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We study the effects of two-photon absorption on the self-phase modulation (SPM) process in silicon
waveguides while including both free-carrier absorption and free-carrier dispersion. An analytical solution is
provided in the case in which the density of generated carriers is relatively low; it is useful for estimating
spectral bandwidth of pulses at low repetition rates. The free-carrier effects are studied numerically with
emphasis on their role on the nonlinear phase shift and spectral broadening. We also consider how the repetition rate of a pulse train affects the SPM process. © 2007 Optical Society of America
OCIS codes: 190.4360, 130.4310.

Silicon photonics is a rapidly growing field that has
made significant advances in recent years [1,2]. The
nonlinear effects are enhanced considerably in
silicon-on-insulator (SOI) waveguides because of the
large values of the Kerr parameter and the Raman
gain coefficient and the tight confinement of the optical mode. Nonlinear effects in SOI waveguides have
already been exploited for Raman amplification, fourwave mixing, and soliton formation [3–6]. The phenomenon of self-phase modulation (SPM) plays an
important role in most cases, as it leads to chirping
and spectral broadening of ultrashort pulses [7–9]. In
practice, two-photon absorption (TPA) limits the extent of SPM through nonlinear absorption and generation of free carriers that not only absorb light
(free-carrier absorption, or FCA) but also modify the
refractive index (free-carrier dispersion, or FCD). In
this paper, we study the impact of these effects on
SPM both analytically and numerically with an emphasis on the physics behind them. We also consider
pulse trains to explore how the repetition rate of a
pulse train affects the SPM process.
The propagation of an optical pulse through an SOI
waveguide is governed by [7–10]
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where c ⬃ 1 ns is the carrier lifetime [8].
The parameters appearing in Eqs. (1) and (2) depend on the carrier wavelength of the input pulses,
chosen to be 1.55 m as this spectral region is most
relevant for silicon photonics. At this wavelength,
n2 ⬇ 6 ⫻ 10−18 m2 / W, ␤TPA ⬇ 5 ⫻ 10−12 m / W, and 
= 1.45⫻ 10−21 m2 [11], resulting in r = 0.1. The parameter  is estimated using  = 2kck0 /  with kc = 1.35
⫻ 10−27 m3 [12] and is found to be close to 7.5. A relatively large value of  indicates that the FCD effects
are important for silicon waveguides and must be included. Note that the effective values of these parameters may change for small-size waveguides [4,9].
In general, Eqs. (1) and (2) need to be solved numerically. However, under certain conditions, an approximate analytic solution is possible. First, dispersive effects can be neglected for picosecond pulses
because the waveguide length is typically much
shorter than the dispersion length, LD = T02 / 兩␤2兩,
where T0 is the pulse width. Second, if we assume
that the repetition rate Rp of the pulses is low
共Rpc  1兲 and their peak intensity is not too high, Nc
remains low enough that we can neglect both FCA
and FCD. We estimate that Nc is negligible when the
input peak intensity I0 satisfies the condition
I0  3h0 / 共T0兲. For example, I0  2.7 GW/ cm2 for
T0 = 10 ps. If we set Nc = 0 and ␤2 = 0 in Eq. (1), we get

 E/ z = ik0n2共1 + ir兲兩E兩2E − ␣lE/2.
where E is the electric-field envelope, k0 = 2 / , ␤2 is
the dispersion parameter at the input wavelength ,
n2 is the Kerr coefficient,  is the FCA coefficient, and
␣l accounts for linear losses. The dimensionless parameter r governs the relative importance of TPA and
is defined as r = ␤TPA / 共2k0n2兲, where ␤TPA is the TPA
coefficient. The second dimensionless parameter 
governs the impact of FCD and is analogous to the
linewidth enhancement factor well known in the context of semiconductor lasers. The TPA-induced freecarrier density Nc is governed by the rate equation
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Substituting E = 冑I exp共i − ␣lz / 2兲 and solving the resulting equations for intensity I and phase , we get
I共L,t兲 =

I共0,t兲exp共− ␣lL兲
1 + 2k0n2rI共0,t兲Leff

,

共L,t兲 = 共2r兲−1 ln关1 + 2k0n2rI共0,t兲Leff兴,

共4a兲
共4b兲

where Leff = 共1 − e−␣lL兲 / ␣l is the effective length for a
waveguide of length L.
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The preceding solution shows how the intensity
and SPM are affected by the TPA parameter r. In the
limit r → 0 (no TPA), we recover the standard result
used for fibers [13], and the maximum nonlinear
phase shift at the pulse center is max = k0n2I0Leff. In
the presence of TPA, the phase shift at the pulse
center becomes 0 ⬅ 共L , 0兲 = ln共1 + 2rmax兲 / 共2r兲. This
phase shift is plotted in Fig. 1 as a function of 2r for
three values of max. As one may expect, TPA reduces
the SPM-induced phase shift, and the reduction becomes more severe at higher input intensity levels
because of a logarithmic growth of 0 with intensity.
This logarithmic growth is seen more clearly in the
inset, where we plot 0 as a function of max using r
= 0.1 (the value estimated for Si at 1.55 m) and compare it with the linear growth (dashed line). Clearly,
the nonlinear phase shift is severely limited by TPA
at high intensity levels.
Next we focus on the case that the input intensity
level high enough that TPA-generated carriers and
the associated FCA and FCD cannot be neglected. In
this case, we solve Eqs. (1) and (2) numerically and
focus on a specific SOI waveguide of 2 cm length with
␣l = 1 dB/ cm, ␤2 = ± 1 ps2 / m, and a carrier lifetime of
c = 1 ns [8]. The 1.55 m input pulses have a Gaussian shape with the intensity profile I共0 , t兲 = I0
exp共−t2 / T02兲. We choose T0 = 10 ps. For simplicity, we
first consider the case of a low repetition rate
共Rpc  1兲 so that free carriers generated during a
pulse have sufficient time to recombine before the
next pulse arrives. As a result, we can focus on a
single pulse.
The top row of Fig. 2 shows the output pulse spectra at two different input intensities when all effects
are included (solid curves). The first plot corresponds
to max = 1.5, but max = 7.5 for the second one. The
dashed curves based on the analytic solution include
TPA 共r = 0.1兲 but neglect free-carrier effects. Based on
the limiting value of input intensity for which our
analytic model holds, FCA and FCD effects are relatively small in the first case but become quite large in
the second case. The dotted curves show the r = 0 case
(no TPA). Clearly, TPA effect becomes strong enough
for I0 = 6 GW/ cm2 that the spectral width is reduced

Fig. 1. (Color online) Reduction in nonlinear phase shift at
the pulse center because of TPA inside a silicon waveguide
for max =  , 2, and 3. Inset, 0 as a function of max using r = 0.1; dashed curve, r = 0 case.

Fig. 2. (Color online) SPM-broadened pulse spectra (solid
curves) at the end of a 2-cm-long SOI waveguide at three
input intensities such that max = 1.5, 7.5, and 15.5.
Dashed curves include TPA but neglect FCA and FCD effects; dotted curves neglect TPA as well. The nonlinear
phase profiles in the three situations are shown in the last
plot for max = 15.5.

from 5 to ⬍2 nm. Note that our analytical model provides a reasonable estimate of the spectral bandwidth even when input intensity levels are so high
that Nc is not negligible. This is so because free carriers affect mostly the spectral shape. We can use
this feature to predict the spectral bandwidth analytically from Eq. (4b) [13]. The spectra in Fig. 2 also
agree qualitatively with recent experiments [9].
An important feature to note in Fig. 2 is that, while
TPA leaves the pulse spectrum symmetric, the free
carriers produced by TPA make it considerably asymmetric. In particular, free carriers affect mostly the
“red” part of the spectrum; the “blue” part remains
almost unchanged at low intensity levels. The question is whether this asymmetry is introduced by
FCA, FCD, or both of them. To answer this question,
we show in Fig. 2(c) pulse spectra at an intensity
level of 12.5 GW/ cm2 under the influence of TPA only
(dashed curve), TPA and FCA (dotted–dashed curve),
and all three effects (solid curve). The spectrum becomes narrower and asymmetric when FCA is included without FCD 共 = 0兲. The effect of FCD
共 = 7.5兲 is to broaden the spectrum and shift it toward the “blue” side. To understand these features,
we show in Fig. 2(d), the nonlinear phase shift across
the pulse in the three cases. The phase profile is symmetric in the case of TPA only, becomes asymmetric
when FCA is included, and develops negative values
in the pulse tails when FCD is included.
Physically, changes in the nonlinear phase shift result from the time-dependent nature of the carrierdensity buildup at any point in the waveguide. Near
the leading edge of the pulse, Nc ⬇ 0. As the pulse
passes through that location, Nc builds up and continues to increase even after the pulse peak has
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passed. We can estimate the profile of Nc共t兲 by solving
Eq. (2) approximately near the front end of the waveguide where 兩E共z , t兲兩2 is close to its input. Noting that
pulse width T0  c, the c term can be ignored as carriers do not have enough time to recombine over the
pulse duration. The carrier density is then given by
Nc共t兲 ⬇

␤TPAI02T0
2h0
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After the pulse has passed through the input end,
Nc ⬇ 3 ⫻ 1018 cm−3 for the parameter values used in
our study. Absorption by these carriers reduces the
phase shift in an asymmetric fashion, as seen by the
dotted–dashed curve in Fig. 2(d).
To understand the role of FCD, we first note that
the FCD-induced phase shift has a sign opposite to
that of the Kerr effect as seen in Eq. (1). This can be
understood by noting that free carriers reduce the refractive index while the Kerr effect increases it.
Physically speaking, the total nonlinear phase shift 
has contributions from these two effects [10]. Because of the opposite signs associated with them, the
total nonlinear phase shift is reduced all across the
pulse (compared with the TPA only situation). In particular,  becomes 0 at a certain time and negative
after that, as shown clearly in Fig. 2(d). The blueshift
seen in Fig. 2(c) originates from such negative values
of . The pulse spectrum broadens because of FCD
(compared with the dotted–dashed curve) because 
changes rapidly over a short time interval.
We next consider the impact of repetition rate Rp
associated with a pulse train on SPM-induced spectral broadening. The important dimensionless parameter is Rpc. As long as Rpc  1, the preceding results shown in Fig. 2 remains reasonably accurate.
However, if Rpc is close to or exceeds 1, the situation
changes dramatically because carriers produced by a
pulse do not have enough time to recombine before
the next pulse arrives. As a result, the density of carriers from pulse to pulse increases until a steady
state is reached. In numerical simulations, we obtain
this steady-state value by propagating a large number of pulses. The characteristic time needed to reach
the steady state is 4–5 c. Since Nc共z , t兲 then follows a
periodic pattern, we can focus on one pulse.
Figure 3 shows the pulse spectra at three intensity
levels under conditions identical to those in Fig. 2 except that all effects are included and the pulse repetition rate is changed from a relatively low value of
10 MHz to a relatively high value of 10 GHz. The
10 MHz curves (solid) are identical to those shown in
Fig. 2 as Rpc = 0.01 for them. The 1 GHz curves
(dashed) represent the intermediate case of Rpc = 1.
The 10 GHz case (dotted–dashed) corresponds to
Rpc = 10 and represents the worst-case scenario in
which the background value of the carrier density becomes excessively large. The main conclusion is that
the parameter Rpc should be ⱕ0.2 if SPM-induced
spectral broadening is desirable. In practical terms,
the carrier lifetime should be reduced to below 20 ps
if the SOI waveguide is to operate at a bit rate of
10 Gbits/ s, which is used commonly for telecommuni-

Fig. 3. (Color online) Pulse spectra at the same three intensity levels as in Fig. 2 except that all effects are included and three repetition rates are considered. The nonlinear phase shift at three different repetition rates is
shown in part (d) at I0 = 12.5 GW/ cm2.

cation applications. One way to reduce the carrier
lifetime is to use a reverse-biased p-i-n diode structure to remove the carriers [5].
In summary, we have presented a comprehensive
study of the SPM phenomenon in SOI waveguides in
the presence of the TPA, FCA, and FCD effects. The
FCA and FCD effects are studied numerically for a
better understanding of their role on SPM-induced
chirping and spectral broadening. We also studied
how the repetition rate of a pulse train affects the
SPM process.
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