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We present a theoretical model capable of describing the evolution of pulse parameters when stimulated Raman scattering under continuous-wave pumping is employed for amplifying them inside a silicon waveguide.
In our approach, pulse evolution is described analytically by a set of coupled equations derived using a variational formalism. Optical losses resulting from linear absorption or scattering, two-photon absorption, and
free-carrier absorption are included by introducing the Rayleigh dissipation function. The influence of gain
dispersion originated from a relatively narrow Raman-gain bandwidth is also considered. The role of initial
pulse width and chirp is studied extensively because of its practical applications. To ensure the validity of the
variational technique, all analytical results are compared with the numerical data obtained with the split-step
Fourier algorithm. © 2009 Optical Society of America
OCIS codes: 190.3270, 190.5650.

1. INTRODUCTION
The topic of silicon photonics has attracted a great deal of
attention in recent years owing to its promising applications in the fields of optical telecommunications and optoelectronic integration [1]. Silicon waveguides, fabricated
with silicon-on-insulator (SOI) technology, play the role of
the so-called photonic wires in the spectral region beyond
1100 nm because they can confine an optical field tightly,
within a submicron region, without introducing linear absorptive losses. Moreover, for such silicon waveguides, the
nonlinear Kerr coefficient is more than 100 times larger
and the Raman gain coefficient is nearly 10,000 times
larger than those of the silica fibers that are generally
used for telecommunication applications. Such high values of the Raman gain and the Kerr coefficients result in
efficient nonlinear interaction of light at relatively low
power levels in a waveguide only a few millimeters long.
Recent results indeed show that the well-known nonlinear phenomena such as self-phase modulation (SPM) [2],
cross-phase modulation (XPM) [3], stimulated Raman
scattering (SRS) [4–16], four-wave mixing [17], and supercontinuum generation [18] can easily occur within SOI
waveguides, and they can be exploited for a variety of applications.
In this work, we focus on the nonlinear phenomenon of
Raman amplification of optical pulses within a SOI waveguide. It is well known [5–10] that the efficiency of the
Raman process can be degraded considerably by the nonlinear process of two-photon absorption (TPA), mainly because it leads to significant accumulation of free carriers
within the waveguide at high pump powers. Because of its
nonlinear nature, TPA increases rapidly with increasing
0740-3224/09/010017-9/$15.00

pump intensity, resulting in the generation of many free
carriers, whose population decays slowly because of a
relatively long carrier lifetime associated with silicon [8].
This population of free electrons and holes not only introduces additional optical losses through free-carrier absorption (FCA) [7,11] but also changes the refractive index of the optical mode [19,20]. As a solution to the FCA
problem, a p-i-n structure along the rib waveguide is
sometimes employed [13–16]. When a reverse bias is applied to the p-i-n diode, the TPA-generated electron-hole
pairs are swept toward the p and n regions by the resulting strong dc electric field. The drift time of carriers then
becomes the effective carrier lifetime, if it is the shorter
one of the two times. The implantation of helium ions is
also employed with success for reducing the lifetime of
carriers in SOI waveguides [21,22]. In another technique,
picosecond pulses with a low duty cycle 共⬍100 MHz兲 are
employed for Raman pumping. A relatively low duty cycle
allows the free carriers generated by one pulse to recombine before the next pulse arrives. However, pulsed pumping is often impractical in practice because it suffers from
walk-off effects, requires a mode-locked laser capable of
generating short optical pulses, and also leads to distortion of signal pulses being amplified. Pulse parameters,
such as the width and the frequency chirp associated with
a signal pulse, may change even under continuous-wave
(CW) pumping. However, not much attention has been
paid so far to such effects.
In the present work we focus on the case of CW pumping [23] and study Raman amplification inside a SOI
waveguide of an optical signal in the form of picosecond
pulses. Our objective is to investigate how the nonlinear
© 2009 Optical Society of America
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process such as SPM, XPM, TPA, and the free-carrier
population affect the signal pulse during its amplification.
However, a relatively narrow bandwidth of the Raman
gain spectrum 共⌬R ⬇ 105 GHz兲 in silicon indicates that
pulses shorter than 50 ps would suffer from gain dispersion, an effect that has not been investigated so far. In
this work we focus on the effects of a finite Raman gain
bandwidth on the amplified pulse. For this purpose, we
develop a semi-analytical model based on the variational
formalism. Normally, the variational technique cannot be
used in the presence of the Raman gain and the linear
and nonlinear losses. However, we employ the Rayleigh
dissipation function (RDF) [24,25] whose use allows us to
extend the variational formalism to the case of Raman
amplification while including the influence of TPA, FCA,
and gain dispersion. The RDF is a well-known function in
classical mechanics, and it is frequently used to solve dissipative frictional problems. The only major disadvantage
of a variational technique is that its use requires one to
assume a specific pulse shape that does not change during
propagation. However, pulse parameters such as the amplitude, width, phase, and chirp are allowed to evolve during Raman amplification. In this work, we choose a
Gaussian shape for signal pulses for convenience but note
that the analysis can be extended for other pulse shapes.

2. THEORETICAL MODEL
We assume that a CW pump beam and a train of short
signal pulses are launched into a SOI waveguide such
that the frequency difference between the pump and the
signal nearly equals the well-known Raman shift of
15.6 THz for silicon [4–6]. Each signal pulse propagating
through the SOI waveguide is affected by the nonlinear
processes of SPM, XPM, SRS, and TPA. The frequency dependence of the Lorentzian Raman gain profile is approximated as g共兲 ⬇ gR兵1 − T22共 − 0兲2其, where gR is the peak
Raman gain and T2 = 共⌬R兲−1. The signal propagation
through the SOI waveguide is governed by the following
extended nonlinear Schrödinger equation [3,4] involving
the free-carrier density Nc [19,20]:
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The pump evolution is governed by a similar equation.
However, the dispersion term can be neglected for a CW
pump. Further, if the pump is much more intense than
the signal, the latter cannot affect it much through XPM.
Pump depletion through SRS can also be ignored for the
same reason. With these simplifications, the pump equation takes the following simple form:
dEp
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Here, kp equals 2 / p at the pump wavelength p, and
the subscripts s and p stand for the signal and pump, respectively. Notice that the pump field enters in Eq. (1)
only through its power, Pp = 兩Ep兩2aeff, where aeff is the effective mode area within the SOI waveguide. It is thus
useful to write an equation for Pp. The result is
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Physically, the first term in the right-hand side of Eq. (3)
is due to TPA, the second term accounts for FCA, and the
third term represents the linear loss.
The theoretical model will be complete once we supplement it with a rate equation satisfied by the free-carrier
density Nc. Free carriers are generated inside the SOI
waveguide dominantly by the CW pump, if we assume
that the peak signal power remains much smaller than
the pump power over the entire waveguide length. Including various sources of nonradiative recombination of TPAgenerated electron-hole pairs, this rate equation is given
by [18–20,26–31]
dNc
dt

=

␤TPA
2
2hpaeff
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c

,
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where hp is the pump-photon energy and c is the carrier
lifetime (or recombination time), which may depend on
the waveguide geometry because of surface recombination
[26]. In the case of a CW pump, Nc does not vary with
time and we can use the following steady-state solution
[32]:

共1兲

where Ep is the pump field, ks = 2 / s is the wave number
at the signal wavelength s, n2 is the nonlinear Kerr coefficient, r = ␤TPA / 2ksn2 governs the relative importance of
TPA, ␤TPA is the TPA coefficient, s governs the magnitude of FCA, and the parameter  (with a value of about
7.5 for silicon) incorporates the refractive-index changes
produced by free carriers. Further, Nc is the free-carrier
density, ␤2s is the group-velocity dispersion parameter,
and ␣s accounts for linear losses of the signal. The finite
Raman gain is included through the last term with
T2 ⬇ 3 ps for silicon.
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Note that, even though under CW pumping the freecarrier density is constant over time, it changes with the
propagation distance z because the pump power varies
with z according to Eq. (3). Its average value N̄c can be
obtained by averaging the pump power over the waveguide length:

N̄c =

␤TPAcP̄p2
2
2hpaeff

1
,

P̄p =

L

冕

L

0

Pp共z兲dz.

共6兲

Roy et al.

Vol. 26, No. 1 / January 2009 / J. Opt. Soc. Am. B

3. DETAILS OF THE VARIATIONAL
TECHNIQUE

Rg = − i

Owing to its complexity, the signal equation (1) should be
solved numerically. However, a numerical solution does
not provide much physical insight, and it is difficult to explore the vast parameter space. The variational formalism allows us to convert Eq. (1) into a set of ordinary differential equations satisfied by the parameters associated
with the signal pulse. As mentioned earlier, we make use
of the RDF to include the gain and loss terms appearing
in Eq. (1). The corresponding Lagrangian function and
the RDF are found to be
1
L=

2
+

*
共EsEsz

−

−

2iksn2Pp
aeff

R = ␤TPA

+

E*s Esz兲

冋

冋

s
2

1
2

兩Es兩2 −

兩Es兩2 +

␣s

Nc +

gRPpT22
2aeff

+

2

Pp
aeff

−

i␤2s
2

i  s
2

册

兩Est兩 +
2

iksn2
2

兩Es兩

Nc兩Es兩2 ,

共7a兲

gR
2aeff

册

共7b兲

冋

t2
2T2s

册

+ is ,

共8兲

where As, Ts, s, and cs are, respectively, the amplitude,
width, phase, and frequency chirp associated with the signal pulse at a distance z. Note that all four pulse parameters are allowed to vary with z. We now insert Eq. (8)
into Eqs. (7a) and (7b) and calculate the reduced Lagrangian and the RDF using the relations [33]
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The explicit expressions of Lg and Rg are found to be
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where we have used the expression for Nc given in Eq. (5).
The final step is to employ the Euler–Lagrange equation,
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where Esz = Es / z, Est = Es / t,Estt = 2Es / t2, and we have
made use of the relation Pp = 兩Ep兩2aeff.
The next step is to assume a specific shape for the signal pulse. Although the method can be used with other
pulse shapes as well, we choose the Gaussian shape and
assume that the signal field has the following form:
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where q = As , Ts , s or cs, and the suffix z indicates the corresponding derivatives. For each q, we obtain an ordinary
differential equation, resulting in a set of the following
four coupled equations:

As
z

= As

−

Ts
z

冋 冉 冊
册
gR

2aeff

Pp 1 −

s ␤TPAcPp2
2

= − ␤2s

2
2hpaeff

cs
Ts

+

␤TPA
4冑2

T22

T2s

−

+ ␤2s

5␤TPA
8冑2

A2s Ts +

cs
2T2s

−

␣s
2

−

␤TPA
aeff

Pp

A3s ,

gR
2aeff

Pp

共13兲

T22
Ts

共1 − c2s 兲,

共14兲

Table 1. Values of the Parameters Used for
Numerical Calculations
Parameter Name
Waveguide length
Waveguide linear loss
TPA parameter (nonlinear loss)
Nonlinear coefficient
Raman gain coefficient
Effective mode area
Carrier lifetime
FCA coefficient
Group-velocity dispersion
Free-carrier dispersion
Signal wavelength
Signal pulse width
Gain dispersion parameter
Input peak power of signal
Input power of CW pump
Input chirp

Symbol

Value

L
␣s
␤TPA
n2
gR
aeff
c
 s,  p
␤2s

s
Ts
T2
Ps共0兲
Pp共0兲
Cs共0兲

1 cm
1 dB/ cm
5 ⫻ 10−12 m / W
6 ⫻ 10−18 m2 / W
7.6⫻ 10−10 m / W
0.4 m2
10 ns
1.45⫻ 10−21 m2
20 ps2 / m
7.5
1.55 m
10 ps
3 ps
1 mW
1W
0
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FCA do not affect the pulse width, whereas TPA always
leads to pulse broadening. The presence of the gaindispersion parameter T2 in Eqs. (13)–(16) shows explicitly
that gain dispersion plays a significant role when pulse
width is comparable to T2. Since T2 = 3 ps for silicon, the
gain-dispersion effects become negligible for Ts ⬎ 30 ps
but are significant for 10-ps pulses. In the following sections we study extensively the influence of different pulse
parameters such as pulse width and frequency chirp on
the process of Raman amplification

共16兲

4. ROLE OF CARRIER LIFETIME
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Here, Pp varies with z and is obtained from Eq. (3). Equations (13)–(16) show explicitly that all pulse parameters
may change during Raman amplification. Since phase
changes are often not of practical interest, we ignore the
phase equation in what follows. The pulse amplitude is of
primary interest in practice as it governs the extent of Raman amplification. However, as is apparent from Eqs. (14)
and (15), changes in the pulse amplitude invariably affect
both the pulse width and the frequency chirp. As a result,
the width and chirp of the signal pulse also change when
its peak power changes through SRS, FCA, TPA or gain
dispersion.
An advantage of our approach is that it is easy to see
what nonlinear process affects a specific pulse parameter.
For example, Eq. (14) shows that the Raman gain and

If one is interested only in the signal power, Ps = 兩Es兩2aeff,
the following two coupled equations can be used to describe the Raman amplification process in a SOI waveguide [34]:
dPp
dz

Ps
z

冉
冋 冉 冊

= − ␣ pP p −

= Ps

−

gR

aeff

␤TPA
aeff

Pp2 −

Pp 1 −

s␤TPAcPp2
2
2hpaeff

册

T22

T2s
−

p␤TPAc
2
2hpaeff

+

␤2scs
T2s

aeff

Pp3 ,

− ␣s −

5 ␤TPAP2s
4冑2

冊

.

共17兲

2␤TPA
aeff

Pp

共18兲

Expression (18) shows how the peak signal power evolves

Fig. 1. Evolution of the peak power, pulse width, and chirp as a 10 ps wide signal pulse is amplified through SRS inside a silicon waveguide with parameters listed in Table 1. The gain dispersion effect is neglected for solid curves and is considered for dotted curves 共T2
= 3 ps兲. The pump power decreases in the same fashion in both cases. The open circles represent the numerical data based on the SSF
algorithm.
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Fig. 2. Effect of different input pulse width on pulse parameters is represented. Open circles represent the corresponding numerical
data based on the SSF algorithm. Parameters used are listed in Table 1.

inside a SOI waveguide. This equation differs from that
obtained in earlier studies because it contains a new term
␤2scs / T2s that depends on the chirp parameter. It will reduce to the earlier result only if the input pulse is unchirped initially and remains so during amplification.
This is generally not the case because the dispersion,
SPM, and XPM chirp the pulse even if it is unchirped initially.
Notice that there are three distinct sources of TPAinduced losses in Eq. (18). The last term in Eq. (18) represents the TPA-induced nonlinear loss of the signal
power and is often negligible for relatively weak signals.
The other two TPA-related terms containing ␤TPA depend
on the pump power. The first one results from TPA occurring when one pump photon and one signal photon are absorbed simultaneously. The second one represents FCA induced by TPA-generated electron-hole pairs. This term is
proportional to the square of the pump power. Thus, even
though an increase in the pump power increases the Raman gain, it does not necessarily result in a net gain for
the signal. Whether a net gain is possible depends on the
carrier lifetime. This can be seen from Eq. (18), if we ignore the last term, assuming that the TPA of the signal is
relatively small. Then, net gain is possible only if Ps / z
⬎ 0, or
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No such condition applies when ␣s ⬍ ␤2scs / T2s . Equation
(20) shows that the carrier lifetime should be less than a
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Solving this quadratic equation in pump power, we find

Fig. 3. Amplification factor, Gs = Ps共L兲 / Ps共0兲, plotted as a function of the input pulse width for three different values of c. Open
circles represent the corresponding numerical data based on the
SSF algorithm.
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threshold value before CW pumping can be used for Raman amplification of the signal. A similar condition has
been obtained in earlier studies [20]. The new and somewhat surprising result of our study is that the condition
(20) depends on the both the chirp and dispersion parameters. In particular, if ␤2scs ⬎ 0, one can make th relatively large. Moreover, the restriction on c disappears altogether if ␣s ⬍ ␤2scs / T2s . The physical reason why
chirping can help the Raman amplification is that a pulse
can compress inside a dispersive medium if the signs of
the chirp and dispersion parameters are such that ␤2scs
⬎ 0. Equation (20) also indicates that gain dispersion reduces the threshold value. Note also that the value of th
changes along the waveguide length according to the dynamic evolution of pulse width and chirp.

5. NUMERICAL RESULTS
To illustrate the importance of our analysis, we focus on a
concrete numerical example based on a SOI waveguide
with the parameter values listed in Table 1. More specifically, a 10 ps wide signal pulse is amplified through SRS
by pumping a 1 cm long silicon waveguide with 1 W of
CW pump radiation. Figure 1 shows the evolution of the
peak power, the width, with the condition of Raman amplification. The pulse is assumed to propagate in the
normal-dispersion region of the SOI waveguide 共␤2s ⬎ 0兲
because this is often the case in practice, unless waveguide dimensions are reduced enough to shift the zerodispersion wavelength below 1550 nm [27]. The solid
curves show the case when the gain dispersion is ignored
by setting T2 = 0, while the dashed curves include gain
dispersion using T2 = 3 ps. In both cases, the pulse peak
power increases because of the Raman gain provided by
the pump, but the amount of amplification is significantly
reduced for T2 = 3 ps because the spectrum of 10 ps pulses
is wide-enough that Raman gain is reduced in the spectral wings. The resulting spectral narrowing also increases the pulse width as is shown clearly in Fig. 1.
The preceding results show that a variational approach
allows one to obtain considerable physical insight in designing Raman amplifiers based on SOI waveguides.
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However, one may ask how trustworthy this approach is,
because it assumes that a signal pulse maintains a
Gaussian shape during its amplification. To answer this
question, we have solved Eq. (1) numerically with the
well-known split-step Fourier (SSF) method [35] and compared our approximate semi-analytic results with the results (shown by circles) obtained with full numerical
simulations. From now on, most of our analytical results
will be verified by the numerical data based on the SSF
algorithm.
The initial pulse width plays an important role as indicated in Fig. 2, where changes in the pulse width, chirp,
and peak power along the waveguide length are shown for
three values of input pulse widths. The net amplification
is gradually reduced for shorter pulses. Since the spectral
bandwidth becomes wider for shorter pulses, the gain dispersion dominates more and more for shorter pulses and
result in less amplification. To visualize the effect of pulse
width more clearly, we show in Fig. 3 the Raman amplification for three different carrier lifetimes. In all cases, the
gain is reduced sharply for shorter pulses. Note also that
the peak gain saturates for pulses wider than 20 ps. This
is expected because the spectral bandwidth of such pulses
becomes narrow enough that all spectral components experience nearly the same gain. The numerical results
(open circles) agree reasonably well with the analytical
results (solid curves). The minor discrepancy between the
two is related to the assumption inherent in the variational method that the pulse does not change its shape
during its propagation along the waveguide.
Figure 4 shows the evolution of the peak power of a
10 ps signal pulse along the waveguide length. The results are computed using the semi-analytical (solid
curves) and numerical (open circles) methods for three
different carrier lifetimes. Except for minor differences,
the variational approach reproduces most of the features
obtained with the much more time-consuming SSF
method. As can be seen in Fig. 4, the numerical value of
the carrier lifetime c affects the Raman amplification
process considerably. This behavior is related to the detrimental effects of the buildup of the free-carrier population within the SOI waveguide. As seen in Eq. (5), the car-

Fig. 4. Evolution of the peak signal power along the waveguide during amplification, for three different values of the carrier lifetime. In
(a) gain dispersion is considered where as in (b) it is absent. Open circles represent the corresponding values obtained numerically with
the SSF algorithm.
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Fig. 5. Evolution of pump power along the waveguide length for
different values of c ranging from 50 ps to 10 ns.

rier density Nc is directly proportional to c. For a shorter
value of the carrier lifetime, Nc is smaller. As a result,
losses of the pump induced by FCA also decrease. Figure
5 shows how the pump power decreases along the waveguide length for several values of c ranging from
0.05 to 10 ns. Since more pump power is available, especially near the output end of the waveguide, the signal is
amplified considerably more for shorter values of c.
We now focus on the peak power Ps共L兲 of the amplified
signal pulses at the waveguide output. In order to take
into account the pulse dynamics fully, we solve the set of
Eqs. (13)–(18) simultaneously using Matlab software with
parameter values given in Table 1. Figure 6 shows the net
amplification factor, defined as Gs = Ps共L兲 / Ps共0兲, as a function of the input pump power in the cases of infinite (solid
curves) and finite (dashed curves) gain bandwidth with
an input peak power of 1 mW for three different carrier
lifetimes. In all cases, an increase in the pump power does
not always enhance the signal gain; rather, after a certain

Fig. 6. The amplification factor, Gs = Ps共L兲 / Ps共0兲, plotted as a
function of the pump power for three different values of c. Solid
curves represent the amount of gain considering infinite gain
band width whereas dashed curves signify the same for finite
bandwidth.
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Fig. 7. The amplification factor, Gs = Ps共L兲 / Ps共0兲, plotted as a
function of input chirp for three different values of c. Open
circles represent the corresponding values obtained numerically
with the SSF algorithm.

value of the input pump power, the effective signal gain
starts to decrease. This feature can be attributed to an increase in TPA, and the resulting FCA, with increasing
pump powers. The important point to note is that the amplification factor is always reduced because of a relatively
narrow Raman-gain bandwidth. For example, the maximum value of Gs is reduced from 24 to 16 when the carrier lifetime is 10 ns.
Next we evaluate the effect of chirp on pulse amplification. Figure 7 shows that the amplification factor is
gradually reduced for chirped pulses. With increasing linear chirp, the spectral bandwidth of pulses increases so
much that only a small central portion of the pulse spectrum falls within the Raman gain bandwidth and is amplified by the Raman effect. The amplification factor is
gradually reduced because of that. In Fig. 8, we show an
interesting phenomenon indicating the compression of
pulses with increasing chirp. For a finite gain bandwidth,
the width reduction occurs because the pulse is linearly
chirped, and the central part is amplified most as also evi-

Fig. 8. Evolution of normalized pulse width for different initial
chirping. Open circles represent the corresponding values obtained numerically with the SSF algorithm.
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dent from the numerical results (shown by circles). In
contrast, for initially unchirped pulses, the width increases due to the influence of gain dispersion effect.
Thus, one important conclusion is that a suitable amount
of chirp can maintain the pulse shape at the cost of gain.

Roy et al.
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10.
11.

6. CONCLUSIONS
In this work we have studied the Raman amplification of
picoseconds optical pulses under CW pumping of a SOI
waveguide. The effects of a finite Raman-gain bandwidth
are included in the present discussion together with the
effects of TPA and FCA. The amplification problem is
solved analytically using a variational technique that
makes use of the RDF for handling the Raman gain and
various sources of optical losses. The use of RDF allowed
us to include the effects of TPA, FCA, linear loss, and gain
dispersion on the process of Raman amplification. Our
analysis shows that a finite bandwidth of the Raman-gain
spectrum significantly reduces the amount of amplification and leads to pulse broadening. The new feature compared to most other previous studies is that we allow for
changes in the pulse width and the frequency chirp during Raman amplification. Our work shows that a suitable
input chirp can effectively reduce this pulse broadening.
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