so weak that it does not cause
nonlinear effects. Its polarization can be rotated via XPM in the presence of another strong beam
called the pump. With this effect, one can construct an all-optical Kerr shutter that can be switched-
open for ultrashort durations (�1 ps) using short pump pulses at repetition rates of up to !max ¼ 	�1c
[53]. Such a Kerr shutter has recently been demonstrated [57].

The general scheme of the Kerr shutter and its operating principle are illustrated in Fig. 2(a)–(c).
Without the pump, the signal beam is blocked by an appropriately adjusted polarizer at the end of
the waveguide, as shown in Fig. 2(a). This can be achieved, provided that the linear birefringence of
silicon is compensated, and the signal is linearly polarized after passing the waveguide. In the
presence of the pump, the polarization of the signal becomes elliptic due to XPM, resulting in its
partial transmittance through the polarizer [see Fig. 2(b)]. Since the magnitude of XPM depends on
optical power, the transmission of the Kerr shutter is governed by the pump intensity.

3.1. Simplified Propagation Equations
The operation of the Kerr shutter is described by system (1), which may be substantially simplified

since the pump ismuchstronger than the signal. Neglecting the signal-inducedXPMand signal-induced
nonlinear losses, we obtain from (1a) and (1b) the following equations for the pump amplitudes:

1
Ax

dAx

dz
¼ � �

2
� �r

2
þ i�i

� �
I2A �

�

2
� i�

� �
ajAx j2 þ cjAy j2 þ cA2

y
A�x
Ax

e�2i��Az
� �

; (3a)

1
Ay

dAy

dz
¼ � �

2
� �r

2
þ i�i

� �
I2A �

�

2
� i�

� �
bjAy j2 þ cjAx j2 þ cA2

x

A�y
Ay

e2i��Az
� �

; (3b)

where IA ¼ jAx j2 þ jAy j2 is the pump intensity.

Fig. 2. Operation scheme of the (a)–(c) Kerr shutter and (d)–(f) power equalizer, based on the XPM-
induced polarization rotation in SOI waveguides with principal axes x and y . Both the pump and the
signal are assumed to be linearly polarized; LBC denotes the linear birefringence compensator.

IEEE Photonics Journal Polarization Rotation in Silicon Waveguides

Vol. 2, No. 3, June 2010 Page 426

Authorized licensed use limited to: USTL. Downloaded on June 16,2010 at 08:11:50 UTC from IEEE Xplore.  Restrictions apply. 



Similarly, after ignoring the signal-induced nonlinear losses and the effect of SPM in the
equations for signal, we obtain

1
Bx

dBx

dz
¼ � �

2
� �r

2
þ i�i

� �
I2A � ð� � 2i�Þ ajAx j2 þ cjAy j2

� �
; (4a)

1
By

dBy

dz
¼ � �

2
� �r

2
þ i�i

� �
I2A � ð� � 2i�Þ bjAy j2 þ cjAx j2

� �
: (4b)

Let us denote by # ¼ tan�1jBx ð0Þ=By ð0Þj the angle between the x -axis and the incident linear
polarization of signal. To block the signal in the absence of pump and linear birefringence, the
polarizer axis should be perpendicular to the direction specified by #, i.e., � ¼ #	 
=2. Then, using
(2) and taking into account that the intensity-independent phase shift of signal is compensated at
the output (or input) end of the waveguide [see Fig. 2(c)], we arrive at the signal transmittance in
the form

T ¼
Bx ðLÞj j2sin2#þ By ðLÞ



 

2cos2#� Bx ðLÞBy ðLÞ


 

sin2#cos�
NL

Bx ð0Þj j2þ By ð0Þ


 

2 ; (5)

where �
NL ¼ Arg½Bx ðLÞ=By ðLÞ� is the nonlinear phase shift between the x - and y -amplitudes of
signal at the end of the waveguide. To find the value of T using this equation, one needs to solve
(3) and (4) with boundary conditions Iv ð0Þ ¼ Iv0.

3.2. Approximate Analytical Solution
To describe the process of optical switching analytically, we ignore the last terms in (3). These

terms are responsible for degenerated FWM between the polarization components of the pump
[46], and our approximation is justified by the agreement with the full numerical modeling (see
Section 3.3). Neglecting the impact of TPA on the attenuation of pump, we obtain the following
differential equations for the intensities Ivj ¼ jvj j2:

1
IAj

dIAj
dz
� � �� �r I2A;

1
IBx

dIBx
dz
� � �� �r I2A � 2�ðaIAx þ cIAy Þ;

1
IBy

dIBy
dz
� � �� �r I2A � 2�ðbIAy þ cIAx Þ:

The solution of these equations at z ¼ L is readily found to be

IAx ðLÞ ¼ IA0f ðLÞcos2’; IAy ðLÞ ¼ IA0f ðLÞsin2’; (6a)

IBx ðLÞ ¼ IB0f ðLÞexp �2�ða cos2’þ c sin2’ÞIA0Leff
� �

cos2#; (6b)

IBy ðLÞ ¼ IB0f ðLÞexp �2�ðb sin2’þ c cos2’ÞIA0Leff
� �

sin2#; (6c)

where ’ ¼ tan�1jAx ð0Þ=Ay ð0Þj is the angle between incident linear polarization of the pump and the
x -axis; the function f ðzÞ and the constant Leff are defined as

f ðzÞ ¼ expð��zÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þI2A0ð�r=�Þ1�expð�2�zÞ½ �

q ; Leff ¼
tan�1 IA0

ffiffiffiffiffiffiffiffiffiffi
�r=�

ph i
�tan�1 IA0f ðLÞ

ffiffiffiffiffiffiffiffiffiffi
�r=�

ph i
IA0

ffiffiffiffiffiffiffi
��r
p : (7)
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Physically speaking, f ðzÞ characterizes the decrease of intensities due to linear absorption and
FCA, while Leff gives the effective length of the waveguide [10], [51], [52] Bseen[ by the Kerr effect.
The nonlinear phase shift �
NL satisfies the equation

dð�
NLÞ
dz

¼ Im
1
Bx

dBx

dz
� 1
By

dBy

dz

� �
¼ 2� ða� cÞcos2’� ðb � cÞsin2’

� �
IA0f ðzÞ;

the solution of which at z ¼ L is

�
NL ¼ 2� ða� cÞcos2’� ðb � cÞsin2’
� �

IA0Leff:

By substituting (6b) and (6c) into (5), we obtain

T ¼ f ðLÞsin2#cos2# exp �2�ða cos2’þ c sin2’ÞIA0Leff
� ��
þ exp �2�ðb sin2’þ c cos2’ÞIA0Leff

� �
� 2exp ��ða cos2’þ b sin2’þ cÞIA0Leff

� �
cos�
NL



: (8)

It is easy to see that, in the absence of linear losses ð� ¼ 0Þ, TPA ð� ¼ 0Þ, FCA ð�r ¼ 0Þ, and
anisotropy ða ¼ bÞ, the preceding result is reduced to

T ¼ sin2 �ða� cÞcosð2’ÞIA0L½ �sin22#: (9)

This equation is similar in structure to the well known formula, describing the net transmission of
optical pulse through birefringent fibers [46], [58]. Interestingly, even though (8) is a much more
complex function of ’ as compared to (9), they both have a maximum at ’ ¼ 0 and ’ ¼ 
=2. The
value of T at ’ ¼ 0 may be greater or lesser than the value of T at ’ ¼ 
=2, depending on the input
pump intensity and the waveguide length. Since the function (8) also have a maximum at # ¼ 
=4,
the optimal transmittance is achieved for signal that equally excites TE and TM modes.

3.3. Numerical Examples and Discussion
We illustrate the above analysis for SOI waveguides fabricated along the [0�10] direction, using

the pump at wavelength 1.55 �m and the signal at wavelength 1.54 �m. We assume that the modal
birefringence of the waveguide is �n ¼ 1:2� 10�3 [59]. The other parameters’ values are as
follows [51], [52]: � ¼ 1 dB/cm, � ¼ 0:5 cm/GW, and n2 ¼ 6� 10�5 GW/cm2.

Fig. 3(a) shows the signal transmittance through a 5-cm-long waveguide as a function of incident
pump intensity for different free-carrier lifetimes. The analytical results shown by solid curves are
verified by the numerical solution of (3) and (4), represented by opened circles. As is seen from the
figure, the numerical and analytical results agree reasonably well with each other. The minor

Fig. 3. (a) Comparison of approximate analytical solution given in (8) (solid curves) with the
transmittance calculated numerically using (3) and (4) (open circles) for free-carrier lifetimes of 1, 2, and
3 ns; L ¼ 5 cm, IB0 ¼ 1 MW/cm2, # ¼ 
=4, and ’ ¼ 
=3. (b) and (c) Contour plots of signal
transmittance in the ðL; IA0Þ and ð#; ’Þ domains for 	c ¼ 1 ns; (b) # ¼ 
=4 and ’ ¼ 
=2;
(c) L ¼ 3:2 cm and IA0 ¼ 178 MW/cm2. Other parameters are specified in the text.
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discrepancy between them does not exceed 10% for 	c ¼ 1 ns and becomes smaller for longer
free-carrier lifetimes. Thus, under typical operating conditions of the SOI-based Kerr shutter, the
impact of degenerated FWM on the pump is negligible, which justifies our approximation made to
obtain the solution given in (6).

The absolute values of the transmittance are small due to the strong nonlinear absorption caused
by the TPA-generated free carriers. Practically, the detrimental effect of FCA cannot be
substantially reduced without resort to carrier sweeping by an external electric field. It is significant,
therefore, that the transmittance of the Kerr shutter may be maximized by appropriately choosing
the operating intensity IA0, waveguide length L, and incident linear polarization of the pump ’. The
existence of the optimal pump intensity is evident from Fig. 3(a). The optimal waveguide length
occurs because the transmittance is low, both for relatively short waveguides due to weak XPM,
and for relatively long waveguides due to strong FCA. Since the maximum of the transmittance is
reached at either ’ ¼ 0 or ’ ¼ 
=2 (depending on the values of IA0 and L), the performance of the
Kerr shutter can be optimized using the following steps. First, set ’ ¼ 0 and find the values of IA0
and L that provide the maximal value for T , max½T ð’ ¼ 0Þ�. Then, using these values, calculate
the transmittance at ’ ¼ 
=2, T ð’ ¼ 
=2Þ, and compare it with max½T ð’ ¼ 0Þ�. If
max½T ð’ ¼ 0Þ�9T ð’ ¼ 
=2Þ, then the obtained values of IA0, L, and ’ ¼ 0 are optimal. Otherwise,
the optimal incident polarization of pump corresponds to ’ ¼ 
=2, and the optimal values of IA0
and L are those that give maximum transmittance at ’ ¼ 
=2.

Fig. 3(b) shows the contour plot of T as a function of L and IA0 for 	c ¼ 1 ns, # ¼ 
=4, and
’ ¼ 
=2. One may see that the maximal transmittance (about 4%) is achieved for L � 3:2 cm and
IA0 � 178 MW/cm2. Because in this case max½T ð’ ¼ 
=2Þ� 9 T ð’ ¼ 0Þ [see Fig. 3(c)], these values
of IA0 and L are optimal for the waveguide in question.

We also note that one can construct an all-optical switch based on the considered Kerr-shutter
scheme making use of an SOI waveguide, a beam splitter, and two polarizers. With proper
modifications allowing for a specific design, the presented theory can be used to optimize the
performance of such a Kerr switch.

4. Power Equalization
The nonlinear polarization rotation in silicon waveguides can be employed to equalize optical
powers of a two-level signal [60] or of two beams. The SOI-based power equalizer consists of an
SOI waveguide and an output polarizer shown in Fig. 2(f). Its operation principle can be understood
by looking at schemes in Figs. 2(d) and 2(e), illustrating the case of two beams with identical linear
polarizations at the input. Since the Kerr-induced birefringence depends on optical power, the
polarizations of beams with different powers exhibit unequal evolution. As a result, after passing
through a suitable waveguide, the powers of the beams may be matched using an appropriately
rotated polarizer.

4.1. Approximate Analytical Solution
Let us first consider equalization of powers for two beams with different frequencies. Since in the

waveguide of constant cross section the power and intensity of each beam are proportional, we
require the equality of intensities, IAð�Þ ¼ IBð�Þ 
 Ið�Þ. Using (2), we obtain the following equation for
the polarizer’s angle �:

sin2’tan2� þ qsin2’tan� þ cos2’ ¼ 0; (10)

where

q ¼ IA0cos�
A � IB0cos�
B
IA0 � IB0

:
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Neglecting TPA and degenerate FWM in (1), we can show that the phase shifts between the TE
and TM components of the beams are given by

�
A � kA�nLþ 2� ða� cÞcos2’� ðb � cÞsin2’
� �

ðIA0 þ 2IB0ÞLeffðI�Þ;
�
B � kB�nz þ 2� ða� cÞcos2’� ðb � cÞsin2’

� �
ðIB0 þ 2IA0ÞLeffðI�Þ;

provided that kA 6¼ kB . Here, the parameter LeffðI�Þ is given by (7) after the replacement
IA0 ! I� ¼ ðI2A0 þ I2B0 þ 4IA0IB0Þ1=2.

The solution of (10) is given by

tan�1;2 ¼ �
q 	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 1

p
tan’

: (11)

One can see that equalization of intensities IA0 and IB0 using SOI waveguide of a given length is
only possible if they satisfy the inequality jqj � 1, which holds when IA0 and IB0 are not too far apart
initially. When this is the case, there are two possible orientations of the output polarizer, specified
by the angles �1 and �2. The existence of two solutions is illustrated in Fig. 4 graphically. If jqj G 1,
the incident intensities cannot be equalized with a given waveguide, no matter what the value of ’
is. In Fig. 4, this situation would be represented by one polarization ellipse located inside the other.

It is easy to see that the parameter q reaches infinity for equal input intensities, IA0 ¼ IB0. As this
occurs, �1;2 ¼ 0, 
=2, and the polarizer axis should be aligned with either x - or y -crystallographic
direction. Because of different phase shifts due to linear birefringence, the intensities corresponding
to these orientations are different, unless ’ ¼ 
=4. In the latter case, Ið�1Þ ¼ Ið�2Þ for any allowed
values of input intensities. This can be readily seen by using in (2) the consequence of (11), i.e.,
�1 þ �2 ¼ 	
=2. Generally, one can show that

Ið�1Þ ] Ið�2Þ for IA0 ] IB0 and ’ G 
=4;

Ið�2Þ ] Ið�1Þ for IA0 ] IB0 and ’ 9 
=4:

These inequalities imply that roots �1 and �2 switch their values at IA0 ¼ IB0. When q ¼ 	1, the roots
in (11) coincide and are equal to 	’.

In the case of one quasi-CW signal with two intensity levels, IA0 6¼ IB0, the phase shifts in (10)
become

�
A � k�nLþ 2� ða� cÞcos2’� ðb � cÞsin2’
� �

IA0LeffðIA0Þ;
�
B � k�nLþ 2� ða� cÞcos2’� ðb � cÞsin2’

� �
IB0LeffðIB0Þ;

where LeffðIj0Þ is given by (7) with IA0 replaced by Ij0. In deriving these equations, we considered
only the effects of SPM and neglected the last terms in (1).

Fig. 4. Schematic representation of the two roots given in (11). The elliptically polarized beams are
equally transmitted through polarizers whose axis have equal maximum projections of the electric fields
EA and EB .
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It is important to note that the phase shift due to linear birefringence is the same for both power
levels of a two-level signal. Since it is vastly larger than the Kerr-induced phase shift, which
saturates with increasing L, not all power levels of a signal can be equalized using a silicon
waveguide of given length. Moreover, some waveguides allow no power equalization; it is easy to
show, however, that any two power levels may be equalized by adjusting the waveguide length by
less than �L ¼ 2
=ðk�nÞ. Notice that for IA0 ¼ IB0, the obtained solution predicts only two polarizer
angles from an infinite set � 2 ½0; 
=2�.

4.2. Numerical Examples and Discussion
The above results allow one to identify the optimal operation conditions for silicon-based power

equalizers. In the first example, we consider two optical beams at wavelengths of 1.54 and 1.55 �m,
propagating through silicon waveguide with L ¼ 1 cm and 	c ¼ 1 ns. Figs. 5(a) and 5(b) show the
values of angles �1;2 for five input polarizations set as ’ ¼ ð
=12Þm ðm ¼ 1; 2; . . . ; 5Þ. The solid and
dashed curves specify the directions of polarizer axis that are required for equalization of the
different powers of beam B with the fixed power of beam A, IA0 ¼ 1 GW/cm2. Figs. 5(c) and 5(d)
represent the corresponding output intensities (in the percents of intensity IA0Þ as functions of the
input intensity of beam B. It can be seen that power equalization is only possible within a certain
band whose position depends on the value of ’. Whereas the range of intensities, which can be
equalized, does not change significantly as ’ varies from 
=6 to 0 and from 
=3 to 
=2, the
efficiency of the power equalizer (in terms of transmitted power versus input power) approaches
zero at the band’s boundaries for ’! 0, 
=2. It should be also noted from Fig. 5(c) that the output

Fig. 5. Polarizer’s angles, which equalize intensities of two beams passed through a 1-cm-long SOI
waveguide (a) and (b), and the corresponding output intensities (c) and (d). The function
RðzÞ ¼ IB0ðzÞ=IA0 with IA0 ¼ 1 GW/cm2, gives the ratio of input intensities for z ¼ 0, and characterizes
the output intensity for z ¼ L. For all panels, 	c ¼ 1 ns; the other parameters’ values are the same as in
Fig. 3.
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intensity is nearly independent on IB0 when ’ ¼ 
=4. Thus one can use the same waveguide for
beams with different powers.

Fig. 6 shows an example of power equalization for a two-level signal at wavelength 1.55 �m. As
before, one of the signal’s levels has a fixed power IA0 ¼ 1 GW/cm2, while the power of the other level
is varied. The effective free-carrier lifetime is set to 0.1 ns so that the nonlinear phase shifts are large
enough to enable equalization of powers in a 1-cm-long waveguide. From this figure we see that the
performance of power equalizer drastically depends on the incident polarization. For instance, one
may equalize powers IB0 � IA0 when ’ ¼ 
=3, but no efficient equalization is possible for IB0 9 IA0 if
’ exceeds 2
=5. The range of admissible intensities IB0 steeply reduces with ’ decreasing from 
=3,
and vanishes for ’ G 57
 [see Figs. 6(b) and 6(d)]. From the practical standpoint, it is important that
for ’ ¼ 
=3, the polarizer’s angle �1 � 
=8 leads to almost constant equalizer efficiency of 2% in a
broad range of input powers. This feature may be used to equalize powers in multilevel signals.
Figs. 5 and 6 also suggest that optimization of the waveguide length, input polarization, and polarizer
angle is crucial for efficient operation of silicon-based power equalizers.

We also note that, for shorter free-carrier lifetimes, power equalization is possible within a number
of bands about different values of ratio IA0=IB0. The bands’ boundaries are determined by incident
intensities corresponding to jqj ¼ 1. Since FCA introduces considerable losses, but FCD does not
contribute to the nonlinear polarization rotation in silicon waveguides, a long free-carrier lifetime is a
disadvantage for the above-discussed applications; the value of this parameter should be reduced
in practice as much as possible.

5. Conclusion
In this work, we theoretically studied the phenomenon of nonlinear polarization rotation in silicon
waveguides in the continuous-wave regime. Starting with the propagation equations for coupled

Fig. 6. Polarizer’s angles, which equalize powers in a two-level signal passed through a 1-cm-long SOI
waveguide (a) and (b), and the corresponding output intensities (c) and (d). The function RðzÞ is the
same as in Fig. 5. For all panels, 	c ¼ 0:1 ns; the other parameters’ values are the same as in Fig. 3.
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amplitudes, we derived approximate analytical expression for the transmittance of the Kerr shutter
and investigated the possibility of using silicon waveguide for equalization of optical powers. We
showed that there exist an optimal waveguide length and an optimal pump power that maximize the
signal transmission in the Kerr-shutter scheme. We also demonstrated that there are two possible
orientations of the output polarizer that equalize powers of two beams passing through the
waveguide. The performance of the Kerr shutter and the power equalizer depend on the incident
linear polarizations, the effective free-carrier lifetime, and the polarizer’s angle. The developed
theory provides a simple, yet powerful tool for design optimization of the examined devices with
respect to these parameters.
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