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Abstract: ~ We present a novel method for maximizing signal gain in
continuously pumped silicon-waveguide Raman amplifiers made with
silicon-on-insulator technology. Our method alows for pump-power
depletion during Raman amplification and makes use of a variational
technique. Its use leads to a system of four coupled nonlinear differential
equations, whose numerical solution provides the optimal axia profile of
the effective mode area along the waveguide length that maximizes the
output signal power for a given amplifier length and a preset input (or
output) cross-section area. In practice, the optimum profile can be realized
by varying the cross-section area of a silicon waveguide along its length by
tapering its width appropriately.
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1. Introduction

Owing to the perceived benefits of active silicon-photonics devices, thereis arelentless interest
in improving their performance since the first experimental demonstration of optical amplifi-
cation via stimulated Raman scattering (SRS) in silicon-on-insulator (SOI) waveguides [1-3].
In addition to linear losses, which is the only inherent impairment in fiber optics [4, 5], silicon
is plagued with two-photon absorption (TPA) and free-carrier absorption (FCA), two processes
that dissipates energy of optical waves propagating through a silicon waveguide [6, 7]. To re-
duce the impact of TPA-induced FCA on Raman amplification, several theoretical and exper-
imental studies have been carried out during the last five years [8-17]. Among others, several
recently developed analytical and semi-analytical results, which provide a clear physical in-
sight into the free-carrier effectsin SOl waveguides deserve specific attention [18-20]. Particu-
larly, an analytical solution describing propagation of single pulse through the SOI waveguides
has been obtained in [18]. An approximate expressions for pump and signal intensities evolu-
tion along the single-pass silicon amplifier have been derived in [19]. In addition, the problem
of continuous-wave (CW) Raman amplification of a signa pulse have been addressed semi-
analytically using variational techniques in [20]. The results of these studies can be used to
improve the performance of SOI-based Raman amplifiers. In this paper, we present another
semi-analytical method that allows one to minimize the detrimental effects of FCA during the
Raman amplification process.

Thefirst and the most straightforward way to tackle the FCA problem involves decreasing the
photogenerated carrier density inside the modal area by either decreasing the carrier lifetime
[8, 15] or sweeping the carriers out of the waveguide by utilizing an external electric field
[12,13,15,21]. The other method of increasing the gain of a silicon Raman amplifier consists
of adjusting the cross-section area of the SOI waveguide as well as its length appropriately
[10Q]. Clearly, the optimal choice of these parametersis always possible because, for each fixed
waveguide length, thereis an optimal cross-section since zero cross-section correspondsto zero
output signal power and an infinite cross-section implies absence of amplification. Similarly,
for each fixed cross-section area, there is an optimal waveguide length since an infinite length
corresponds to zero output signal power and a zero length implies absence of amplification.
Hence, it should be possible to devise an agorithm that finds the optimal cross-section areaand
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optimal length of the SOI waveguide that maximize the signal gain for given input pump and
signal powers.

Recently, waveguide tapering was suggested as an effective way to increase the efficiency of
SOlI-based Raman lasers [9-11]. The principle behind tapering consists of balancing of FCA
and SRS processes inside the waveguide by varying its lateral dimensions. Numerical calcu-
lations have shown that width tapering allows one to significantly increase the output signal
power in silicon Raman amplifiers, and reduce the lasing threshold of silicon Raman lasers,
compared with the untapered situation [10, 11]. Under the undepleted pump approximation,
the optimal tapering profile for CW silicon Raman amplifiers can be found analytically [9]. In
fact, within this approximation, the optimal waveguide cross-section area as well as the pump
and signal intensities have simple exponential forms along the amplifier length. However, even
though the undepleted pump approximation can be justified for some Raman lasers, it isin-
applicable in the case of Raman amplifiers, which ideally should be designed for total pump
depletion and maximum signal amplification.

To the best of our knowledge, only a standard generic algorithm has been used up to now
to find approximately the optimum axial profile of the effective mode area (EMA), related to
the cross-section area of a SOI-based Raman laser [10]. This method cannot generate the exact
optimal EMA axial profile along the waveguide length because it does not provide a system-
atic way to converge toward it. In this paper, we develop a novel numerical scheme, based
on the variational principle, which alows one to find the exact EMA axia profile for a Ra
man amplifier that maximizes the output signal power. We reduce the optimization problem to
a boundary-value problem for the pump and signal powers and two auxiliary functions intro-
duced judiciously. Using our method for different lengths and input EMASs of a SOl waveguide,
one can find the unique amplifier dimensions (cross-section area and length) that provide the
maximum output signal power.

2. Variational approach and resulting equations

We focus on a silicon Raman amplifier that is pumped continuously at a frequency wjp to am-
plify a CW signal at the frequency ws. Since optical phases do not play any important role
during CW Raman amplification, we only need to consider the evolution of pump and signal
powers (P, and Ps) along the SOI waveguide. The two equations governing the SRS processin
this situation are well known [6, 7] and can be written as:

dP, P PoPs 2 2 Po

%= opPp — ﬁp@ - Cpsg — 0opTe(PpPy + PsFs +PpstPS)%a (18)
dP. P2 PsP, P

d723 = — O(SPS— ﬁsﬁ — gsp Aseff — O-STC(ppPS +p5P52 +ppSPpPS)Aefjsfa (1b)

where oy is the linear loss coefficient, By is the TPA coefficient, Ag is the EMA of the
propagating mode, fs is the cross-TPA coefficient, . is the effective carrier lifetime, and {ps
and sp are the coefficients responsible for both cross-TPA and SRS:

49R'V|%QRst

Cps = 2Bps+ ) (28)
b Pe (Q% - Q%s)z + 4%%9%3
s AgRIRORps )
= —| 2Bps— . 2b
Csp Wp ( ﬁps (Q% - Q%s)z + 47|%Q;233 ( )

In these equations, gr = 76 cm/GW is the Raman gain coefficient, Qg = 15.6 THz is the
Stokes shift, yr = 105 GHz is the Raman-gain bandwidth, and Qs = wp — ws. Finally, the FCA
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effects are included in Eq. (1) through oy(s) = 00(Ap(s)/A0)? With 0p = 1.45 x 102! m? and
Ao = 1550 nm. AlS0, pps) = Bp(s)/ (2hwy(s)) and pps = 2Bps/ (harp).

It follows from Eq. (1b) that, to maximize the net gain of signal at the end of the waveguide,
we should maximize the functional

L L
1 dRs
G(Adi) :/iadz:/g(zﬁeﬁ)dza
0 0

where L isthe amplifier length and the local gain coefficient g(z, Ae) is given by

(2) ¢ Po(2) o PpP2(2) + psP2(2) + ppsPp(2)Ps(2)
i@ Al F AZ(2) '

In contrast to the case of undepleted pump approximation, such amaximization does not require
thelocal g(z, A«) to be maximum at each point zalong the amplifier. This behavior resultsfrom
a sophisticated differential relation between functions Py(z) and Ps(z) which is clearly absent
in the case of undepleted pump approximation.

We can solve the maximization problem using the standard method of the calculus of varia-
tions[22]. Let usassumethat Ae(2z) isthe EMA axial profilefor which G isstationary. Equating
the variation G to zero with respect to three variables, Py, Ps, and A, we obtain the relation

Ps
9(z Aet) = —(Xs—ﬁsAef

L L
/ (o7 8Py + BEPy) dz= / & 5Agr dz, ©)
0 0

where 8P, 0Ps, and 6 A represent small axial variations in the three quantities and we have
introduced

1 2ppPp+ Ppsps>
o = +OsTe ——— |,
At (CSp s Agif
1 2psPs+ Ppspp>
B ="\ Bs+0sTc ———— |,
Actt (ﬁs s Actt
@ — BsPs+ Csppp Py Pppg +PsP52 + PpsPoPs
=5 sTc .
At A

To find the connection between 5P, 6Ps, and 6 A, we vary P, and Ps in Egs. (1) by small
amount around fixed values and obtain

d(sP,
( dzp> = — ap 6P, — bsSPs + Cpd A, (4)
d(SP.
where
P P 3ppP2 + psPZ + 2p psPoP:
ap:ap+2ﬂpgpf+cjps£f+oprc il sAgﬁ Sllaks

The coefficients as, bs, and cs are obtained from ap, by, and ¢, by interchanging subscripts
p = sand assuming that psp = pps.
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Since the variations 6P, and 6Ps are nonlinearly related to the variation dA«s, We cannot
solve Eq. (3) directly. However, it is still possible to express the optimal EMA axia profile,
Aeif(2), in terms of the pump and signal powers. To do this, we introduce two auxiliary func-
tions, ¢(z) and w(z), whose functional form is yet to be determined. However, apart from the
existence of the derivative of these functions, Egs. (1) do not impose any additional constraints
on these functions. In particular, we can choose their end-point values (i.e., boundary values at
the end of the amplifier) freely. Later, we make a specific choice in such away that subsequent
algebraic calculations are simplified.

Multiplying Eq. (48) by ¢ and Eq. (4b) by v and integrating the resulting equations with
respect to zfrom O to L, we obtain the following two equations:

L L L
d(5pp) L 1
/(p = dz:goappjo—/(p 5Py dz= —/<p(ap5Pp+bsaps—cpaAeff)d;
0 0 0

L
d(oP.
/q/ ( S)dz:1//6Ps

dz

L L

L

0—/1;/5Psdz: —/w(asﬁPer bpdPp — CsOA«t) dz,
0 0

where ¢’ = do/dzand ' = dy/dz.

We assume that the boundary conditions at the left end of the amplifier for the pump and the
signal are fixed so that their variations are equal to zero, i.e., 6P,(0) = 6Ps(0) = 0. Since we
are looking for a variational solution that maximizes the signal power at the waveguide output
(i.e., at theright end of the amplifier), 0Ps(L) = 0 as well. Because of these constraints, we do
not need to set the boundary values for the auxiliary function y. However, we can simplify the
algebra considerably by forcing ¢(z) to be equal to zero at the right end of the waveguide, i.e.,
by choosing

o(L)=0. (5)
With this choice, the preceding two equations reduce to

L
[(@ap— @) 5P, + pbsSPy dz = / 0CoSAat dz,
0

L

[wbpSP, + (vas — /) SRy dz = / WesSAgr dz.
0

O\l_ O\l—

Adding these equations termwise, we finally obtain the relation

L L
[(0ap+ wby— @)5Py + (was+ gbs— )6RI dz= [ (pep+ ye)dAucz  (6)
0 0

A comparison of Egs. (3) and (6) shows that the optimal EMA of the SOI waveguide can be
found from a simple relation

¢Cp+YCs =7, ()
if the two auxiliary functions satisfy the differential equations

¢ =app+bpy —, (8a)

V' =asy+bsp — % (8b)
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Fig. 1. Left panel: Evolution of the Pump and signal powers along SOI waveguides of three
different length (L = 8, 10, 12 mm) with optimized EMA profiles. Right panel: Optimized
EMA axial profiles for five waveguide lengths ranging from 8 to 12 mm. In al cases,
Ppo=1W,Pg=0.01W,andAg =1 um?. See the text for other device parameters.

Equation (7) can be solved easily to provide the following relation:

Pt (2) 27[0s(1— YPs) — 6p@Pp] (PpP2 + PsPZ + ppsPoPy)
f p—
®Po(BpPp + CpsPs) — (1 — wPs)(BsPs + CspPp)

Irrespective of the input powers and waveguide parameters, this solution corresponds to the
maximum of the functional G and thus maximizes net gain of the signal during Raman ampli-
fication. This can be proved by the following arguments. On the one hand, the output signal
power, Ps(L), equals to zero for all functions Ae(z) such that Ag(z9) = O for zy < L; by in-
creasing the waveguide waist at z = 7, from zero to some finite value, one can increase the
output signal power. On the other hand, if for z > 0 the waveguide cross-section is so large that
the nonlinear effects are negligible, Ps(L) can be increased by narrowing the waveguide and
enhancing the Raman amplification. Since the above analysis has revealed only one optimum
At (2), we conclude that it should give a maximum value of G (otherwise there should be at
least two other optimal functional forms of Ag;(2) that correspond to the maxima of G).
Hence, our variational analysis shows that, to find the optimal EMA axia profile of the SOI
waveguide (which is related to the optimum tapering of the waveguide width or cross-section
area), we should solve the system of four coupled nonlinear differential equations, given in
Egs. (1) and (8), assuming that Ags is given by (9). The 4 boundary conditions needed for
solving these 4 equations come from the condition (5) and the three initial conditions: Py(0) =
Poo, Ps(0) = Py, and Agt(z = 0) = Ag. The last condition can also be used a z= L if the
objective isto design a Raman amplifier with a preset EMA at the output end of the amplifier.

©)

3. Numerical examples

We illustrate the versatility of our method by considering a silicon Raman amplifier with the
following simulation parameters: A, = 1550 nm, As = 1686 nm, o, = o5 =1 dB/cm, Bp = fs =
Bps = 0.5 cm/GW, and 7. = 1 ns. Evolution of the pump and signal powers inside optimized
amplifiers of three different lengths is shown in the left panel of Fig. 1. The right panel in the
same figure shows the optimum EMA axial profiles for five amplifiers designed with Ae; =
1 um? a z= 0. The incident pump and signals powers were assumed to be Ppo =1 W and
Py = 0.01 W. As mentioned earlier, the signal power is maximized at the output end of the
amplifier rather than at each point along the waveguide. The longer the amplifier, the larger the
output modal area and the smaller the tilt of the EMA axia profile needed for optimization.
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Fig. 2. Left panel: Solution of Egs. (1) and (8) for a3-mm-long waveguide with input values
Poo=1W,Pg=05W,andAg =1 um2. Solid curves show the pump and signal powers;
dashed and dotted curves represent the two auxiliary functions. Right panel: Optimized
EMA profile (solid curve, right scale) and the pump and signal intensities (dashed curves,
left scale) corresponding to the pump and signal powers shown on the left panel.

Thisis because for longer amplifiers, Raman energy conversion should take place further from
theinput end to minimize losses. In fact, to provide such adelay in energy conversion, in some
cases the modal area should even increase locally at a certain position of the waveguide. This
feature is apparent in the right panel of Fig. 1 for the longest Raman amplifier for which the
initially decreasing modal areaincreases slightly between 4 and 6 mm. Note also that the output
signal power exceeds 0.4 W in all four cases, corresponding to a net gain by more than afactor
of 400 in spite of the TPA and FCA. This is possible because our theory allows for significant
pump depletion.

The extent of pump depletion is apparent in the left panel of Fig. 2 where we show the opti-
mized solution in the case of a 3 mm-long amplifier by plotting variations along the amplifier
length of the pump and signal powers together with those of the two auxiliary functions. Now
theincident powers, Py = 1 W and Py = 0.5 W, are so high that the EMA of the silicon waveg-
uide should even increase by about 30% between 0.6 and 1.4 mm (see the right panel in Fig. 2).
In this case, the pump and signal intensities (dashed curvesin the right panel of Fig. 2) decrease
for awhile, because it reduces the pump depletion (flattens the pump power profile) and thus
conserves pump’s power for subsequent energy conversion closer to the waveguide output. The
main point to note is that, even in this highly saturated regime, pump is able to transfer about
85% of its power to the signal, in spite of losses resulting from TPA and FCA.

It is interesting to compare Raman amplification provided by optimized silicon waveguides
with that occurring in the case of untapered as well as linearly tapered waveguides. Such a
comparison is shown in Fig. 3. Solid curves represent the dependance of output signal power
on the output EMA for four linearly tapered waveguides. The dotted line corresponds to the
waveguide with a constant EMA of 1 um?. The crosses represent the output signal powers
realized with optimum tapering in the four cases displayed in Figs. 1 and 2. As one may expect,
silicon waveguides with a constant EMA all along their length perform the worst in some
cases. For example, the output signal power is only 35% of that realized with the optimum
EMA profilefor an untapered 8-mm-long amplifier. A smaller enhancement of the output signal
power (around 10%) occurs for a 10-mm-long waveguide, and nearly no enhancement is found
for 12-mm- and 3-mm waveguides. What is more important from a practical perspectiveisour
observation that, for each optimized amplifier there exist a linearly tapered waveguide which
gives nearly the same signal amplification (its parameters are determined by the maxima of
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Fig. 3. Output signal power as a function of output EMA for linearly tapered waveguides
of four different lengths. The incident powers correspond to those used in Figs. 1 and 2,
and Ag = 1 um?. The central dotted line represents a waveguide with constant EMA. The
crosses show signal power and modal area at the end of the optimized waveguidesin Figs. 1
and 2.

the solid curves). Thus, for example, instead of reproducing the modal area profile shown in
the right panel of Fig. 2, one can reach the same signal gain by fabricating a linearly-tapered
amplifier with the output EMA approximately equal to 1.3um?.

An important note concerning the applicability of the proposed method should be made.
Clearly, the boundary-value problem that optimizes the amplifier “knows’ nothing about the
physical meaning of functions involved. As a result, physically meaningless solutions can
sometimes arise in the case of very long amplifiers. These solutions lead to divergences in
the EMA axial profile at some critical points z, where the denominator in Eg. (9) vanishes, and
to negative values of A¢r between two successive critical points. Further work needs to be done
to improve the stability of the numerical algorithm.

4, Conclusion

In conclusion, this paper has focused on the optimization of silicon Raman amplifiers in the
saturation regime in which a substantial amount of pump power istransferred to the signal. We
presented a novel numerical method for calculating the optimum EMA axial profile that pro-
vides the largest signal gain for a given value of the EMA and pump and signal powers at the
input end of the amplifier. The implementation of the method requires numerical solution of a
system of nonlinear differential equations, which contains twice as many equations asthe origi-
nal system describing the Raman amplification in a constant cross-section waveguide. We have
solved these equations in several cases of practical interest and have found the optimum EMA
profile that can be realized in practice by tapering the width of an SOI waveguide appropriately.
We have also shown that in some cases the same maximal signal gain can be achieved by asim-
ple linear tapering of the SOI waveguide. Our method is also applicable to the optimization of
silicon Raman lasers with its suitable extension.
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