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Abstract: We present a theoretical model that describes accurately the
nonlinear phenomenon of optical bistability in silicon-waveguide resonators
but remains amenable to analytical results. Using this model, we derive
a transcendental equation governing the intensity of a continuous wave
transmitted through a Fabry–Perot resonator formed using a silicon-on-
insulator waveguide. This equation reveals a dual role of free carriers in the
formation of optical bistability in silicon. First, it shows that free-carrier
absorption results in a saturation of the transmitted intensity. Second, the
free-carrier dispersion and the thermo-optic effect may introduce phase
shifts far exceeding those resulting from the Kerr effect alone, thus enabling
one to achieve optical bistability in ultrashort resonators that are only a few
micrometers long. Bistability can occur even when waveguide facets are not
coated because natural reflectivity of the silicon–air interface can provide
sufficient feedback. We find that it is possible to control the input-output
characteristics of silicon-based resonators by changing the free-carrier
lifetime using a reverse-biased p-n junction. We show theoretically that
such a technique is suitable for realization of electronically assisted
optical switching at a fixed input power and it may lead to silicon-based,
nanometer-size, optical memories.
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1. Introduction

Silicon and silicon-on-insulator (SOI) technology are considered to be promising candidates
for future optical integration because they enable one to tightly confine and manipulate light
in optical devices of subwavelength dimensions. The variety of physical phenomena occurring
in silicon near the telecommunication wavelength of 1.55 μm makes it a perfect material for
a multitude of photonic devices [1–6]. Among the important nonlinear phenomena that have
already been observed in SOI waveguides are: stimulated Raman scattering (SRS) [7–9] used
for making optical amplifiers [10–18], modulators [19], and lasers [20–28]; the Kerr effect that
has been used for soliton formation [29], supercontinuum generation [3, 30–32], and optical
phase modulation [33, 34]; two-photon absorption (TPA) that has been used for optical phase
modulation [35]; thermo-optic effect that is suitable for all-optical switching [36, 37]; free-
carrier absorption (FCA) and free-carrier dispersion (FCD) that have been employed for all-
optical switching [38, 39], and pulse compression [40, 41]. Often, several of these phenomena
manifest simultaneously in silicon and thus hinder the possibility of a full analytical description
of wave propagation in SOI waveguides.

Owing to the immense practical applications of silicon, a considerable body of research
has been done recently to address the problem of light propagation through SOI waveguides.
Particularly, an exhaustive theory of nonlinear optical phenomena in SOI waveguides has been
presented in Refs. [42–45]. Based on this theory, a number of numerical [21, 23, 25, 28, 29,
46–49], analytical [50–52], and semi-analytical works [53–56], analyzing different aspects of
light-matter interaction in silicon waveguides, have been carried out by several research groups.
The results of these studies are in excellent agreement with experimental data [57–65] and they
validate the underlined theoretical formalism.

An important problem associated with light propagation through silicon that has not been
addressed theoretically so far is the nonlinear phenomenon of optical bistability [66]. This ef-
fect has been demonstrated experimentally by several research groups using a ring resonator
coupled laterally to a single waveguide [67–70]. Even though the reported experimental results
were accompanied by comprehensive physical explanations, a unified analytical theory of op-
tical bistability in silicon waveguides is not yet available. In this paper, for the first time to
the best of our knowledge, we theoretically analyze the problem of optical bistability in SOI-
waveguide resonators of the Fabry–Perot type operating in the continuous-wave (CW) regime.
We start from general equations describing evolution of the electric fields associated with the
forward- and backward-propagating optical modes that are excited by a light beam launched
into a SOI waveguide. We solve these equations analytically and use the obtained solution to
calculate the resonator transmittance function in the absence of thermo-optic effect. After that,
we modify the transmittance function to the case where thermo-optic effect is not negligible,
analyze it analytically, and provide numerical examples supporting our conclusions. Finally, we
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Fig. 1. Schematic of a Fabry–Perot resonator formed by a silicon waveguide of length
L and two mirrors (M) with reflectivity ρ2. The notations used for various electric field
amplitudes are also indicated.

propose a new switching scheme utilizing the dependance of the resonator transmittance on the
free-carrier lifetime. This scheme is suitable for all-optical switching with fixed bias intensity.

2. Analytical model of optical bistability in silicon resonators

2.1. Propagation equations

Let us consider a Fabry–Perot resonator [71] formed by a SOI waveguide of length L placed
between two mirrors with reflectivity ρ2 (see Fig. 1). The electric field of a CW optical beam
in such a waveguide is the sum of the forward- and the backward-propagating waves,

E(r, t) = F(x,y)[E+(z)+E−(z)]exp(−iωt)+ c.c.,

where F(x,y) is the lateral profile of the propagating mode and ω is the optical frequency. The
functions E±(z), describing evolution of the optical field along the waveguide, can be expressed
in the terms of amplitudes A±(z) (representing the square root of corresponding intensities) as
follows:

E±(z) = ϖ A±(z) exp(±iβ0z),

where ϖ = (μ0/ε0)1/4(2n0)−1/2 is the mapping factor, μ0 and ε0 are, respectively, the intrin-
sic permeability and permittivity of vacuum, n0 is the linear refractive index, β0 = n0k is the
propagation constant, k = ω/c, and c is the speed of light in vacuum. The amplitudes A±(z) are
known to satisfy the following evolution equations [44, 45]:

± 1
A±

dA±
dz

= − α
2

+ iγ (1+ ir)
(|A±|2 +2|A∓|2

)− σ
2

(1+ iμ)N, (1)

where α describes linear losses, γ = kn2 accounts for the Kerr effect characterized by the non-
linear parameter n2, and r = β/(2γ) represents the effect of TPA governed by the coefficient β .
The free-carrier effects are described by the last term in Eqs. (1), where the free-carrier density
in the CW case is given by [45]

N(z) =
τβ

2h̄ω
(|A±|4 + |A∓|4 +4|A±A∓|2

)
, (2)

and it depends on the effective free-carrier lifetime τ . The FCA and FCD effects also depend
on the parameters σ = σr(kr/k)2 and μ = 2kσn/σr, where σr = 1.45× 10−21 m2, 2π/kr =
1.55 μm, and σn = 5.3×10−27 m3 [45].

An important assumption, implicit in the derivation of Eqs. (1), is that the linear refractive
index remains constant in the presence of nonlinear processes inside the resonator. Generally,
that is not the case since both the TPA and free-carrier recombination may lead to elevation of
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local temperature and a corresponding increase in the linear refractive index. To keep n0 con-
stant, one needs to effectively extract the heat from the waveguide and maintain its temperature
fixed. It may also be possible to eliminate the dependance of refractive index on temperature
by introducing strain into the SOI waveguide during the fabrication process because any strain
reduces the thermo-optic coefficient in silicon [8, 69]. In what follows, we first consider the
simpler case where the thermo-optic effect is absent and take it into account in the subsequent
analysis.

2.2. Analytical solution of the propagation equations

To find the intensity transmitted through the SOI-waveguide resonator, we need to solve Eqs. (1)
together with the appropriate boundary conditions. For this purpose, we introduce four real
variables according to the equation

A±(z) =
√

I±(z) exp[iφ±(z)].

Here, I±(z) are the intensities of the forward- and backward-propagating modes, that are related
to the corresponding powers P±(z) through an effective mode area Aeff as I±(z) = P±(z)/Aeff.
Using Eq. (2), Eqs. (1) can be rewritten in terms of the new variables as

± 1
I±

dI±
dz

= −α −β (I± +2I∓)−ξr
(
I2
+ + I2

− +4I+I−
)
, (3a)

± dφ±
dz

= γ (I± +2I∓)−ξi
(
I2
+ + I2

− +4I+I−
)
, (3b)

where ξr = στβ/(2h̄ω) and ξi = σ μτβ/(4h̄ω). Unfortunately, Eqs. (3) do not allow a closed-
form solution, and we need to make some approximations to proceed further.

As we have shown previously [51], one can ignore the impact of TPA on the intensity of a
single CW wave propagating through a silicon waveguide. The same holds for two CW waves
if the linear-loss coefficient and the effective free-carrier lifetime are not very small and satisfy
the relation αξr � β 2. This condition is readily obtained by comparing the TPA terms with the
linear-loss and FCA terms in Eqs. (3a). It is usually satisfied in practice (e.g., for α � 1 dB/cm
and τ � 1 ns), and we assume this to be the case in the following analysis.

If we discard the TPA terms in Eqs. (3a), they can be solved analytically by following the
method discussed in Ref. [52]. The final result is given by

I+(z) =
√

a coth(qz+C2)−b, I−(z) =
C1

I+(z)
, (4)

where C1 and C2 are the integration constants and

a =
q

2ξr
, b = 2C1 +

α
2ξr

, q =
√

(α +2ξrC1)(α +6ξrC1).

Using this solution in Eqs. (3b) and integrating them, we obtain

φ+(z) = C3 + γ [J1(z)+2J2(z)]−ξiJ3(z), (5a)

φ−(z) = C4 − γ [J2(z)+2J1(z)]+ξiJ3(z), (5b)
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where C3 and C4 are the integration constants and

J1(z) =
1
q

{√
b−a tan−1

[
I+(z)√
b−a

]
−√

b+a tan−1
[

I+(z)√
b+a

]}
, (6a)

J2(z) =
C1

q

{
1√

b+a
tan−1

[
I+(z)√
b+a

]
− 1√

b−a
tan−1

[
I+(z)√
b−a

]}
, (6b)

J3(z) =
C1

2q

{
4(b+a)−C1

b+a
lnG+(z)− 4(b−a)−C1

b−a
lnG−(z)

}

+
a
q

ln[sinh(qz+C2)]− 2a
q

C2
1

b2 −a2 ln I+(z)−bz, (6c)

with G±(z) = coth(qz+C2)±1. It is worth noting that, even though we can discard TPA terms
in Eqs. (3a), the omission of similar Kerr terms in Eqs. (3b) is not possible since it will lead to
high inaccuracy in phase at low input intensities.

The four integration constants Cj ( j = 1,2,3,4) are determined by using the boundary con-
ditions at resonator facets z = 0 and z = L,

E+(0) = (1−ρ2)1/2Ein +ρE−(0), (7a)

E−(L) = ρE+(L). (7b)

These two conditions constitute a set of four real equations that allow us to determine the four
integration constants for a given value of input intensity Iin = |Ain|2 = ϖ−2|Ein|2. We then find
the transmitted (output) intensity from the relation

Itr = (1−ρ2) I+(L). (8)

It is remarkable that, in spite of the complexity of the propagation equations, it is possible to
solve them in an analytic form.

2.3. Optical bistability in the absence of thermo-optic effects

As discussed before, the preceding analytic solution is valid when the thermo-optic effect is
negligible. In this case, we can find the bistable response function of the silicon resonator by
inverting a transcendental relation Iin(Itr), which can be expressed in an analytic form. As can
be readily seen from Eq. (7a),

Iin =
I+(0)+ρ2I−(0)−2ρ

√
C1 cosΔφ

1−ρ2 , (9)

where Δφ = 2β0L + ΔφNL and ΔφNL = φ−(0)− φ+(0)− 2β0L is the nonlinear phase shift re-
sulting from both the Kerr and free-carrier effects. From Eqs. (7b) and (8), we obtain

C1 = I+(L)I−(L) =
ρ2

(1−ρ2)2 I2
tr. (10)

Using this result and Eq. (7b) in Eq. (4), we can also express C2 through Itr as

C2 = coth−1
{

1
a

[
I2
tr

(1−ρ2)2 +b

]}
−qL, (11)

where a, b, and q are assumed to be functions of the transmitted intensity only. Finally, noting
from Eq. (7b) that φ+(L) = φ−(L)−2β0L, the nonlinear phase shift between the forward- and
backward-propagating waves on the left facet of resonator is given by

ΔφNL = 3γ [J1(L)+J2(L)−J1(0)−J2(0)]−2ξi[J3(L)−J3(0)]. (12)
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Substituting Eqs. (4) and (10)–(12) in Eq. (9), we obtain the input intensity Iin as a single-valued
function of the transmitted intensity Itr. The multiple solutions of this equation for a given input
intensity, Itr(Iin), result from the phenomenon of optical bistability in SOI-waveguide-based
resonators.

2.4. Inclusion of the thermo-optic effect

If no attempt is made to stabilize the resonator temperature, it increases because of heat gen-
erated through TPA and free-carrier recombination. In this case, the increase in resonator tem-
perature ΔT (z) at point z results in a local change of the linear refractive index as

Δn0(z) = κΔT (z), (13)

where κ = 1.86×10−4 K−1 is the thermo-optic coefficient of silicon. The temperature change
in the region between z and z+Δz can be found from a simple heat-balance equation,

ρmAeffΔzCΔT (z)
ϑ

= β
[
I2
+(z)+ I2

−(z)+4I+(z)I−(z)
]
AeffΔz. (14)

The right side of Eq. (14) gives the optical power absorbed through TPA that generates
heat in the resonator volume ΔV = AeffΔz. Its left side represents heat dissipation in the
same volume, characterized by the thermal dissipation time (ϑ ∼ 1 μs), silicon mass density
(ρm = 2300 kg/m3), and silicon’s thermal capacity [C = 705 J/(kg×K)]. It is important to note
that Eq. (14) accounts for temperature shift resulting from both TPA and recombination of free-
carriers. This is because, owing to the initiation of these processes through phonon emission,
the energy dissipated through TPA is fully converted to heat.

After obtaining ΔT (z) from Eq. (14) and using this result in Eq. (13), the nonlinear phase
shift resulting from the thermo-optic effect is given by

Δφ T
NL = 2k

L∫

0

Δn0(z)dz = 2k
κϑβ
ρmC

[J3(L)−J3(0)], (15)

where J3(x) is given by Eq. (6c). Now, Eq. (9) can be extended to include a variable resonator
temperature by setting Δφ = 2β0L+ΔφNL +Δφ T

NL.
It is interesting to note that the thermo-optic effect may be formally included by reducing the

FCD coefficient, μ , by an amount

Δμ =
4h̄ωκθk
ρmCστ

.

Using the parameter values mentioned earlier with 2πc/ω = 1.55 μm, and τ = 1 ns [61],
we obtain Δμ/μ ≈ 5.5. Therefore, under typical operating conditions of a silicon-waveguide
resonator, the thermo-optic effect dominates over the FCD effect. Obviously, the relative im-
portance of FCD effect grows as the free-carrier lifetime is increased.

It is worthwhile to note that the energy dissipated through linear losses may also increase the
resonator temperature and produce a nonlinear phase shift. By calculating the corresponding
temperature shift using a heat-balance equation similar to that given in Eq. (14), it is easy to
show that the linear-loss-induced change in the refractive index is equivalent to that resulting
from the increase in the nonlinear Kerr parameter given by

Δn2 =
2ακθ
3ρmC

.

For a typical value of α = 1 dB/cm, Δn2/n2 ≈ 300, indicating that increase in the refractive
index due to linear optical losses results in much higher nonlinear phase shift as compared to
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that from the Kerr effect. Nevertheless, the phase shift due to linear losses is usually smaller
than the phase shift given in Eq. (15) because TPA dominates over linear losses in the most of
practical situations.

3. Discussion and numerical examples

3.1. Analytical investigation of the impact of FCA

In the absence of the TPA and free-carrier effects, the preceding analysis should reduce to the
well-known equation describing optical bistability in fiber-based Fabry–Perot interferometers.
To verify that this is indeed the case, we take the limits ξr → 0 and ξi → 0 in Eq. (9). Using
Eqs. (4) and (11), we find that in this case I± are given by

I+(z) =
Itr

1−ρ2 exp[−α(z−L)], I−(z) =
ρ2Itr

1−ρ2 exp[α(z−L)].

The functions in (6a) and (6b) are also simplified considerably in the above limits. As a result,
Eq. (9) is reduced to the following relation between the input and transmitted intensities in lossy
fiber resonators,

Itr

(
eαL −ρ2e−αL

1−ρ2

)2{
1+

4ρ2

(eαL −ρ2e−αL)2 sin2
[

β0L+
3γItrLeff(ρ2 + eαL)

2(1−ρ2)

]}
= Iin, (16)

where Leff = [1−exp(−αL)]/α is the effective length of the resonator. This expression reduces
to the result in Ref. [71] if we neglect losses (α = 0) and consider a high-finesse resonator.

To deduce the impact of FCA on optical bistability, we note from Eq. (4) that the presence of
FCA leads to a gradual decrease in the forward-wave intensity and a corresponding saturation
of output intensity with increasing input power. Indeed, I+(0) → ∞ as C2 → 0, which implies
that an infinite input intensity is required in obtain a finite transmitted intensity [see Eqs. (9)
and (11)]. It is easily deduced that the maximal transmitted intensity, Imax is determined from
the transcendental equation

qL = coth−1
{

1
a

[
I2
max

(1−ρ2)2 +b

]}
. (17)

Since FCA dominates over the linear losses in the saturation regime, ξrC1 � α . Therefore, to
a high degree of accuracy, Eq. (17) can be approximated by setting q ≈ 2

√
3ξrC1, b ≈ 2C1,

and a ≈√
3C1. After these simplifications, Eq. (17) provides the following expression for the

maximal output intensity:

Imax ≈
(

1
ρ
−ρ

)[
1

2
√

3ξrL
coth−1

(
1+2ρ2
√

3ρ2

)]1/2

. (18)

According to this expression, the maximal output intensity scales with the length of resonator
and the free-carrier lifetime as Imax ∝ (τL)−1/2. The fact that parameters L and τ enter Eq. (18)
as a product is a direct consequence of cumulative nature of FCA. Obviously, FCD and the
thermo-optic effect have no impact on the saturation process. The saturation of transmitted
intensity induced by FCA reveals that optical bistability in silicon exhibits qualitatively distinct
features compared with that in silica fibers [71–73].

An important conclusion that can be drawn from Eq. (18) is that Imax depends drastically
on the mirror reflectivity ρ2, approaching the maximum value (2ξrL)−1/2 when ρ → 0 and
decreasing to zero when ρ → 1. In practice, the coefficient ρ cannot be too small because optical
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Fig. 2. Maximum output intensity in the FCA-induced saturation regime, Imax, as a function
of amplitude reflectance (left panel) and resonator length (right panel). In the left panel
τ = 1 ns, and ρ = 0.7 in the right panel.

bistability needs sufficient feedback. However, to observe optical bistability at reasonable input
intensities, ρ should not be close to unity. This situation is in clear contrast to fiber resonators,
where the facet reflectivities should be made as high as possible [71]. Ultimately, the optimum
value of ρ is determined by the desirable input-output characteristic of the silicon resonator.

3.2. Numerical examples

The main features of the FCA-induced saturation of output power effect are illustrated by Fig. 2
where we show the dependance of maximum output intensity on amplitude reflectance and
resonator length for an input optical beam at a wavelength of 1.55 μm. For this figure, we used
the following typical parameter values for the silicon waveguide: n0 = 3.484, β = 0.5 cm/GW,
n2 = 6×105 cm2/GW, and α = 1 dB/cm. The facet reflectivities are assumed to be 70% in the
right panel. As the figure indicates, the value of the maximum output intensity is approximately
equal to 1.6 GW/cm2 for a 10-μm resonator when τ = 1 ns. This value is sufficiently large that
optical bistability can be an useful tool even for a 10-μm-long silicon resonator.

We first illustrate the peculiarities of optical bistability in SOI-waveguide resonators in the
absence of thermo-optic effects. The nonlinear phase shift in this case is given by Eq. (12).
The impact of FCD, or free-carrier-induced changes in the refractive index, is included in this
equation through the last term proportional to ξi. As this term is always negative, FCD reduces
the nonlinear shift caused by the Kerr effect. Comparing the relative magnitudes of the free-
carrier and Kerr terms in Eq. (12), we conclude that it is mainly the free-carrier effects, both
FCA and FCD, that determine the input-output characteristics of silicon resonators at high input
intensities.

The input-output characteristics of silicon resonators are shown in Fig. 3 for three resonators
of different lengths. Longer resonators allow one to get more bistable regions within the same
range of input intensities. In particular, resonator lengths of 20, 100, and 150 μm admit, re-
spectively, 1, 4, and 5 bistable regions for input intensities below 5 GW/cm2. This peculiarity
simply reflects the fact that longer resonators accumulate more free carriers and produce larger
phase shifts for a given input power than the shorter ones. Since the number of free carriers
also grows with increasing Iin, the switching power successively increases as one goes from the
first to second, third, etc. bistable regions. In contrast, switching power decreases for a given
bistable region upon increasing the resonator length, but only at the expense of a reduced hys-
teresis width. For reference, red circles in Fig. 3(a) show the resonator transmittance calculated
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Fig. 3. Input-output characteristics of three silicon resonators in the absence of thermo-optic
effects for ρ = 0.7 and τ = 1 ns. Other parameters are the same as in Fig. 2. In the panel
(a), red circles show the resonator transmittance calculated numerically in the presence of
TPA. Portions of the curves with negative slopes represent unstable branches. Black arrows
show abrupt changes occurring in Itr at the boundaries of unstable regions.

numerically in the presence of TPA. This figure demonstrates an excellent agreement between
the approximate analytical and the exact numerical results. In the case where the contribution of
TPA cannot be ignored, numerical simulations do not reveal any qualitative difference between
the true bistable response of silicon resonator and that predicted by Eq. (9). Therefore, all the
findings based on our approximate analysis remain valid in the presence of TPA, and thus can
be considered justified under general conditions.

It is interesting to note that the effects of optical bistability may be observed even in an or-
dinary SOI waveguide without reflecting coatings at its ends. This scenario is illustrated by
the left panel in Fig. 4, where transmitted intensity is plotted as a function of input intensity
for three 20-μm-long resonators with different facet reflectivities. The red curve in this panel,
corresponding to the natural reflectance of the silicon/air interface (ρ = 0.5), clearly exhibits a
bistable character. The results, presented in the left panel of Fig. 4, reveal the disadvantages as-
sociated with the use of highly-reflectivity mirrors, the most notable being a substantial increase
required in the input intensity for optical switching with increasing ρ . The crucial role of FCD
in the formation of optical bistability in silicon is illustrated in the right panel of Fig. 4. The
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Fig. 5. Impact of thermo-optic effects on optical bistability in silicon resonators with ρ =
0.7. (a) Bistability curves for a 20-μm-long resonator with (red) and without (blue) thermo-
optic effects for τ = 1 ns; (b) bistable behavior for two ultrashort resonators with τ = 1 ns;
(c) input-output characteristics of a 100-μm-long resonator for three values of τ .

blue and black curves in this panel characterize the transmittance of a 20-μm-long resonator
with and without free-carriers, respectively. One can see that, in the absence of FCD, optical
bistability is unattainable for input intensities below 100 GW/cm2. The red curve for L = 2 mm
shows that purely Kerr-induced bistability can occur for much longer resonators. From a practi-
cal standpoint, free-carrier effects cannot be made negligible. In fact, their presence is beneficial
because optical bistability can be realized in much shorter resonators.

We now consider the role of thermo-optic effects excluding increase in the refractive index
resulting from heat generation due to linear losses. Figure 5(a) shows the comparison between
bistable characteristic of a 20-μm-long silicon resonator with and without the thermo-optic ef-
fect. According to our theory, the presence of thermo-optic effect introduces an additional non-
linear phase shift [see Eq. (15)] that affects the bistable behavior in a quantitative fashion. More
specifically, the presence of thermo-optic effects reduces input intensities at which bistable
switching occurs and increases the number of bistable regimes. Moreover, optical bistability
may occur even for much shorter resonators in the presence of thermo-optic effects. Figure
5(b) shows that bistability can occur even in a 1-μm-long silicon resonator at input intensi-
ties ∼ 1 GW/cm2. As shown in Fig. 5(c), required intensities can be reduced to levels below
0.3 GW/cm2 by using a 100-μm-long silicon resonator. Notice that long carrier lifetimes are
actually beneficial for observing optical bistability [see the red curve in Fig. 5(c)]. However,
when the compensation between FCD and thermo-optic effects occurs in short resonators, the
bistability phenomenon disappears [see the black line in Fig. 5(c)].

The dependance of bistable characteristics of silicon resonators on the effective free-carrier
lifetime, resonator length, and facet reflectivities allows one to engineer their optical response
according to practical needs. Our results show that optical bistability and multistability can
occur in ultrashort SOI waveguides even without facet coatings and suggest that nanoscale
silicon resonators are promising devices for optical switching.

3.3. Optical switching at a fixed bias intensity

The dependance of resonator transmittance on the effective free-carrier lifetime τ can be ex-
ploited to realize optical switching in silicon resonators electronically at a fixed input intensity.
The reason is that the number of free electrons and holes inside a silicon resonator can be con-
trolled by applying an external voltage across a reverse-biased p-n junction. The dc electric
field induced by this voltage removes free carriers from the region where light is concentrated.
Such a change in the free-carrier density can lead to an effective reduction in τ , which can be
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Fig. 6. Demonstration of optical switching in a silicon resonator by varying τ though an
external voltage. Panels (a) and (b) show changes in the bistable characteristics of a silicon
resonator as τ changes from 1 → 2.6 → 1 ns and 1 → 0.18 → 1 ns, respectively. Panel (c)
shows hysteresis loop in the Itr-τ domain. The input intensity is fixed at 2 GW/cm2 with
ρ = 0.7 and L = 20 μm.

considered as a controllable parameter.
The process of optical switching induced by varying the free-carrier lifetime is illustrated in

Fig. 6. The first two panels of this figure show input-output characteristics of a 20-μm-long
resonator for different values of τ (without thermo-optic effects). To demonstrate the switching
up of the resonator output, suppose that initially τ = 1 ns [blue curve in Fig. 6(a)]. Then, if
the input (bias) intensity is kept fixed at Ib = 2 GW/cm2, the system is in the state a with
Itr,a ≈ 0.28 GW/cm2. If we now gradually increase τ , the blue curve in Fig. 6(a) shrinks due
the growth of FCD contribution until it coincides with the red curve at τ = 2.6 ns. At the same
time, the output intensity decreases to Itr,b ≈ 0.23 GW/cm2 as the system comes to state b. As
τ is increased still further, the system jumps to state c characterized by Itr,c ≈ 0.36 GW/cm2. If
now we reduce the free-carrier lifetime back to 1 ns, the red curve will transform back to the
blue curve, and the system turns to state d with Itr,d ≈ 0.55 GW/cm2. Hence, by changing the
free-carrier lifetime from 1 → 2.6 → 1 ns, we transferred the system from state a to state d and
changed the output intensity from 0.28 to 0.55 GW/cm2.

The inverse process of switching the system down from state d to state a is illustrated in
Fig. 6(b). As one decreases the free-carrier lifetime from 1 to 0.18 ns, the blue curve in this
figure stretches and takes the shape of the green curve. As a result, if the bias intensity is
kept fixed at 2 GW/cm2, the system jumps from state d to state e with Itr,e ≈ 1.2 GW/cm2. If
we continue to decrease τ further, the system jumps to state f , and the transmitted intensity
reduces to Itr,f ≈ 0.48 GW/cm2. Finally, increasing the free-carrier lifetime back to 1 ns, we
force the resonator to arrive at the initial state a.

The preceding scheme of optical switching is represented by the hysteresis loop shown in
Fig. 6(c). As seen clearly on this figure, one can switch the system between the states a and d
by varying τ and moving counterclockwise along the hysteresis loop (the clockwise bypass is
not possible because the segments b-c and e- f are irreversible). In this case, the intensity jump
is given by ΔItr = Itr,d− Itr,a ≈ 0.27 GW/cm2 when the resonator is biased with Ib = 2 GW/cm2.
It is possible to vary the value of ΔItr from 0 to ΔImax = Itr,e − Itr,b ≈ 0.97 GW/cm2.

As a concluding remark, we would like to emphasize that the condition αξr � β 2, guaran-
teing the validity of the presented analytical solution, is a very strong condition and in some
situations may be softened. Once the inequality αξr � β 2 is satisfied, TPA is dominated by
either linear losses or FCA in the whole range of input powers and, therefore, can be safely ne-
glected. However, if it is not satisfied, this does not imply that inclusion of TPA will necessarily
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change the resonator response since, in the range of intensities where TPA exceeds other dissi-
pation sources, all of them may be negligible. This is indeed happens when the above inequality
fails to hold for high-finesse silicon resonators with linear optical losses below 0.1 dB/cm.

4. Conclusions

In this paper, we have developed a theoretical model that describes accurately the nonlinear
phenomenon of optical bistability in Fabry–Perot types silicon-waveguide resonators. To make
the analysis as general as possible, we have include three sources of the nonlinear phase shift,
namely the Kerr effect, free-carrier-induced index shift (FCD), and the thermo-optic effect. In
addition, our model includes three sources of losses, namely the linear scattering loss, TPA,
and FCA. Even though our model involves both the forward- and backward-propagating modes
inside the resonator, we were able to solve analytically the set of four nonlinear equations for
the mode intensities and phases in the case of a continuous-wave (CW) input field. Using this
analytical solution together with the boundary conditions at the resonator facets, we were able to
obtain a transcendental equation relating the output intensity to the input intensity. Even though
our analysis is done for CW fields, the results may be applicable to optical pulses as well as
long as pulses are not so short that group-velocity dispersion begins to play an important role.

Our analysis reveals a dual role of free carriers in the formation of optical bistability in
silicon. First, FCA results in saturation of the transmitted intensity. Second, the FCD and the
thermo-optic effect introduce phase shifts far exceeding those resulting from the Kerr effect
alone. We show that free carriers, while reducing output intensities because of FCA, also enable
one to achieve optical bistability in ultrashort resonators that are only a few micrometers long.
Moreover, bistability can occur even when waveguide facets are not coated because natural
reflectivity of the silicon/air interface can provide sufficient feedback. In fact, high-reflectivity
coatings generally degrade the bistable response of silicon-waveguide resonators because FCA
effects become much more dominant in high-Q resonators.

In addition to conventional bistable switching realized by changing input power levels, we
show that a new type of electronic switching is possible in silicon-waveguide resonators. Since
both the FCA and FCD depend on the accumulation of free carriers, it is possible to realize op-
tical switching by changing the free-carrier lifetime electronically (e.g., using a reverse-biased
p-n junction). Such an electronically assisted optical switching at a fixed input power may prove
beneficial for a multitude of applications and may lead to silicon-based, nanometer-size, optical
memories.
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