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A theory of four-wave mixing in semiconductor laser media is developed by considering the contributions of both the
gain and index gratings created by the carrier-density modulation occurring at the beat frequency of the pump and
the probe waves. The general formalism can be applied to semiconductor lasers operating below or above
threshold. As an illustration, we consider the case in which the semiconductor laser is operated as a traveling-wave
amplifier. The results show that the dominant contribution to the four-wave mixing process comes from the index
grating. Further, the index grating makes the probe transmission asymmetric with respect to the pump-probe
detuning.

Four-wave mixing and the related phenomenon of op-
tical phase conjugation1 have been studied extensive-
ly. Recently it was found2 that nearly degenerate
four-wave mixing (NDFWM) inside a semiconductor
laser can generate phase-conjugate signals with high
efficiency while requiring pump powers of only a few
milliwatts. In a theoretical treatment of this process,3
the semiconductor-laser medium was modeled as an
inverted two-level system. Such an approach, al-
though capable of explaining the qualitative behavior,
has several limitations: (1) The parameters of the
two-level system cannot be directly related to the
known device parameters, (2) spatial effects related to
the laser waveguide are not incorporated, and (3) the
effects of carrier-induced index changes are not in-
cluded.

My objective in this Letter is to present a theory of
NDFWM after including the contributions of both the
gain and the index gratings created by the carrier-
density modulation occurring at the beat frequency of
the pump and the probe waves. The general formal-
ism can be applied to semiconductor lasers operating
below or above threshold. As an illustrative applica-
tion, I consider the case wherein the semiconductor
laser operates as a traveling-wave amplifier. The re-
sults show that the dominant contribution to the
NDFWM process comes from the index grating. Fur-
ther, the index grating is responsible for making the
probe transmission asymmetric with respect to the
pump-probe detuning.

In the standard NDFWM geometry, two counter-
propagating pump waves at the frequency w0 interact
with a probe wave at the frequency co, and generate a
conjugate wave at the frequency W2 = 

2wo - wl. The
nonlinear interaction in the scalar approximation is
governed by the wave equation

V2E n a2E-
c 2 0t2

1 82 P

e c 2 at2
(1)

where n is the refractive index, co is the vacuum per-
mittivity, and c is the velocity of light in vacuum. The
total electric field E is given by

E(x, y, z, t) = U(x, y) E
I.

E1(z)exp(-icwjt),

where j = 0, 1, 2 for pump, probe, and conjugate waves,
respectively. The semiconductor-laser structure is
assumed to support only the fundamental waveguide
mode with the distribution U(x, y). This is generally
the case for strongly index-guided laser.4 Similar to
Eq. (2), the induced polarization P can also be written
as

P(x, y, z, t) = U(x, y) E Pi(z)exp(-iwjt), (3)
I

In a semiconductor laser the induced polarization is
calculated using

P = EOx(N)E, (4)

where the susceptibility4

x(N) = - - (3 + i)g(N), (5)
co

and the gain is assumed to vary linearly with the carri-
er density N, i.e.,

g(N) = a(N - NO). (6)
Here a is the gain coefficient and No is the carrier
density required to achieve transparency. The pa-
rameter a in Eq. (5) accounts for the carrier-induced
index change that occurs invariably in semiconductor
lasers whenever the gain changes. It is often referred
to as the linewidth-enhancement factor or the anti-
guiding parameter and has typical values in the range
3-6 depending on the operating wavelength of the
semiconductor laser (see Ref. 4 for a detailed discus-
sion).

The carrier density N is obtained by solving the rate
equation

dN = I - N - g(N) (1E12), (7)
dt qV r, hcoo

where the diffusion term is ignored by assuming that
the transverse waveguide dimensions are smaller than

0146-9592/87/040260-03$2.00/0 ©) 1987, Optical Society of America



April 1987 / Vol. 12, No. 4 / OPTICS LETTERS 261

the diffusion length. The angle brackets denote aver-
aging Qver the waveguide cross section in the x and y
directions and over a distance comparable with the
diffusion length (-2-3 jim) in the z direction. The
reason for neglecting the standing-wave effects in Eq.
(7) is that carrier diffusion washes out spatial holes
burned by counterpropagating pump waves. In Eq.
(7) I is the injected current, r, is the spontaneous
carrier lifetime, and V is the active volume.

The physical process behind NDFWM can be un-
derstood from Eqs. (5)-(7). Beating of the pump and
the probe waves modulates the carrier density N at the
beat frequency

0 = W1 WO = CO-W 2 (8)
Such a modulation creates a dynamic grating for the
gain as well as for the index. Diffraction of the other
pump wave from these gratings generates a conjugate
wave. The effectiveness of the grating is related to the
spontaneous lifetime -r. (f 2-3 nsec) and is governed
by the condition 92r, < 1.

To account for the carrier-density modulation, an
approximate solution of Eq. (7) is of the form

N(t) = N + [AN exp(-igt) + c.c.], (9)

where N is the static carrier density. Using Eqs. (2)
and (9) in Eq. (7) and assuming that the probe and the
conjugate waves are much weaker compared with the
pump waves, we obtain

AN =
r(N - No ) (Eo*El + EoE2 *)

(1 + lI 0l2/PS + arQ)PS
(10)

where

P5 = hw/ol(a-r) (11)

is the saturation intensity (-3 mW//Im2). The con-
finement factor r = (lU(x, y)1 2) results from spatial
averaging in the transverse directions. The bar over
1Eo12 in Eq. (10) denotes averaging in the z direction.

The induced polarization is calculated by using Eqs.
(3)-(6) together with Eqs. (9) and (10). This leads to
the following expression for the polarization compo-
nents P 1 = 1, 2):

e nc
pi= _o- ( + i)rg(N)

rEF(lEo12E1 + E 0
2 E 3 1 *) (

X Ei + _ . (12)
' (1 + 1E012/P5 + iQi-5)P, 

The mode gain rg(N) is obtained using the steady-
state solution of Eq. (7) and is given by

Fg(N) = 1 go + (13)

where the small-signal gain

go = ra[(I-r/qV) - NO] (14)

is a function of the injected current I.
This completes the general formalism. For its ap-

plication, one should distinguish whether the laser is
operating below or above threshold. In the latter case,
the saturated gain is clamped at its threshold value gth.

Thus, in the above-threshold operation of the semi-
conductor laser, rg(N) = gth. Using Eqs. (13) and
(14), we obtain

IEl12 go _ I-Ith

Ps gth Ith - IO
(15)

where Io = q VNo/r, is the current at transparency and
Ith = IO + qVgth/(arPT) is the threshold current.
Equation (15) relates the intracavity pump intensity
to the device current.

Although Eqs. (12) and (15) can be used to discuss
NDFWM under above-threshold operation, the analy-
sis is complicated since the boundary conditions at the
laser facets couple the forward and backward compo-
nents of the pump, probe, and conjugate waves.3 To
show the main qualitative features of NDFWM as
simply as possible, we consider the case of a traveling-
wave amplifier whose facets have negligible reflectivi-
ties (by the use of an antireflection coating). In the
collinear geometry, the pump, probe, and conjugate
fields are

EO = Ps[Af exp(ik0 z) + Ab exp(-ikoz)],

El = FPA1 exp(iklz), E2 = FPA2 exp(-ik 2 z),

(16)

respectively, where kj = nwj/c. Using Eqs. (2) and
(16) in Eq. (1), we obtain

d AJ = + 2wj P] exp(]Fikiz).
Fps d 2conc (17)

The transverse effects are included through the con-
finement factor r in expression (12) for Pj. Substitut-
ing Eq. (12) into Eq. (17) and keeping only the nearly
phase-matched terms, we obtain the coupled-wave
equations

dAl/dz = -alA 1 + iKlA 2 * exp(iAkz),

dA2*/dz = +ca2*A2* + iK2*Al exp(-iAkz),

where Ak = k2 - k, and

i +POgo 1
_j=-- 2 +P

+ rpo1 + P0 ± iMT-,

_ 1 (W + i)g09 rP 
Ili 2 1+Po \1 +Po+iQ2rJ

(18a)

(18b)

(19)

(20)

In Eqs. (17), (19), and (20) the upper or lower sign is
chosen for i = 1 or 2, respectively. If we assume that
the pump beams of equal intensity Pin are incident at
the two ends of an amplifier of length L, the average
intracavity pump intensity Po is related to Pin by

Po = 2Pin1[exp(gOL) - 1]/g0L}. (21)

Owing to their linearity, Eqs. (18) are readily solved.
The expression for the phase-conjugate reflectivity R
and the probe transmittivity T are5'6

A2 *(0)2_ 2 K2 sin(pL) 2

R Al(0) - p cos(pL) + a sin(pL)
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Fig. 1. Variation of the conjugate reflectivity R with the
pump-probe detuning (in normalized units) for three values
of the linewidth-enhancement factor ,B.
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Fig. 2. Variation of the probe transmittivity T with the
pump-probe detuning (in normalized units) for three values
of f. Note the asymmetric enhancement of T for negative
values of QTr5.

A L) 2 e p- aL) 2 ( 3T =A(~2 p exp(-L ( , 23
A1(0) - p cos(pL) + a sin(pL)

where

a = 1/2 (a, + a2* - iAk), (24)p = (KlK2* - a2)1/2,

a = 1/2 (a, - a2* + iAk). (25)

Figures 1 and 2 show the variation of R and T with the
detuning Ur, for three values of ,B after using goL = 2, r
= 0.5, and Po = 1. The phase mismatch Ak is neglect-
ed since AkL = (2nL/c)Q - 10-2 under typical experi-
mental conditions.

The most interesting features of Figs. 1 and 2 are
dramatically different line shapes for R and T and
considerable enhancement of R and T with an increase
in ,B. Both of these features are related to the carrier-
induced index change governed by the parameter f.
The enhancement factor for R is 1 + f 2, as seen from
Eqs. (20) and (22). Physically, the modulation of car-
rier density at the beat frequency Q creates a gain
grating and an index grating. However, the index-
grating contribution to the NDFWM process is f2
times larger than that of the gain grating. Since ,B is
generally larger (j3 5) for InGaAsP lasers compared
with GaAs lasers, InGaAsP lasers may be more effi-
cient for the generation of the phase-conjugate signal.
The line shape of R is approximately Lorentzian, with
a power-broadened linewidth (FWHM) given by

Av = (1 + P0)/(Xrr,). (26)

Thus NDFWM may be useful for estimating the carri-
er lifetime in semiconductor lasers.

The asymmetric line shape for the probe transmit-
tivity T can be understood by considering the probe
gain in the absence of nonlinear interaction (Kj = 0).
From Eq. (19), the probe gain is

G =-2 Re(a) = go 1 + rPo( + Po - 13T,
1+P 0 L ( + Po)2 + (QT)2 J

(27)

Since G(-Q) > G(M), the probe gain is larger when the
probe is detuned toward the longer-wavelength side of
the pump. The asymmetric nature of nonlinear inter-
action in semiconductor lasers was first studied by
Bogatov et al.7 and is a consequence of the simulta-
neous presence of the gain and the index gratings dur-
ing the four-wave mixing process. The asymmetry in
probe transmission can be exploited to infer the value
of 3 for semiconductor lasers.

In the case of finite facet reflectivities, new qualita-
tive features may arise from the intracavity nature of
NDFWM.8-1 When the semiconductor laser oper-
ates below threshold, the intracavity pump intensity
in general exhibits bistability.9 As a result, both R
and T can become bistable under appropriate condi-
tions. Similar to the case of intracavity degenerate
four-wave mixing,9 the bistable behavior is sensitive to
the cavity detuning and other related parameters.
Such a bistable behavior in semiconductor laser am-
plifiers has been observed experimentally.10 When
the semiconductor laser operates above threshold, the
bistability disappears since the intracavity pump in-
tensity is a single-valued function of the device current
I [see Eq. (15)]. However, the intracavity nature of
NDFWM modifies the spectra of both R and T.
These spectra then exhibit an additional peak in the
wings2'3 that is related to the relaxation-oscillation
characteristics of the semiconductor laser. The for-
malism presented here can be used for a quantitative
study of these features with the inclusion of the appro-
priate boundary conditions at the laser facets.
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