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Abstract
Propagation of a pulsed optical beam Ža train of ultrashort optical pulses. inside a linear dispersive medium is studied in
the far field without making the paraxial approximation. This approach permits us to obtain analytical results that are valid
for relatively large diffraction angles. Pulse characteristics are found to be affected considerably by the combination of
diffraction and dispersion. In a weakly dispersive medium, pulses wider than a few optical cycles maintain their shape but
experience temporal and spectral shifts whose magnitude depends on the diffraction angle. When the effects of group-velocity dispersion are included, the pulse width depends not only on the diffraction angle but also on the nature of dispersion
Žnormal versus anomalous.. Much larger off-axis pulse widths are predicted in the case of anomalous dispersion. q 1999
Elsevier Science B.V. All rights reserved.

1. Introduction
With the advent of solid-state lasers capable of
emitting a train of ultrashort optical pulses w1x, considerable attention has focused on studying how such
pulses are affected as they propagate inside a linear
nondispersiÕe medium w2–9x. Most studies assume a
Gaussian spatial profile for the optical beam and a
Gaussian temporal profile for the pulse shape. Kaplan has considered pulses of arbitrary shape w8x but
focused mostly on the temporal evolution of the
on-axis intensity. It was shown recently that a pulsed
Gaussian beam does not remain Gaussian on propagation even in a linear nondispersive medium Žsuch
as free space. when pulses contain only a few optical
cycles w9x. Moreover, the shape of the diffracted
beam depends on temporal phase modulation or frequency chirp imposed on the pulse.
An interesting question that one may ask is how
pulsed optical beams are affected when they propa-

gate and diffract in a linear dispersive medium. Of
course, dispersive broadening of optical pulses is a
well-studied topic belonging to text books and has
attracted renewed attention w10x with the advent of
femtosecond-pulse lasers. However, most such studies decouple the diffraction and dispersion problem
by assuming that the spatial profile of the beam does
not change during propagation or assuming that the
pulsed beam is propagating in a waveguide such as
an optical fiber w11x. Even when diffraction and
dispersion are considered simultaneously, it is common to employ the slowly varying envelope approximation, the use of which limits the analysis to pulses
much broader than an optical cycle. However, considerable progress has been made over the last two
years. Melamed and Felsen used an asymptotic technique to study pulsed-beam propagation in the paraxial far-field region without making the slowly varying envelope approximation w12x. Oughstun used the
angular-spectrum approach and analyzed the pulsed-
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beam problem in a mathematically rigorous way
considering both dispersion and attenuation w13x. Solhaug et al. used a similar approach to study edge-diffraction of a delta-function pulse by employing the
Lorentz model for the dispersive medium w14x.
In this paper, propagation of pulsed optical beams
in a linear dispersive medium is studied approximately without using a specific model for the dispersive medium. Since the slowly varying envelope
approximation is not made, the analysis is applicable
to pulses shorter than a single cycle and, in principle,
can be used to study propagation of terahertz radiation w15–17x. However, this paper focuses on optical
pulses wider than a few optical cycles. This feature
allows us to make several assumptions that simplify
the analysis considerably. First, the pulse spectrum is
assumed to be far from any medium resonances, and
signal attenuation Žthat is necessarily frequency dependent in a causal dispersive dielectric w13x. is
ignored. Second, we make use of the far-field approximation but avoid the paraxial approximation to
ensure that the results are valid for large far-field
angles. The general formalism is developed in Section 2 and applied to Gaussian beams containing
pulses of arbitrary shape. Section 3 is devoted to
study the case of weakly dispersive medium for
which an analytical expression for the diffracted
field can be obtained for arbitrary pulse shapes. The
results show that diffraction leads to temporal and
spectral shifts whose magnitudes vanishes only on
axis and can be quite large even for relatively small
diffraction angles. The effects of group-velocity dispersion ŽGVD. are studied in Section 4 where we
show that the dispersive broadening of ultrashort
pulses depends on the diffraction angle as well as on
the nature of GVD Žnormal versus anomalous.. The
analysis predicts much larger off-axis pulse widths in
the case of anomalous GVD.

2. Diffracted field

tromagnetic field EŽ r,t . can be solved in the frequency domain using the Helmholtz equation w18x

Ž = 2 q b 2 . E˜ Ž r , v . s 0,

where E˜ is the Fourier component of E at the
frequency v and the propagation constant b obeys
the dispersion relation

b Ž v . s n Ž v . vrc.

Ž 2.

Here nŽ v . is the frequency-dependent refractive index of the dispersive medium and c is the speed of
light in vacuum. We assume that the medium is
lossless and take nŽ v . to be real. Inclusion of loss is
straightforward and does not affect the results reported here qualitatively when the absorption is
nearly frequency independent over the pulse spectrum. The vector nature of electromagnetic field is
ignored assuming that the plane of polarization does
not change during propagation.
We consider the case in which E˜Ž r, v . is known
at the plane z s 0 and Eq. Ž1. is solved in the region
z ) 0. By using the angular spectrum representation
w18x, the diffracted field can be obtained at each
frequency v . Taking the inverse Fourier transform,
one can express the diffracted field formally in the
form of a triple integral:
E Ž r ,t . s

1

HHH AŽ p,q, v .

2p

=exp i b Ž px q qy q mz . y i v t
=dp dq d v ,

Ž 3.

where the angular spectrum AŽ p,q, v . is obtained
from the incident field at z s 0 by using

b2
A Ž p,q, v . s

4p 2

HHE˜Ž x , y,0, v .

=exp yi b Ž px q qy . dx dy.

Ž 4.

We use the convention that integration limits, if
unspecified, extend from y` to `. The quantity m
in Eq. Ž3. is defined as

° yq .
¢i Ž p q q y 1.

~ Ž1 y p

The pulsed-beam propagation problem is quite
simple conceptually when the dispersive medium is
linear since one can consider each Fourier component independently. Indeed, in a linear dispersive
dielectric medium, Maxwell’s equations for the elec-

Ž 1.

ms

2

2 1r2

2

2

1r2

if p 2 q q 2 F 1,

Ž 5.

otherwise.

Eq. Ž3. is formally exact and can be used for
numerical computations for an arbitrary pulsed optical beam. However, such an approach is time con-
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suming numerically because of the triple integration
and hinders physical insight. It is much more useful
in practice to solve Eq. Ž3. approximately by making
some reasonable assumptions. We make two simplifications. First, since the integration region p 2 q q 2
) 1 corresponds to the contribution of evanescent
waves, it can be ignored for distances z 4 l, where
l s 2p crv is the wavelength. It should be stressed
that the neglect of evanescent waves is justified here
only because signal attenuation is taken to be negligible over the entire pulse spectrum assumed to be
located far from medium resonances. If medium
losses become significant, one must follow the recent
analysis of Oughstun w13x. Second, we make the
far-field approximation, valid when the propagation
distance is much larger than the diffraction length
Žalso called the Rayleigh range.. By using Eqs. Ž4.
and Ž5., the integrals over p and q in Eq. Ž3. can be
evaluated analytically using the method of stationary
phase w18x, resulting in the following expression:
E Ž r ,t . s

cos u
ir

x y

1

HA ž r , r , v / b

=exp Ž i b r y i v t . d v .
2

2

Ž 6.

2 .1r2

where r s Ž x q y q z
and u is the diffraction
angle Žcos u s zrr .. Note that we have not made the
paraxial approximation to allow for large diffraction
angles. Eq. Ž6. is valid under quite general conditions and governs propagation of pulsed fields of
arbitrary spatial and temporal profiles.
To make further analytical progress, we assume
that the input beam incident at the plane z s 0 has a
Gaussian shape. The pulse shape is still arbitrary.
More specifically, we use the following form for
E˜Ž x, y,0, v .:

ž

Ẽ Ž x , y,0, v . s exp y

x2 qy2
2 a2 Ž v .

/

SŽ v . ,

Ž 7.

where aŽ v . is related to the spot size at z s 0 and in
general can depend on frequency. SŽ v . is the complex spectral amplitude of the pulse and is normalized such that HSŽ v . d v s 1. Using Eq. Ž7. in Eq.
Ž4., we obtain
A Ž p,q, v . s

b 2 a2
2p

ž

exp y

b 2 a2
2

/

Ž p2 q q2 . SŽ v . .
Ž 8.
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How does the beam waist a depends on the
frequency v ? It is common to assume that a is a
constant, independent of v . This assumption holds if
the input field can be factored as EŽ x, y,0,t . s
F Ž x, y . A 0 Ž t ., where F Ž x, y . and A 0 Ž t . govern the
beam shape and the pulse shape, respectively. However, there is some evidence in the literature on
terahertz radiation that the beam waist a may change
with the frequency v such that the diffraction length,
defined as Ldiff s b a 2 , is the same for all frequency
components w12–16x. One may expect a similar behavior in other regions of the electromagnetic spectrum. Indeed, the beam waist in laser cavities also
follows the same vy1 r2 dependence w19x, making
the diffraction length Ldiff constant. For this reason,
we consider both cases in this paper and refer to
them as the ‘‘constant beam waist’’ and ‘‘constant
diffraction length’’ cases.
The analysis so far applies for pulses of arbitrary
duration. We now focus on the case in which the
pulses are wide enough that they contain a few
optical cycles at the carrier frequency v 0 . By using
Eq. Ž8. in Eq. Ž6. and introducing the pulse envelope
AŽ r,t . through
E Ž r ,t . s A Ž r ,t . exp i Ž b 0 r y v 0 t . ,

Ž 9.

where b 0 is the value of b at the carrier frequency
v 0 , we obtain the following expression for AŽ r,t .:
A Ž r ,t . s

cos u
2p ir

2

H Ž b a . exp

i Ž b y b0 . r y i

= Ž v y v 0 . t y 12 b 2 a 2 sin2u S Ž v . d v .
Ž 10 .
The evaluation of the frequency integral in Eq.
Ž10. requires knowledge of b Ž v . as defined in Eq.
Ž2.. If the dispersion characteristics of the medium
are known precisely through nŽ v ., one can use them
to calculate the integral. This is the approach adopted
for studying precursors when a pulse has a sharp
leading or trailing edge w10x. It has also been used for
diffraction of a delta-function pulse by using a
Lorentz model for the dispersive medium w14x. The
knowledge of the precise functional form of nŽ v . is
essential when the pulse spectrum is so wide that it
overlaps with one Žor more. atomic resonances of the
medium. However, for pulses wider than a few
optical cycles whose carrier frequency is far from
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any medium resonances and whose shape is reactively smooth Žno abrupt leading and trailing edges.,
the dispersive medium can be characterized by using
the Taylor expansion of b Ž v . around the carrier
frequency v 0 of the pulse w11x:
1
2

b Ž v . s b 0 q b1Ž v y v 0 . q b 2 Ž v y v 0 .

Ž 11 .

where bm s Ž d mbrd v m .v s v 0 with m s 0,1,2, PPP .
Here, b 1 , b 2 , etc. take into account dispersive effects at progressively higher orders. Physically, b 1
' 1rÕg is inversely related to the group velocity,
and b 2 is called the GVD parameter since it takes
into account the dispersion Žfrequency dependence.
of the group velocity. The Taylor expansion Ž11.
should be used with caution when it becomes necessary to include the third- and higher-order terms
since the approximation becomes quite poor for long
propagation distances and cannot be improved by
just including more and more terms w20x.
Using Eq. Ž11. and introducing a new dimensionless frequency variable f s Ž v y v 0 .T0 , where T0 is
a measure of the input pulse width, Eq. Ž10. can be
rewritten as
A Ž r ,t . s

ž

2T02

=S Ž f . df ,

f 2 y 12 b 2 a 2 sin2u y ift

A Ž r ,t . s Fcw Ž r . Ž 1 q d1 f .

H

=exp Ž yb 02 a 2 sin2u d1 f y ift . S Ž f . df ,
Ž 13 .
where
Fcw Ž r . s

b 0 a2 cos u
2p ir

exp Ž y 12 b 02 a 2 sin2u .

Ž 14 .

is the continuous-wave ŽCW. solution found when
the input beam is not pulsed. The dimensionless
parameter d1 s b 1rŽ b 0 T0 .. The integral in Eq. Ž13.
can be performed analytically for arbitrary pulse
shapes and results in the following expression:

ž

2

=exp i

Assuming that the beam waist a does not depend
on the frequency f in Eq. Ž12., we obtain

A Ž r ,t . s Fcw Ž r . 1 q id1

HŽ b a .
2p ir
b2 r

3.1. Constant beam waist

2

q PPP ,

cos u

the beam waist a to be constant or frequency dependent such that the diffraction length is constant. We
consider these two cases separately.

d
dt

/

A 0 Ž t y its . ,

Ž 15 .

where A 0 Žt . is the input pulse shape at the plane
z s 0 and the parameter ts is defined as

/

ts Ž u . s b 1 b 0 a2 sin2urT0 .

Ž 12 .

where t s Ž t y b 1 r .rT0 is the normalized ‘‘reduced’’ time. Eq. Ž12. requires a single integration
that can be performed analytically in some special
cases and provides considerable physical insight into
the combined effects of dispersion and diffraction.

3. Nondispersive or weakly dispersive medium
We first consider the situation in which the
medium is either nondispersive Ž b 2 s 0. or is weakly
dispersive such that the propagation distance r <
Ldisp , where Ldisp s T02r< b 2 < is the so-called dispersion length w11x. In both cases, b 2 and higher-order
dispersion parameters can be set to zero in the
expansion Ž11.. As discussed earlier, one may treat

Ž 16 .

It is evident from Eq. Ž15. that the pulse characteristics are affected considerably even when dispersive effects are small or negligible. In general, the
pulse shape is not preserved and is predicted to
become asymmetric because of the presence of the
time derivative in Eq. Ž15.. However, the parameter
d1 is quite small since d1 ; Ž v 0 T0 .y1 , and the asymmetric nature of the pulse is not likely to be noticeable until pulse width is reduced below a few optical
cycles. Since such pulses have now become available, for example from mode-locked Ti:sapphire
lasers, one may be able to observe the asymmetry in
actual experiments.
For pulses for which v 0 T0 4 1, the pulse shape
and the pulse spectrum are preserved only on axis
Žts s 0.. Off axis Ž u / 0., Eq. Ž15. shows an imaginary shift of the pulse envelope. To understand the
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meaning of such a shift, consider an unchirped
Gaussian pulse for which A 0 Žt . s expŽyt 2r2..
Since
A 0 Ž t y its . s exp y Ž t 2 y ts2 . r2 q itts ,

Ž 17 .

clearly the pulse peak is shifted and is located at
t s ts . At the same time, the pulse spectrum is
shifted toward the red side. The temporal and spectral shifts both depend on the diffraction angle u as
indicated in Eq. Ž16. and vanish when u s 0. The
origin of spectral shift is evident in Eq. Ž13., where
the amplitude of each spectral component gets multiplied by a u-dependent exponential factor. As a
result, high-frequency components Ž v ) v 0 . are
slightly damped, while the low-frequency components Ž v - v 0 . are enhanced, shifting the spectrum
toward the red side. Physically, low-frequency components diffract more than high-frequency components because of their smaller diffraction length,
resulting in an apparent red shift in the pulse spectrum that increases as u increases. As seen in Eq.
Ž17., spectral changes also result in a shift in the
intensity peak of the diffracted pulse.

19

an example, ts ; 1 for u s 28 if we use T0 s 50 fs,
Ldiff s 1 cm, Õg s 1rb 1 s 2 = 10 8 mrs and l 0 s
800 nm, assuming a Ti:sapphire laser source. Even
for such relatively wide pulses Žfull width at half
maximum more than 80 fs., one can expect a spectral shift comparable to 1rT0 , and a shift in the
intensity-peak position comparable to T0 when making measurements 28 off-axis. Such changes should
be easily observable in practice. The pulse width
remains unaffected since the effects of GVD have
been neglected in this section.

4. Effects of group-velocity dispersion
When the effects of GVD are included by retaining the b 2 term in Eq. Ž11., the frequency integral in
Eq. Ž12. cannot be performed in a closed form
except for some specific input pulse shapes. We
again consider the two cases of frequency-independent and frequency-dependent beam waists separately.
4.1. Constant beam waist

3.2. Constant diffraction length
Assuming that the beam waist a depends on v
such that the diffraction length, Ldiff s b a 2 , is constant and using this fact in Eq. Ž12., we obtain the
simple result
A Ž r ,t . s Fcw Ž r . A 0 Ž t y its . ,

Ž 18 .

where the u-dependent parameter ts is now defined
as
2

ts Ž u . s b 1 Ldiff sin ur Ž 2T0 . .

Assuming that the beam waist a does not depend
on the frequency f in Eq. Ž12. and taking a Gaussian
shape for the pulse spectrum Žcorresponding to a
Gaussian-shaped input pulse., we obtain the following result:
A Ž r ,t . s A cw Ž r .

(ž
b

1 q id1

d
dt

y

d2 d 2
2 dt 2

/

2

ž

=exp y

Ž 19 .

A comparison of Eqs. Ž15. and Ž18. shows two
main differences in the case of constant diffraction
length. First, the pulse shape does not change no
matter how small the pulse becomes since the timederivative term is absent. Second, the temporal and
spectral shifts are reduced by a factor of two if we
interpret b 0 a2 in Eq. Ž16. as the average diffraction
length.
The diffraction-induced temporal and spectral
shifts can be substantial even at angles not too far
from the axis of propagation. They can be observed
in a nondispersive medium Žor even free space.. As

1

Ž t y its .
,
2 b Ž z ,u .

/

Ž 20 .

where
b Ž z , u . s 1 q Ž b 0 asin u .

2

Ž d 2 q d12 .

y i b 0 Ž zsec u . d 2 ,

Ž 21 .

and
d1 s

b1
b 0 T0

,

d2 s

b2
b 0 T02

.

Ž 22 .

Eq. Ž20. shows how the combination of diffraction and dispersion affects a Gaussian pulse as it
propagates in a linear dispersive medium. In general,

G.P. Agrawalr Optics Communications 167 (1999) 15–22

20

pulse shape does not remain Gaussian because of
time derivatives appearing in Eq. Ž20.. However,
both d1 and d 2 are quite small unless the pulse
becomes so short that it lasts for only a few optical
cycles. For Gaussian pulses for which v 0 T0 4 1,
one can neglect the time derivatives appearing in Eq.
Ž20.. Such Gaussian pulses remain approximately
Gaussian on propagation although they experience
temporal and spectral shifts, become chirped, and
their width increases. The broadening factor B, defined as the increase in the pulse width relative to the
input width, is found to be

ž

B Ž z ,u . s h q

z 2 sec 2u

h L2disp

1r2

/

,

Ž 23 .

where h is given by

h Ž u . s 1 q sgn Ž b 2 .

Ldiff
Ldisp

sin2u ,

Ž 24 .

and the diffraction and dispersion lengths are defined
as
Ldiff s b 0 a 2 ,

Ldisp s T02r< b 2 < .

Fig. 1. Broadening factor B as a function of far-field angle u for
two values of Zs z r Ldisp in the case of normal Ždashed line. and
anomalous Žsolid line. dispersion. The spot size of the input
Gaussian pulse is assumed to be the same for all frequency
components. The pulse and beam parameters are chosen such that
the diffraction and dispersion lengths are equal.

4.2. Constant diffraction length

Ž 25 .

We also assumed d 2 q d12 f d 2 since d12rd 2 - 10y4
for most dispersive media.
The broadening factor B reduces to the wellknown standard result w11x, B s w1 q Ž zrLdisp . 2 x1r2 ,
only for the on-axis case corresponding to u s 0. In
the off-axis case, pulse width depends not only on u
but also on the relative magnitudes of the dispersion
and diffraction lengths and the sign of b 2 . Fig. 1
shows the broadening factor B as a function of u for
two values of the normalized propagation distance
Z s zrLdisp in the cases of normal Ždashed line. and
anomalous Žsolid line. GVD assuming that the
diffraction and dispersion lengths are equal. The
diffracted Gaussian pulse is wider off axis in both
cases but the broadening factor is quite different.
Somewhat surprisingly, at a fixed far-field angle,
pulse width is larger in the case of anomalous dispersion. In fact, the off-axis enhancement of the pulse
width is barely noticeable in the normal-GVD case
but can exceed a factor of two in the case of
anomalous GVD. Although this prediction is made
here using Gaussian pulses as an example, it holds
qualitatively for other common pulses shapes.

Assuming that the beam waist a depends on v
such that the diffraction length Ldiff s b a 2 is constant in Eq. Ž12. and using a Gaussian spectrum, we
obtain the simple result
A Ž r ,t . s A cw Ž r .

1

2

( ž
b

exp y

Ž t y its .
,
2 b Ž z ,u .

/

Ž 26 .

where bŽ z, u . is now given by
b Ž z , u . s 1 q b 0 Ldiff sin2u d 2r2 y i b 0 zsec u d 2 .

Ž 27 .
A comparison of Eqs. Ž20. and Ž26. shows two main
differences in the case of constant diffraction length.
First, the pulse shape remains Gaussian no matter
how small the pulse becomes since the time-derivative terms are absent. Second, the broadening factor
is different because the second term in Eq. Ž27. is
one half of that found for the case of constant width.
In fact, the broadening factor is still given by Eq.
Ž23. if h is redefined as

h Ž u . s 1 q sgn Ž b 2 .

Ldiff
2 Ldisp

sin2u .

Ž 28 .
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Fig. 2 shows the broadening factor B as a function of u for two values of Z s zrLdisp in the normal
Ždashed line. and anomalous Žsolid line. GVD cases
under conditions identical to those of Fig. 1 Ž Ldiff s
Ldisp .. A comparison of Fig. 1 and Fig. 2 shows a
qualitatively similar behavior but substantial quantitative differences. More specifically, the enhancement in pulse width is lower in the case of constant
diffraction length. Note also that in both cases, the
off-axis enhancement factor is barely noticeable until
the far-field diffraction angle exceeds 108. This is the
reason why the paraxial approximation was avoided
in this paper. The results shown in Fig. 1 and Fig. 2
are valid for large diffraction angles as long as
z 4 Ldiff .

to numerical simulations. However, Eq. Ž12. remains
useful since it involves only a one-dimensional integration, in contrast with Eq. Ž12. involving a threedimensional integration, that can be performed easily
using the fast-Fourier-transform ŽFFT. algorithm. An
additional advantage of the numerical approach is
that optical pulses of arbitrary shape can be considered.
As an example, consider the propagation of ultrashort optical pulses through a silica glass slab. Dispersive properties of silica glass are well known Žsee,
for example, Section 2.3 of Ref. w11x.. In fact, the
wavelength dependence of the refractive index for
fused silica is well approximated by the the Sellmeier equation w21x

4.3. Higher-order dispersiÕe effects

n2 Ž l . s 1 q

3

Ý
js1

As mentioned earlier, the Taylor expansion Ž11.
should be used with caution when it becomes necessary to include the third- and higher-order terms. For
pulses shorter than 1 ps but wide enough to contain
several optical cycles, one may include the cubic
term in the Taylor expansion provided certain conditions discussed in Ref. w20x are satisfied. In that case,
it is no longer possible to carry out the frequency
integral in Eq. Ž12. analytically, and one must resort

Bj
1 y l2j rl2

Ž 29 .

where l j is a resonance wavelength and Bj is the
corresponding oscillator strength. The parameters Bj
and l j are determined empirically from experimental
data and are found to be Žfor fused silica. B1 s
0.6961663, B2 s 0.4079426, B3 s 0.8974794, l1 s
0.0684043 m m, l2 s 0.1162414 m m, and l 3 s
9.896161 m m. One can use this functional form in
Eq. Ž10. and include dispersive effects to all orders
for pulses of arbitrary shape. In practice, it is often
sufficient to include dispersive effects only up to
third order for pulses as short as 20 fs in the wavelength region near 1 m m. In that case, Eq. Ž12. can
be written as
A Ž r ,t . s

Ldiff cos u
2p ir

= exp

H

ž

i b 2 re f 2

=S Ž f . df ,

Fig. 2. Same as in Fig. 1 except that the spot size of the input
Gaussian pulse depends on frequency such that the diffraction
length is the same for all frequency components of the pulse.
Solid and dashed lines correspond to the cases of anomalous and
normal dispersion, respectively.

,

2T02

q

i b 3 re f 3
6T03

y it f

/
Ž 30 .

where r e s zsec u q isin2 Ž u . Ldiffr2. The frequency
dependence of spot size was included assuming a
constant diffraction length. This equation can be
used for pulses of arbitrary shape. The main effect of
third-order dispersion for both on- and off-axis measurements is to distort the pulse shape such that it
becomes asymmetric and develops an oscillatory tail.
Since these effects are well known w11x, numerical
results are not given here.
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In Eq. Ž30., the parameters b 2 and b 3 vary with
wavelength and have typical values b 2 s y20
ps 2rkm and b 3 s 0.1 ps 3rkm near 1.55 m m. Since
the GVD is anomalous Žnegative b 2 . for wavelengths larger than 1.27 m m, but normal otherwise, a
silica glass slab is an ideal testing ground for verifying the prediction that off-axis pulse width depends
on the nature of chromatic dispersion. One can use a
Ti:sapphire laser capable of emitting femtosecond
pulses at 780 nm, and the second-harmonic-generation technique can provide femtosecond pulses near
1.56 m m. As an example, both diffraction and dispersion lengths are about 1 cm for a pulsed optical
beam with T0 s 50 fs and aŽ v 0 . s 50 m m. Propagation over a distance of 10 cm or show should show
significant differences between the normal- and
anomalous-dispersion regimes when pulse shapes and
spectra are measured off axis.
5. Concluding remarks
This paper has considered propagation of a pulsed
optical beam in a linear dispersive medium. The
input beam is initially Gaussian Žin transverse directions. but consists of a train of ultrashort optical
pulses of arbitrary shape. The propagation problem is
solved analytically by using the angular spectrum
representation of electromagnetic fields. The analysis
is simplified considerably making the far-field approximation but the paraxial approximation is
avoided. This approach permits us to obtain analytical results that are valid for relatively large diffraction angles. Pulse characteristics are found to be
affected considerably by the combination of diffraction and dispersion. They also depend on whether the
spot size of the input beam is constant or depends on
the frequency. We have considered both cases and
compared the results.
In a weakly dispersive medium, pulses wider than
a few optical cycles maintain their shape but experience temporal and spectral shifts whose magnitude
depends on the diffraction angle. When the effects of
group-velocity dispersion are included, the pulse
width depends not only on the diffraction angle but
also on the nature of GVD Žnormal versus anomalous.. Much larger off-axis pulse widths are pre-

dicted for the case of anomalous GVD. We discuss
the effects of third-order dispersion briefly and consider how a slab of silica glass can be used to verify
the pulse-width dependence on the nature of GVD
by using femtosecond pulses obtained from a Ti:sapphire laser.
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